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Abstract

In this work we introduce a theory of circuits of finite memory retro-
spective operators to fully characterize the class of finite memory retro-
spective operators, expanding the theory developed by B. A. Trakhtenbrot
and A. Rabinovich about automata over continuous time. A physical de-
vice, in which complex transformations are implemented, is usually an ap-
propriate combination of elementary parts that interact as desired. These
ideas conduct us to the concept of circuit which appears many times in
literature. Our main contribution to this theory is the introduction of cir-
cuits of finite memory retrospective operators over signals, i.e., we choose
a set of elementary finite memory retrospective operators and we study
how to obtain all finite memory retrospective operators by constructing
circuits with the elementary operators.

1 Introduction

Nowadays control systems are commonly found in many devices such as indus-
trial robots and airplanes. The study of these devices and their interaction with
their environment leads us to the mathematical theory of control, which deals
with the analysis and design of control systems.

As we can see in [Son90], there have been two main lines of work in control
theory. One take us over the models in mathematics and physics and over their
possible optimization with respect to a particular behavior. The other main
line is based on the constraints of a specific object and the goal is to correct the
deviations of such object from a desired behavior.

So and specially in what concerns the second main line, we need to study
systems which involve interacting networks of digital and continuous systems,
i.e., hybrid systems. These incorporate both discrete and continuous dynamics
in which the continuous aspects may require incursions into calculus and differ-
ential equations. As we know, differential equations have nothing in common
with existing and well understood tools of automata theory and logic.

The approximation between automata theory and continuous systems lead us
to extensions of the basic finite automata paradigm. A first extension arise from
the idea of interaction with environment seen as an oracle. A second one focuses
on the use of continuous time instead of discrete time and ignores interaction
with the oracle. As is put in [RT98], it is believed that these two orthogonal
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extensions may facilitate a structured formalization of hybrid systems and a
lucid adaptation of basic automata theory to hybrid systems.

In this work we will be around the second extension and we will follow ideas
discussed by B. A. Trakhtenbrot and A. Rabinovich, see e.g. [Rab97, RT98,
Tra98, Tra99]. Their work include many definitions and formalizations with
respect to automata over continuous time, namely with respect to lift concepts
of the classical automata theory from discrete to continuous time. We note also
that this work is specially related to speed independent properties which rely on
the order of real numbers, metric aspects which deal with the distance between
real numbers are not considered.

R. Alur and D. L. Dill (see, e.g., [AD94]) have proposed timed automata to
model the behavior of real-time systems and in their approach metric properties
of the reals are taken into account. In fact the work of R. Alur and D. L.
Dill deals with timed automata, finite automata which have a finite number
of clocks associated, that accept words in which real-valued time of occurrence
is associated with each symbol. I.e., a timed automaton accepts words as a
classical automaton with a major difference: the time between the occurrence
of two symbols is not necessarily constant and may be a real number. Note that,
in the approach taken by B. A. Trakhtenbrot and A. Rabinovich, signals over
real-time are considered in place of words and automata compute operators on
signals in place of words accepted.

A physical device, in which complex transformations are implemented, is
usually an appropriate combination of elementary parts that interact as desired.
This idea guides us to the concept of circuit which appears many times in
literature (see, e.g., [KT65]) and which permits, for example, to describe a
given automaton as the combination of elementary automata.

Our main contribution to this theory is the introduction of circuits of finite
memory retrospective operators over signals, i.e., we choose a set of elementary
finite memory retrospective operators and we study how to obtain all finite
memory retrospective operators by constructing circuits with the elementary
operators. In order to perform this study, we use the notion of function algebra
in [Clo99] and we obtain an algebra of finite memory retrospective operators.
The equivalence between this algebra of operators and the set of finite memory
retrospective operators is stated in propositions 5.1 and 4.15. We note that the
proof of proposition 5.1 is constructive and so, making use of the elementary
operators and operations provided by this algebra, we can construct circuits of
operators.

So, in the first section we will introduce some definitions and concepts about
automata over continuous time that were previously introduced in [Tra98] and
[Rab97]. In section three we will specify the set X of primitive operators and
verify that in fact X is a set of finite memory retrospective operators. The set of
operations OP will be given in the fourth section and some properties involving
them will be stated. The main result will arise in the fifth section, namely will
be proved that the function algebra specified, [X , OP ], coincide precisely with
the class of finite memory retrospective operators, OFMR. In the sixth section
we provide examples of circuits for some finite memory retrospective operators.
The correspondence between circuits and automata is stated in the last section.
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2 Preliminaries

A function x : R
+ → Σ is a signal over Σ, where Σ is a finite set. A non-Zeno

signal x is a piecewise constant function x : R
+ → Σ and we denote the set of

non-Zeno signals over an alphabet Σ by nZSig(Σ).
A function from signals to signals is called a signal operator. In [Rab97,

PRT01] some notions related to operators on signals have been introduced.

Definition 2.1 (Speed Independence) An operator F from signals to sig-
nals is speed independent if for every order preserving bijection ρ on time:

∀ ~x, F ((x1 ◦ ρ), ..., (xn ◦ ρ)) = F (~x) ◦ ρ.

Definition 2.2 ((Strong) Retrospective Operator)
Let F : nZSig(Σ)n −→ nZSig(Σ) be an operator from signals to signals. F
is retrospective with respect to the i-th argument if for any ~x, ~y ∈ nZSig(Σ)n

such that xj = yj , for i 6= j, and t ∈ R
+ the following condition holds: if xi and

yi coincide in the interval [0, t], then F~x and F~y coincide in the interval [0, t].
F is strong retrospective with respect to the i-th argument if for any ~x, ~y ∈
nZSig(Σ)n such that xj = yj , for i 6= j, and t ∈ R

+ the following condition
holds: if xi and yi coincide in the interval [0, t[, then F~x and F~y coincide in
the interval [0, t]. Given a set S ⊆ {1, ..., n} of components, an operator F is
(strong) retrospective with respect to S when it is (strong) retrospective with
respect to i for all i ∈ S. An operator F is (strong) retrospective when it verifies
the above conditions for all components i.

Notation 2.3 Let x, z ∈ nZSig(Σ). The concatenation of the t-prefix of the
signal x with the signal z (notation xct; z) is defined as:

(xct; z)(τ) =

{

x(τ) if τ < t
z(τ − t) if τ ≥ t

Definition 2.4 (Residual [Rab97]) Let F : nZSig(Σ)n −→ nZSig(Σ) be
an operator on signals, ~x ∈ nZSig(Σ)n a signal, and t ∈ R

+ a time point. The
residual of F with respect to ~x and t, Res(F, ~x, t), is the operator:

λz1...zn.λt′.F ((x1c
t; z1), ..., (xnc

t; zn))(t + t′).

Definition 2.5 (Finite/Countable Memory [Rab97]) An operator F is a
finite (countable) memory operator if it has finitely (countably) many distinct
residuals, i.e., if the set {Res(F, ~x, t) : ~x ∈ nZSig(Σ)n, t ∈ R

+} is finite (count-
able).

In [Rab97] were also introduced notions about the characterization of non-
Zeno signals and about the characterization of functions over non-Zeno signals.
A non-Zeno signal x over an alphabet Σ is said to be characterized by α, α′, τ
if α = < ai : i ∈ N > and α′ = < a′

i : i ∈ N > are ω-strings over Σn, τ = < ti :
i ∈ N > is a time scale1 and x(ti) = ai and x(t) = a′

i, for every i ∈ N and every
t ∈ ]ti, ti+1[. An operator F from non-Zeno signals over Σ to non-Zeno signals
over Σ is said to be characterized by a function G : (Σn)ω × (Σn)ω −→ Σω ×Σω

if whenever α, α′, τ characterizes ~x then G(α, α′), τ characterize F~x.

1An unbounded increasing sequence t1 < t2 < ... such that ti ∈ R
+ and t1 = 0 is called a

time scale.
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Definition 2.6 (Generalized SI Condition [Rab97]) Let G be a function
on (Σn)ω × (Σn)ω , let α and α′ be ω-strings and let i ∈ N. Let β and β′

be obtained from α and α′ by inserting a′
i immediately after the i-th position.

Similarly, let ζ and ζ ′ be obtained from ξ and ξ′ by inserting x′
i immediately

after the i-th position. Then:

G(α, α′) = (ξ, ξ′) if and only if G(β, β′) = (ζ, ζ ′).

a1

a2

a3

t 3

a1'

a2'

a3'

a4'

t 1 t 2 t 4

a4

Figure 1: A non-Zeno signal.

Definition 2.7 (Generalized Retrospective Condition [Rab97]) Let G be
a function on (Σn)ω × (Σn)ω , and let α = < ai : i ∈ N >, α′ = < a′

i : i ∈ N >,
β = < bi : i ∈ N >, β′ = < b′i : i ∈ N >, ξ = < xi : i ∈ N >, ξ′ = < x′

i : i ∈ N >,
ζ = < zi : i ∈ N > and ζ ′ = < z′i : i ∈ N > be ω-strings. Then G satisfies the
generalized retrospective condition if

1. G is retrospective;

2. if G(α, α′) = (ξ, ξ′), G(β, β′) = (ζ, ζ ′), aj = bj , for j ∈ {0, ..., i}, and
a′

j = b′j , for j ∈ {0, ..., i − 1}, then xj = zj , for j ∈ {0, ..., i}, and x′
j = z′j ,

for j ∈ {0, ..., i− 1}.

The following proposition was stated in [Rab97].

Proposition 2.8 ([Rab97])

1. Every speed independent operator F on non-Zeno signals over Σ is char-
acterized by a function G on (Σn)ω × (Σn)ω that satisfies the generalized
SI condition.

2. Every function G on (Σn)ω × (Σn)ω that satisfies the generalized SI condi-
tion characterizes a speed independent operator F over non-Zeno signals.

3. If G id a function on (Σn)ω×(Σn)ω that characterizes a speed independent
operator over non-Zeno signals F , then:

(a) F is retrospective if and only if G satisfies the generalized retrospec-
tive condition;

(b) F has finite memory if and only if G has finite memory;

(c) F has countable memory if and only if G has countable memory.

4



3 Primitive Operators

Intuitively we may consider some operators that seem to be most relevant or
basic. Given a finite memory retrospective operator F over non-Zeno signals,
its value at an instant t depends on the past values of the signal ~x given as
argument. Thus, in order to compute the value of F at t, it will be useful to
know the behavior of ~x before t, namely the last jump2 of ~x before t and the
left limit3 of ~x at t.

Following these intuitions, we define now two primitive operators which are
needed to get the main characterization results.

Definition 3.1 (Left Limit) Let Σ be a finite set and a ∈ Σ. We define the
unary operator LLima : nZSig(Σ) −→ nZSig(Σ) as follows:

LLima(x)(t) =

{

a if t = 0
b if t > 0 and b is the left limit of x at t.

Definition 3.2 (Last Jump Value) Let Σ be a finite set, a ∈ Σ, and n, k ∈
N such that k ≤ n. We define the n-ary operator LJV n

k,a : nZSig(Σ)n −→
nZSig(Σ) as follows:

LJV n
k,a(~x)(t) =







a if t = 0
xk(τ) if t > 0 and τ < t are such that ~x is constant

in ]τ, t[ and ~x is not continuous at τ .

Since the left limit is undefined at the instant 0 and there is no jumps
before that, we have introduced default values at t = 0 in the above definitions.
Therefore, we grant that LLima and LJV n

k,a are well defined at t = 0.
These operators are evidently strong retrospective operators. We shall see

that they are finite memory operators.

Proposition 3.3 LLima is a finite memory operator.

Proof: Let x ∈ nZSig(Σ) and t ∈ R
+, the residual G of LLima with respect

to x and t is defined as follows:

G(z)(t′) = LLima(xc
t; z)(t + t′)

= LLimb(z)(t′)

where b is the left limit of x at t whenever t > 0, otherwise b = a. Thus, the set
of residuals of LLima is given by {LLima : a ∈ Σ}. Since Σ is a finite set, the
set of residuals is finite and LLima is a finite memory operator.

Proposition 3.4 LJV n
k,a is a finite memory operator.

2Let ~x be a signal, the last jump of ~x before t ∈ R
+ is c if there exist t′, t′′ ∈ R

+ such that
t′′ < t′ < t, x(t′) = c, x(τ) = c′ for τ ∈ ]t′, t[, x(τ) = c′′ for τ ∈ ]t′′, t′[ and c 6= c′ or c 6= c′′.

3Let x be a signal, x has left limit c at t ∈ R
+ if there exists t′ ∈ R

+ such that t′ < t and
x(τ) = c for τ ∈ ]t′, t[.
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Proof: Let ~x ∈ nZSig(Σ)n and t ∈ R
+. We know that the residual G of LJV n

k,a

with respect to ~x and t is given by

G(~z)(t′) = LJV n
k,a((x1c

t; z1), ..., (xnc
t; zn))(t + t′)

= F n
k,b,ξ(~z)(t′)

where b = LJV n
k,a(~x)(t), ξ =< c1, ..., cn >=< LLima(xi)(t) : i = 1, ..., n >, and

F n
k,b,ξ is defined as follows:

F n
k,b,ξ(~z)(t′) = LJV n

k,b((Jumpb→c1
c1; z1), ..., (Jumpb→cn

c1; zn))(t′ + 1).

Therefore the set of residuals of LJV n
k,a is given by {F n

k,b,ξ : b ∈ Σ and ξ ∈ Σn}.
Since Σ is a finite set, the set of residuals is finite, and LJV n

k,a is a finite memory

operator.

Definition 3.5 (Pointwise Extension) If f : Σn −→ Σ′ is a total function
where Σ and Σ′ are both finite non-empty sets, then we define the operator
Pf : nZSig(Σ)n −→ nZSig(Σ′) as the pointwise extension of f as follows:

Pf (~x)(t) = f(~x(t))

Since the value of these operators only depends on the current instant, we
see that these operators are retrospective and have finite memory.

Definition 3.6 (Set of Primitives) Given Σ1, ..., Σm finite non-empty sets,
the set X [Σ1, ..., Σm] of primitives is defined as follows:

X [Σ1, ..., Σm] = {LLima : a ∈ Σi, i = 1, ..., m}

∪ {LJV n
k,a : a ∈ Σi, i = 1, ..., m and k ≤ n}

∪ {Pf : n ∈ N, f : Σn
i −→ Σ′

j , i, j = 1, ..., m}

4 Operations

We know that the set of finite memory retrospective operators is closed under
composition and naturally we will consider the composition ◦ as one of the
available operations.

Definition 4.1 (Composition) Let G : nZSig(Σ′)m −→ nZSig(Σ′′) be a m-
ary finite memory retrospective operator and let Fi : nZSig(Σ)n −→ nZSig(Σ′)
be also a n-ary finite memory operator, for i = 1, ..., m. We define the com-
position of G with F1, ..., Fm, ◦(G, F1, .., Fm) : nZSig(Σ)n −→ nZSig(Σ′′), as
follows:

◦(G, F1, ..., Fm)(~x) = G(F1(~x), ..., Fm(~x)).

Clearly, sometimes we need to know previous values of an operator to get
its current value. Thus, we define next the operation Rec.

Definition 4.2 (Rec) Let G : nZSig(Σ)n+1 −→ nZSig(Σ) be a finite memory
retrospective operator that verify the following conditions:
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• is strong retrospective with respect to the last argument;

• given x1, ..., xn, y, z ∈ nZSig(Σ), t > 0, and t′ ∈ [0, t[ such that xi is
constant in ]t′, t[, for all i, and xj is not continuous at t′ for some j, if
y(τ) = z(τ), for τ ∈ [0, t′[, then G(x1, ..., xn, y)(t) = G(x1, ..., xn, z)(t).

For an arbitrary4 a ∈ Σ, the operation Rec is defined as follows:

Rec(G)~xt =

{

G(x1, ..., xn, Consta)t if t = 0

G(x1, ..., xn, (Rec(G)(~x)ct′ ; Consta))t if t > 0

and clearly Rec(G) : nZSig(Σ)n −→ nZSig(Σ).

We will prove that the operators obtained with Rec, are well defined and
are finite memory retrospective operators.

Given the operator H~x : nZSig(Σ) −→ nZSig(Σ) such that H~x(y) =
G(~x, y), for ~x ∈ nZSig(Σ), we will study the fixpoints of H~x as fixpoints of
a function over ω-strings. We observe that Rec(G)(~x) is a fixpoint of H~x.

Proposition 4.3 Let G be in the conditions of definition 4.2 and let ~x ∈
nZSig(Σ)n. The operator H~x, such that H~x(y) = G(~x, y), for y ∈ nZSig(Σ),
is characterized by a function K~x : Σω × Σω −→ Σω × Σω with the property:

if αi = βi and α′
i = β′

i, for i < n, then K(α, α′)i = K(β, β′)i, for i ≤ n.

Proof: If G is a finite memory operator, then G is speed independent5. Thus
H~x is a finite memory operator and by proposition 2.8 there exists a function
K~x : Σω × Σω −→ Σω × Σω that characterizes H~x.

In order to prove the above property let α, α′, β, β′ ∈ Σω such that αi = βi

and α′
i = β′

i, for i < n. Suppose also that y is the non-Zeno signal characterized
by α, α′, τ and z is the non-Zeno signal characterized by β, β′, τ where the time
scale τ = < ti : i ∈ N0 > satisfies:

if t ≤ t′, then t ∈ τ iff ∃ i, xi is not constant at t,

for t′ ∈ R
+ such that ~x is not constant at t′ and such that ~x is constant at τ

for τ > t′ 6. Thus we verify that y(t) = z(t), for t ∈ [0, tn−1[, and then we
conclude by the given properties of G in definition 4.2 that H~x(y)(t) = H~x(z)(t)
with t ∈ [0, tn[. Therefore K~x(α, α′)i = K~x(β, β′)i, for i ≤ n, because K~x is a
characterization of H~x(y).

In the following results, some knowledge about partial orders, complete lat-
tices and continuous operators is needed; we will assume that the reader have
that knowledge. We need also work with prefixes, thus we recall the concept of
prefix.

Definition 4.4 Let α ∈ Σω be a ω-string, we define the set of its prefixes as:

Pα = {u ∈ Σ∗ : ∃ β ∈ Σω, α = uβ}

4By the given conditions, we may choose any a.
5This fact is stated and proved in [Rab97].
6Clearly, such t′ may not exist. This condition express the minimality of the time scale τ

needed to characterize the non-Zeno signal ~x.
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Definition 4.5 (Prefix Closed Set) A set X ⊆ Σ∗ is a prefix closed set
whenever it satisfies the following condition:

∀ u ∈ X, ∀ v ∈ Σ∗, if u = sv, then s ∈ X .

Let X ⊆ Σ∗ be a prefix closed set such that there exists u ∈ X with length
n, for all n ∈ N. Thus, it is clear that there exists at least one α ∈ Σω such
that Pα ⊆ X . Moreover, if for all u ∈ X there exists only one a ∈ Σ such
that ua ∈ X , then X = Pα for some α ∈ Σω and we say that X characterizes
univocally7 α.

Proposition 4.6 Let P = {X ⊆ Σ∗ : X is a prefix closed set}, then < P ×
P ,≤> is a complete lattice with ≤ defined as follows:

(X, X ′) ≤ (Y, Y ′) iff X ⊆ Y and X ′ ⊆ Y ′.

Proof: Clearly < P × P ,≤> is a partial order.
Let S ⊆ P × P and (Y, Y ′) ∈ P × P such that, for all (X, X ′) ∈ S,

(X, X ′) ≤ (Y, Y ′). Then ∨S = (
⋃

(X,X′)∈ S
X,

⋃

(X,X′)∈ S
X ′) ≤ (Y, Y ′), i.e,

∨S is the least upper bound of S. Suppose now that (Z, Z ′) ∈ P × P is
such that, for all (X, X ′) ∈ S, (Z, Z ′) ≤ (X, X ′). Then (Z, Z ′) ≤ ∧S =
(
⋂

(X,X′)∈ S
X,

⋂

(X,X′)∈ S
X ′), i.e, ∧S is the greatest lower bound of S. Clearly

∨S ∈ P × P and ∧S ∈ P × P , therefore < P × P ,≤> is a complete lattice.

Definition 4.7 Let K~x : Σω × Σω −→ Σω × Σω be the function obtained
in proposition 4.3. Given a1a2...an, a′

1a
′
2...a

′
n ∈ Σ∗, for n ∈ N, we define the

function K ′
~x as follows:

K ′
~x(a1a2...an, a′

1a
′
2...a

′
n) = (b1b2...bn+1, b

′
1b

′
2...b

′
n+1)

iff
∀ α, α′ ∈ Σω, ∃ β, β′ ∈ Σω,

K~x(a1a2...anα, a′
1a

′
2...a

′
nα′) = (b1b2...bn+1β, b′1b

′
2...b

′
n+1β

′).

Let (X, X ′) ∈ P × P , we extend K ′
~x to P × P as follows:

K ′
~x(X, X ′) = {K ′

~x(a1...an, a′
1...a

′
n) : a1...an ∈ X, a′

1...a
′
n ∈ X ′} ∪ {(ε, ε)}.

Proposition 4.8 K ′
~x is well defined.

Proof: Let a1a2...an, a′
1a

′
2...a

′
n ∈ Σ∗, for n ∈ N. Suppose that

K ′
~x(a1a2...an, a′

1a
′
2...a

′
n) = (b1b2...bn+1, b

′
1b

′
2...b

′
n+1),

by definition 4.7, we have

∀ α, α′ ∈ Σω, ∃ β, β′ ∈ Σω,
K~x(a1a2...anα, a′

1a
′
2...a

′
nα′) = (b1b2...bn+1β, b′1b

′
2...b

′
n+1β

′)

and by proposition 4.3 we conclude that (b1b2...bn+1, b
′
1b

′
2...b

′
n+1) is univocally

determined. Thus, the extension of K ′
~x to P × P is well defined.

7When we do not consider prefix closed sets, a ω-string α may be characterized by more
sets than Pα, namely by any infinite subset of Pα.
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Proposition 4.9 Let K ′
~x be the extension obtained in definition 4.7. This func-

tion is defined from P × P to P × P and it is continuous.

Proof: Let (X, X ′) ∈ P × P . By the property of K ′
~x in proposition 4.3, we

know that if a1a2...an ∈ X , a′
1a

′
2...a

′
n ∈ X ′ and K ′

~x(a1a2...an, a′
1a

′
2...a

′
n) =

(b1b2...bnbn+1, b
′
1b

′
2...b

′
nb′n+1), then, for every k ≤ n, K ′

~x(a1a2...ak, a′
1a

′
2...a

′
k) =

(b1b2...bkbk+1, b
′
1b

′
2...b

′
kb′k+1). Thus, since {(ε, ε)} ∈ K ′

~x(X, X ′) by definition 4.7,
K ′

~x(X, X ′) is closed under prefixes, i.e., K ′
~x(X, X ′) ∈ P × P .

Let S ⊆ P × P be a directed subset. If (X, X ′) ∈ S, then K ′
~x(X, X ′) ≤

K ′
~x(∨S) where ∨S = (

⋃

(X,X′)∈ S
X,

⋃

(X,X′)∈ S
X ′). Clearly ∨K ′

~x(S) ≤ K ′
~x(∨S).

Suppose that (b1b2...bnbn+1, b
′
1b

′
2...b

′
nb′n+1) ∈ ∨K ′

~x(S), for some n ∈ N0, then
there exists (a1a2...an, a′

1a
′
2...a

′
n) ∈ ∨S such that K ′

~x(a1a2...an, a′
1a

′
2...a

′
n) =

(b1b2...bnbn+1, b
′
1b

′
2...b

′
nb′n+1). Thus, there exist (X1, X

′
1), (X2, X

′
2) ∈ S such

that a1a2...an ∈ X1 and a′
1a

′
2...a

′
n ∈ X2. Because S is directed, we know that

there exists (Y, Y ′) ∈ S such that (X1, X
′
1) ≤ (Y, Y ′) and (X2, X

′
2) ≤ (Y, Y ′)

and clearly (b1b2...bnbn+1, b
′
1b

′
2...b

′
nb′n+1) ∈ K ′

~x(Y, Y ′). As (Y, Y ′) ≤ ∨S, we have
that (b1b2...bnbn+1, b

′
1b

′
2...b

′
nb′n+1) ∈ K ′

~x(∨S), i.e. K ′
~x(∨S) ≤ ∨K ′

~x(S). Therefore
K ′

~x(∨S) = ∨K ′
~x(S), K ′

~x is continuous.
Since we have a continuous function, it is now possible to find its fixpoint.

In the following three propositions we will find that and verify that Rec(G) is
well defined as promised.

Proposition 4.10 If K ′
~x is the extension obtained in definition 4.7, then K ′

~x

has a least fixpoint (P, P ′) and (P, P ′) =
∨

{K ′n
~x ({ε}, {ε}) : n ∈ N0}.

Proof: Directly from proposition 4.9 and from the fact that continuous func-
tions have always fixed points.

Since for all u ∈ P there exists only one a ∈ Σ such that ua ∈ P , we conclude
that P characterizes an ω-string ξ. Similarly, we conclude that P ′ characterizes
an ω-string ξ′ and the following result holds.

Proposition 4.11 Let ξ, ξ′ be the ω-strings characterized by the sets P, P ′ of
proposition 4.10, ~x = (x1, ..., xn) ∈ nZSig(Σ)n and τ be a time scale such that

if t ≤ t′, then t ∈ τ iff ∃ i, xi is not constant at t,

for t′ ∈ R
+ such that ~x is not constant at t′ and such that ~x is constant at τ for

τ > t′. Then the non-Zeno signal characterized by ξ, ξ ′, τ is a fixpoint of H~x.

Proof: Since ξ, ξ′ are characterized by P, P ′ respectively and P, P ′ is a fixpoint
of K ′

~x, we have that K~x(ξ, ξ′) = (ξ, ξ′). This function K~x is a characterization
of H~x as we have seen in proposition 4.3 and then, if ξ, ξ′, τ characterizes z,
K~x(ξ, ξ′), τ characterizes H~x(z). But K~x(ξ, ξ′) = (ξ, ξ′), therefore H~x(z) = z,
i.e., z is a fixpoint of H~x.

Proposition 4.12 Rec(G) is well defined.

Proof: Given ~x ∈ nZSig(Σ)n and if we look at the definition 4.2, we verify
that the operator Rec constructs the least fix point found in proposition 4.11.
Therefore it is well defined since there exists only one least fixpoint when we fix
the scale τ as we did in proposition 4.11.

About retrospectivity and memory finiteness of Rec(G) we leave the follow-
ing result.
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Proposition 4.13 Let G be in the conditions of definition 4.2, then Rec(G) is
a finite memory retrospective operator.

Proof: Looking at definition 4.2 we can see that G is retrospective and therefore
Rec(G) is obviously retrospective. If F = Rec(G) and t = 0, then we get:

Res(F, ~x, t)(~z)(τ) = F (~x)(t + τ)

= G(x1, ..., xn, Consta)(τ).

If t > 0, then we have:

Res(F, ~x, t)(~z)(τ)

= F ((x1c
t; z1), ..., (xnc

t; zn))(t + τ)

= G((x1c
t; z1), ..., (xnc

t; zn), (F ((x1c
t; z1), ..., (xnc

t; zn))ct′ ; Consta))(t + τ)

= G((x1c
t; z1), ..., (xnc

t; zn), (((F~x)ct; Res(F, ~x, t)~z)ct′ ; Consta))(t + τ)

= G((x1c
t; z1), ..., (xnc

t; zn), ((F~x)ct; ((Res(F, ~x, t)~z)ct′−t; Consta)))(t + τ)

= Res(G, (x1, ..., xn, F~x), t)(z1, ..., zn, (Res(F, ~x, t)~z)ct′−t; Consta))(τ),

where t′ < t + τ , i.e, t′ − t < τ .
As Res(G, (x1, ..., xn, F~x), t) is a finite memory retrospective operator, by

proposition 4.12, the number of residuals of F and G is the same, i.e., F is a
finite memory operator.

We may now give the complete definition of [X [Σ1, ..., Σm], OP ].

Definition 4.14 Given Σ1, ..., Σm finite non-empty sets, the function algebra
[X [Σ1, ..., Σm]; OP ] is defined as follows:

OP = {◦, Rec},

X [Σ1, ..., Σm] = {LLima : a ∈ Σi, i = 1, ..., m}

∪ {LJV n
k,a : a ∈ Σi, i = 1, ..., m, k ≤ n}

∪ {Pf : n ∈ N, f : Σn
i −→ Σ′

j , i, j = 1, ..., m}

In the above definition, ◦ and Rec are in fact sets of operations since they may
be applied to operators with different arities.

The following important result holds.

Theorem 4.15 If F is in [X [Σ1, ..., Σm]; OP ], then F is a finite memory ret-
rospective operator.

Proof: Directly from the above propositions.

5 Circuits

If we consider the set of circuits obtained from the function algebra defined in
the previous section, we know that all representable operators are finite memory
retrospective operators by theorem 4.15. Now we will prove that all of them
can be represented by these circuits.

Before we note that we will use the operation Rec with ~x such that each
xi may be defined over different alphabets. If we look at the above section, we
easily verify that the results continue to be true, in fact they are independent
of the alphabets.
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Theorem 5.1 If G : nZSig(Σ)n −→ nZSig(Σ) is a finite memory retro-
spective operator, then there is a circuit obtained from the function algebra
[X [Σ1, ..., Σm]; OP ] that represents G.

Proof: Given a finite memory retrospective operator G : nZSig(Σ)n −→
nZSig(Σ), let {G0, ..., Gk} with G0 = G be the set of its residuals. Let
~x ∈ nZSig(Σ)n and t, t′ ∈ R

+ such that 0 < t′ < t and ~x is constant in
]t′, t[. If Gp is the residual of G with respect to ~x and t′, then, by definition 2.4,
the residual of G with respect to ~x and t is given by

λz1...znλt′′.G((x1c
t; z1), ..., (xnc

t; zn))(t + t′′)

= λz1...znλt′′.Gp((Jumpa1→b1c
t; z1), ..., (Jumpan→bn

ct; zn))(t + t′′)

= Res(Gp, (Jumpa1→b1 , ..., Jumpan→bn
), t),

where ~a = (a1, ..., an) and ~b = (b1, ..., bn) are such that xi(τ) = Jumpai→bi
(τ),

for τ ∈ [t′, t[ and 0 ≤ i ≤ n. So, given ~x ∈ nZSig(Σ)n and t ∈ R
+, we obtain

all residuals of G with respect ~x and t using the previous residuals. Therefore,
we define the function g : Σ2n × {0, ..., k} −→ {0, ..., k} as follows:

g(b1, ..., bn, a1, ..., an, p) = q
iff

Res(Gp, Jumpa1→b1 , ..., Jumpan→bn
, t) = Gq ,

where t > 0.

x1

xn

LJV

Pg

Ph G(x1,..,xn)

n
1,d1

LJVnn,dn

LJVn+1n+1,0

LLim0

LLime1

LLimen

Figure 2: Construction schema for theorem 5.1. The construction reflects the
primitive operators, the operator composition and the application of the Rec
operator founded in equation 1.
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Making use of the function algebra [X [Σ1, ..., Σm]; OP ], we can define

Jg(~x, r) = Pg(LLime1
(x1), ..., LLimen

(xn),

LJV n
1,d1

(~x), ..., LJV n
n,dn

(~x),

LJV n+1
n+1,0(~x, LLim0(r)))

with ~e and ~d such that g(d1, ..., dn, e1, ..., en, 0) = 0 8. Looking at the definitions
3.1 and 3.2, we verify that Jg is in the conditions for the application of operator
Rec. Given ~x ∈ nZSig(Σ)n, we have

Rec(Jg)(~x)(t) = Pg(LLime1
(x1), ..., LLimen

(xn),

LJV n
1,d1

(~x), ..., LJV n
n,dn

(~x),

LJV n+1
n+1,0(~x, LLim0(Rec(Jg)~x)))(t)

= g(LLime1
(x1)(t), ..., LLimen

(xn)(t),

LJV n
1,d1

(~x)(t), ..., LJV n
n,dn

(~x)(t),

LJV n+1
n+1,0(~x, LLim0(Rec(Jg)(~x)))(t)).

If t′ ∈ [0, t[ is such that xi is constant in ]t′, t[, for all i, and xj is not continu-

ous at t′ for some j, then, for each i, xi(t) = xic
t′ ; JumpLJV n

i,di
(~x)→LLimei

(xi)(t)

and GLJV
n+1

n+1,0
(~x,LLim0(Rec(Jg)(~x)))(t) is the residual of G with respect to ~x and

t′. Therefore, by definition of g, GRec(Jg)(~x)(t) = Res(G, ~x, t).
Let 0 ≤ j ≤ n, Gj is a retrospective operator, then to obtain Gj(~x)(0)

we only need to know ~x(0) and we get Gi(~x)(0) = Gi(Consta1
, ..., Constan

)(0).
Defining h : Σn×{0, ..., k} −→ Σ as h(~a, j) = b iff Gj(Consta1

, ..., Constan
)(0) =

b, we have
G(~x)(t) = Ph(x1, ..., xn, Rec(Jg)(~x))(t). (1)

This is the circuit of G which is exemplified in figure 2.
Theorems 4.15 and 5.1 taken together state that the function algebra

[X [Σ1, ..., Σm]; OP ] coincide precisely with the set of finite memory retrospective
operators, i.e., [X [Σ1, ..., Σm]; OP ] = OFMR.

6 Examples

In this section we will construct circuits for three finite memory retrospective
operators. We will use the function algebra [X [Σ1, ..., Σn], OP ], however the
general construction schema provided in theorem 5.1 will not be followed9.

Example 6.1 Constb ∈ nZSig(Σ)

Constb(t) = b

Constb is obviously a 0-ary finite memory retrospective operator with only
one residual, Constb. Therefore it is possible to represent this operator by the
circuit of figure 3, i.e.,

8To guarantee this requisite we introduce if needed new symbols in the domain of g, that
will not affect the result.

9The circuits obtained by the general construction schema become more complex.
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LJV 1,b
1

LLim b

Figure 3: Constb circuit.

Constb = Rec(λr.LJV 1
1,0(LLim0(r))).

Example 6.2 Jumpa→b ∈ nZSig(Σ)

Jumpa→b(t) =

{

a if t = 0
b if t > 0

In order to get a circuit for Jumpa→b is enough compose the circuit of figure
3 with LLima as we did in figure 4. Therefore,

Jumpa→b = LLima(Rec(λr.LJV 1
1,0(LLim0(r)))).

LJV 1,b
1

LLim b

LLim a

Figure 4: Jumpa→b circuit.

Example 6.3 LeftCont : nZSig(Σ) −→ nZSig({True, False})

LeftCont(x)(t) =

{

True if x is left continuous at t
False otherwise.

We assume that a signal is not continuous at 0. Clearly we can get this operator

LLimw

P=

Figure 5: LeftCont circuit.

as follows:

LeftCont(x) = P=(x, LLimw(x))

where w is a symbol such that w /∈ Σ and P= is the pointwise extension of

=: (Σ ∪ {w})2 −→ {True, False}

defined as

= (a, b) =

{

True if a = b
False otherwise.
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Therefore, in figure 5, we give a circuit to LeftCont.

Example 6.4 JumpSum : nZSig({0, 1}) −→ nZSig({0, 1})

JumpSum(x)(t) =
∑n

i=1 x(ti)

where the ti’s are the jumps before t and the sum is in Z2. We can get this

P+

LJV 1,0
1

LJV 2,0
2

LLim 0

Figure 6: JumpSum circuit.

operator as follows:

JumpSum(x) = Rec(λxr.P+(LJV 1
1,0(x), LJV 2

2,0(x, LLim0(r)))(x)

where P+ is the pointwise extension of

+ : {0, 1} −→ {0, 1}

defined as expected. In figure 6 we give a circuit to JumpSum.

7 Automata

In this section we state the relation between the circuits introduced in previous
sections and the finite state transducers introduced in [Rab97].

As we have done with respect to circuits, we will consider transducers with
multiple input channels. We give now the definition of finite state transducer.

Definition 7.1 (Finite State Transducer [Rab97]) A finite state transducer
A over non-Zeno signals is a tuple < Q, q0, Σin, Σout, n, out, δ > such that

• Q is a finite non empty set of states,

• q0 ∈ Q is the initial state,

• Σin
10 is the input alphabet,

• Σout is the output alphabet,

• n is the arity of A,

• out : Q × Σn
in −→ Σout is the output function and

10We assume that all input signals are defined over the same alphabet, however multiple
input alphabets may be considered without lost of generality.
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• δ : Σ2n
in −→ (Q → Q) is the transition function which verifies

δ(b1, ..., bn, b1, ..., bn) ◦ δ(a1, ..., an, b1, ..., bn) = δ(a1, ..., an, b1, ..., bn).

It is important to note that each one of the states corresponds to a residual and
each transition corresponds to a jump from a1, ..., an to b1, ..., bn.

We will use a graphical representation for transducers. As we may see in
figure 7, the states will be represented by nodes and the transitions we will be
represented by labeled arcs. The output function can be represented by labeling
the nodes as follows:

q has label < (c11, ..., cn1)/d1, ..., (c1k , ..., cnk)/dk >
if and only if

out(q, c1i, ..., cni) = di, for every i.

The initial state will be indicated with an arrow as is done in figure 7.
A transducer receives a signal ~x ∈ nZSig(Σin)n as input and produces as

output a signal y ∈ nZSig(Σout). If ~x(t) = (a1, ..., an), for t ∈ R
+, then

y(t) = b where b is given accordingly with the label of the current node, i.e.,
accordingly with the out function in each state. A transition between states
occurs accordingly with the jump of ~x at t, if ~x produces a jump from (a1, ..., an)
to (b1, ..., bn) at t, then occurs a transition from the current state to other one,
where the transition arc is labeled by < (a1, ..., an), (b1, ..., bn) >.

Definition 7.2 (Operator Computable by a Transducer)
Let A =< Q, q0, Σin, Σout, n, out, δ > be a transducer. The operator FA com-
putable by A is defined as out(F δ~xtq0, ~xt), where F δ is the unique operator
definable by δ [Rab97].

In [Rab97] has been stated that finite state transducers compute finite mem-
ory retrospective operators over non-Zeno signals and that the inverse also holds.
Therefore the class of operators computed by finite state transducers is exactly
the same class of operators characterized by the circuits introduced before.

We provide now an example.

Example 7.3 The unary operator

LLim0 : nZSig({0, 1}) −→ nZSig({0, 1})

is defined as follows:

LLim0(x)(t) =

{

0 if t = 0
b if t > 0 and b ∈ {0, 1} is the left limit of x at t.

This operator have two residuals:

LLim0(z)(τ) =

{

0 if τ = 0
b if τ > 0 and b ∈ {0, 1} is the left limit of z at τ ,

LLim1(z)(τ) =

{

1 if τ = 0
b if τ > 0 and b ∈ {0, 1} is the left limit of z at τ .

Thus, we construct the transducer ALLim0
=< Q, q0, Σin, Σout, n, out, δ >.
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• Since there are two residuals, we need two states, i.e, Q = {q0, q1}. Each
state is associated to a residual as follows:

q0 99K LLim0 and q1 99K LLim1.

• The initial state is the state associated to the operator LLim0, i.e., q0.

• Σin = {0, 1}.

• Σout = {0, 1}.

• Since LLim0 is an unary operator, we have n = 1.

• We obtain the function out as follows:

out(q0, 0) = LLim0(Const0)(0) = 0
out(q0, 1) = LLim0(Const1)(0) = 0
out(q1, 0) = LLim1(Const0)(0) = 1
out(q1, 1) = LLim1(Const1)(0) = 1

State Transition δ out
q0 0, 0 q0 0 7→ 0
q0 0, 1 q1 0 7→ 0
q0 1, 0 q0 1 7→ 0
q0 1, 1 q1 1 7→ 0
q1 0, 0 q0 0 7→ 1
q1 0, 1 q1 0 7→ 1
q1 1, 0 q0 1 7→ 1
q1 1, 1 q1 1 7→ 1

Table 1: δ and out functions in ALLim0
.

• Since Σin has two symbols, we know that there exist four different jumps:

Jump0→0, Jump0→1, Jump1→0 and Jump1→1,

i.e., there exist four possible transitions at each state. Therefore, the
function δ is defined as follows:

δ(0, 0)q0 = q0 because Res(LLim0, Jump0→0, t) = LLim0,
δ(0, 0)q1 = q0 because Res(LLim1, Jump0→0, t) = LLim0,
δ(0, 1)q0 = q1 because Res(LLim0, Jump0→1, t) = LLim1,
δ(0, 1)q1 = q1 because Res(LLim1, Jump0→1, t) = LLim1,
δ(1, 0)q0 = q0 because Res(LLim0, Jump1→0, t) = LLim0,
δ(1, 0)q1 = q0 because Res(LLim1, Jump1→0, t) = LLim0,
δ(1, 1)q0 = q1 because Res(LLim0, Jump1→1, t) = LLim1,
δ(1, 1)q1 = q1 because Res(LLim1, Jump1→1, t) = LLim1,

for t > 0.

In figure 7 we give the transducer ALLim0
.
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<0,1>
<1,1>

<0,0>
<1,0>

<1,1>
<0,1>

<0,0>
<1,0>

<0/0,1/0>
q0

<0/1,1/1>
q1

Figure 7: Transducer ALLim0
.

8 Final Remarks

Circuits of operators were introduced. The concept of function algebra in [Clo99]
was used in order to obtain an algebra of finite memory retrospective operators.
Our main contribution is the proof of the equivalence between this algebra of
operators and the set of finite memory retrospective operators.

It is important to note that we did not use time delay operators, which are
commonly used in the classical theory of circuits. In order to know the values of
signals at previous instants we used the LLim operator and the LJV operator
and with these operators we have proved that it is possible construct circuits
for any finite memory retrospective operator.

Examples of circuits for some operators were also included. However not
used for these examples, the general construction schema provided in the proof
of theorem 5.1 permits the construction of circuits for any finite memory retro-
spective operator using the function algebra [X [Σ1, ..., Σn], OP ].

The research around automata over continuous time, started in [Tra98] and
[Rab97], was expanded in this article, where we succeed to develop a theory of
circuits of retrospective operators to fully characterize the class of finite memory
retrospective operators. However many other open problems are to be solved
and the field to be enlarged towards a theory on foundations of hybrid systems.
Boaz Trakhtenbrot gave us a copy of his personal notes, where many interesting
problems were designed, e.g., the problem of oracles (the relativization problem),
a theory of reducibilities between operators has been considered and sketched,
a theory of reliable feedback has been developed in some depth, etc. We thus
hope that such a fundational seminal work prosper in the near future.

9 Acknowledgments

This paper is a further development of [Rab97], encouraged by Alexander Ra-
binovich when he visited the LabMAC (Laboratório de Modelos e Arquitecturas
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