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Algebrizacao Comportamental de Logicas
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Doutoramento em: Matematica
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Provas concluidas em:

Resumo: A logica algébrica abstracta (LAA) tem como objecto de estudo o mecan-
ismo pelo qual uma classe de algebras se pode associar a uma dada logica. Apesar
do seu sucesso, a LAA é um pouco restricta no que diz respeito a sua aplicabilidade.
Nesta dissertacao generaliza-se a nogao de logica algebrizavel usando ferramentas
da algebra multigénero comportamental. Deste modo estendemos a aplicabilidade
da teoria nao s6 a logicas multigénero, como também a légicas unigénero tradi-
cionalmente nao-algebrizéveis. Neste sentido desenvolveram-se as fundagoes de uma
teoria comportamental sélida da LAA, obtendo-se resultados de generalizagao da
hierarquia de Leibniz e caracterizacoes alternativas de varias classes de logicas. Do
ponto de vista semantico, usaram-se duas abordagens: a seméantica matricial e a
semantica de valoragoes. Em qualquer dos casos, obtiveram-se resultados fortes de
completude. Por fim, sao estudados véarios exemplos que ilustram a aplicacao da
teoria desenvolvida.

Palavras-chave: Logica algébrica abstracta, algebra multigénero, equivaléncia com-
portamental, hierarquia de Leibniz.
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Behavioral Algebraization of Logics

Abstract: The theory of abstract algebraic logic (AAL) studies the mechanism
by which a class of algebras can be associated with a given logic. Despite of its
success, the traditional tools of AAL have a rather limited scope of application.
In this dissertation we generalize the notion of algebraizable logic using the tools
of many-sorted behavioral algebra. In this way, we extended the scope of applica-
tion of AAL not only to many-sorted logics, but also to single-sorted logic which
were not algebraizable according to the standard notion. Pursuing this path we
have developed the foundations of a solid behavioral theory of AAL, where results
generalizing the Leibniz hierarchy were obtained, as well as alternative characteri-
zations for several classes of logics. From the semantical point of view, we used two
approaches: one based on matrix semantics and the other on valuation semantics.
In both cases, strong completeness result were obtained. Finally, to illustrate the
theory we developed, we studied several interesting examples.

Keywords: Abstract algebraic logic, multi-sorted algebra, behavioral equivalence,
Leibniz hierarchy.
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Chapter 1

Introduction

The general theory of abstract algebraic logic (AAL, from now on) was first intro-
duced in [BP89] with the aim of extending the so-called Lindenbaum-Tarski method,
as used for instance to establish the relationship between classical propositional logic
and Boolean algebras, to the systematic study of the connection between a given
logic and a suitable equational theory. Therefore, AAL can be seen as the theory
that studies the connection between logic and algebra. This connection enables one
to use the powerful tools of universal algebra to study the metalogical properties of
the logic being algebraized, namely with respect to its axiomatizability, definability
aspects, the deduction theorem, or interpolation properties [EJP03, [CP99, BP9S].
The theory of AAL has had a fruitful development having as main aim the general-
ization of the Lindenbaum-Tarski method in order to be applicable to a larger class
of logics [Cze01l, [CJOQ, [F.J96, Her96, Her97].

Despite of its success the standard tools of AAL have a relatively limited scope
of application. Logics with a many-sorted language are good examples of logics that
fall out of their scope. It goes without saying that rich logics, with many-sorted
languages, are essential to specify and reason about complex systems, as also ar-
gued and justified by the theory of combined logics [SSC99]. However, even in the
class of propositional based (unsorted) logics many interesting examples simply fall
out of the scope of the standard tools of AAL. In particular, there are well-known
examples of logics that may be seen as resulting from the extension (by adding
connectives and rules) of algebraizable logics that turn out not to be algebraizable
[LMS91]. This is the case, for example, of certain non-truth-functional logics, herein
understood as logics which are extensions of algebraizable logics by some new con-
nectives not satisfying the congruence property with respect to the equivalence of
the algebraizable fragment. With the proliferation of logical systems, with applica-
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Chapter 1. Introduction

tions ranging from computer science, to mathematics and philosophy, the examples
of non-algebraizable logics that, therefore, lack from a meaningful and insightful
algebraic counterpart are expected to become more and more common.

Although the standard tools of AAL can associate a class of algebras to every
logic, the connection between a non-algebraizable logic and the corresponding class
of algebras is, of course, not very strong nor very interesting. This phenomenon is
well-known and may happen for several reasons, and in different degrees, depending
on whether the Leibniz operator, one of the main tools in AAL, will lack the prop-
erties of injectivity, monotonicity or commutation with inverse substitutions. The
particular issue of non-injectivity, staying within the realm of protoalgebraic and
equivalential logics, has been carefully studied in [FJ01I], where the authors restrict
the models of the logic by considering just the matrices with a so-called Leibniz
filter. Although this is a very interesting approach, the resulting logic is, of course,
different from the original one. Contrarily to what is done in [F.J01], we do not want,
at all, to change the logic we start from. Our strategy is rather to change a bit the
algebraic perspective. This is achieved by considering behavioral equivalence rather
then equality as the basic concept. In this dissertation we propose and study a gen-
eralization of the standard tools of abstract algebraic logic obtained by substituting
unsorted equational logic by many-sorted behavioral logic.

1.1 Background

The main building blocks of this thesis are AAL, and the behavioral theory of
equational logic that emerged in the theory of algebraic specifications.

1.1.1 Abstract algebraic logic

Algebraic logic in the modern sense was born with the work of Tarski, in particular
with his 1935 paper (see [Tar83|) where we can find for the first time some charac-
teristic features of the subject we recognize today. In this paper, Tarski gives the
precise connection between Boolean algebra and classical propositional logic. The
key idea is to look at the set of formulas as an algebra with operators induced by the
logical connectives. Tarski then observed that logical equivalence is a congruence
on the formula algebra, and therefore a quotient algebra could be built. This is the
so-called Lindenbaum-Tarski method. It turns out that the quotient algebra is a
Boolean algebra, and the theorems coincide exactly with the formulas equivalent to
T.



1.1. Background

Using this idea, a number of other logics were algebraized, namely the intu-
itionistic propositional logic of Brouwer and Heyting, the multiple-valued logics of
Post and Lukasiewicz, and the modal logics Sy and S5 of Lewis |[Ras81, RT94]. In
contrast to Boolean, cylindric, polyadic and Wajsberg algebras, which were known
before the Lindenbaum-Tarski method was first applied to generate them from the
appropriate logics, Heyting algebras were first identified precisely by applying the
Lindenbaum-Tarski method to intuitionistic propositional logic.

The investigation of particular classes of logics gave place to a systematic inves-
tigation of broad classes of logics in a more abstract context. The focus has turned
to the process of algebraization itself rather than being centered on the algebraiza-
tion of particular logics. The general theory of the algebraization of logics that has
developed is called Abstract Algebraic Logic (AAL).

In the 1989 seminal monograph by Blok and Pigozzi [BP89| the concept of an
algebraizable logic was given, the first time, a mathematically precise sense. The
notion of logic adopted in AAL is the so-called Tarskian logic. In a very informal
way, a logic L is algebraizable if there exists a strong representation between £ and
the equational consequence associated with a class K of algebras. In this case, the
class K of algebras can be considered an algebraic counterpart of L.

Although the focus of algebraic logic was on finding an algebraic counterpart
for particular classes of logics, there was also interest, when this counterpart was
found, in investigating the relationship between the metalogical properties of the
logic and the algebraic properties of the corresponding class of algebras. These
results are usually called bridge theorems and allow us to use powerful methods of
modern algebra in the investigation of metalogical properties of algebraizable logics.
The theory of AAL provides a general context in which bridge theorems relating
metalogical properties of a logic to algebraic properties of its algebraic counterpart
can be formulated precisely and in abstract [F.JP03, [CP99, [BP9§|. For example,
it was known that there is a close connection between the deduction theorem and
algebraic properties of the class of algebras, but it was only in the general context
of AAL that this connection could be made precise [BP98|. Indeed, the quest for a
general framework in which this connection could be more precisely stated was one
of the motivations for the development of AAL.

One of the goals of AAL is to discover general criteria for a class of algebras
to be the algebraic counterpart of a logic and to develop methods to obtain this
algebraic counterpart. Another important goal of AAL is the classification of logics
based on the algebraic properties of their algebraic counterpart. This can be very
useful since general theorems can be formulated and applied to all the members of a
specific class. When it is known that a given logic belongs to a particular class, these
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general theorems immediately provide important informations about its properties.
A survey of most of the achievements of AAL and pointers for several open problems
can be found in [Cze01, [FJP03, [FJ96].

1.1.2 Many-sorted behavioral logic

The motivation for our use of the term behavioral emerges from computer science,
namely from the algebraic approach to the specification and verification of complex
(namely, object oriented) systems, where abstract data types and object classes are
defined by the properties of their associated operations. Algebras are considered as
abstract machines where the programs are to be run [GM96]. Such systems con-
stitute a challenge for traditional algebraic methods, since they very often provide
mechanisms to encapsulate internal data in order to make the updating of programs
easier, and the internal data protected. Consequently, the data should naturally
be split into two categories: wvisible data which can be directly accessed, and hid-
den data that can only be accessed indirectly by analyzing the meaning (output)
of programs with visible output, called experiments. The role of experiments is to
access the relevant information encapsulated in a state. With the aim of general-
izing many-sorted algebras to give an algebraic semantics for the object oriented
paradigm, Goguen in [Gog91| introduced the notion of hidden algebra. In a hidden
algebra the elements are naturally split into the visible and the hidden data. Since
one cannot access the hidden data, it is not possible to reason directly about the
equality of two hidden values. Hence, equational logic needs to be replaced by be-
havioral equational logic (sometimes called hidden equational logic) based on the
notion of behavioral equivalence. Two values are said to behaviorally equivalent if
they cannot be distinguished by the set of all experiments (as introduced by Reichel
in |Rei85]). For practical reasons, hidden algebras, when they first appeared, were
considered over restricted signatures. The behavioral aspects of modern software
make hidden algebras more suitable than standard algebra for practice as abstract
machine implementations. Consequently, there has been an increasing development
in this field. Goguen and his collaborators have been improving their theory and
applying it in more general settings [GM96l (GR99|. In fact, in a subsequent work
[GMOQ] the possibility that not all experiments are available to distinguish two val-
ues was considered. This restriction induces the notion of I'-behavioral equivalence
[GMO0Q], where T is a subset of the set of original operations. Two values are said
to I'-behaviorally equivalent if they cannot be distinguished by all the experiments
that can be build with the operations in I'. It can be shown that the I'-behavioral
equivalence is the largest I'-congruence (equivalence relation compatible with the
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operations in I') whose visible part is the identity relation. This has a strong con-
nection with the notion of Leibniz congruence, a fundamental tool of AAL. Some
fruitful applications of AAL in the theory of algebraic specification have been estab-
lished [Mar04, Mar07] using the Leibniz congruence as the main tool. Notably, the
possibility of having a restricted set of experiments also accommodates the existence
of non-congruent operations [Ros04].

1.2 Aims

The general goal of this thesis is the definition and study of a generalization of the
notion of algebraizable logic using many-sorted behavioral logic, that may encompass
some less orthodox logics while still associating to them meaningful and insightful
algebraic counterparts.

First of all, we shall concentrate on the development of the right framework
in which the envisaged generalization of the notion of algebraizable logic can be
fulfilled. Once the framework is established we shall define a behavioral notion of
algebraizable logic. Of course, we do not want just to introduce a wider notion of
algebraizable logic in order to force some non-algebraizable logics to be algebraizable
this new sense. Our aim is also to discuss its importance and its limits.

Taking into account our motivation to broaden the scope of applicability of the
standard notion of algebraizable logic, we shall also provide the necessary tools to
the study of particular examples of logics. In one hand, we aim at achieving sufficient
conditions to prove that a concrete logic is behaviorally algebraizable, as well as the
tools to obtain, in this case, its behaviorally algebraic counterpart. On the other
hand, it is also our goal to provide tools to prove non-behavioral algebraizability
of a given concrete logic, namely by disproving necessary conditions for behavioral
algebraizability. Of course, all these tools should be easy to apply to concrete
examples.

We shall base our approach on a solid theory generalizing standard key notions
and results from AAL, from both the syntactic and the semantical point of view. We
aim at achieving a generalization of the so-called Leibniz hierarchy of logics, along
with their corresponding characterization results. With respect to the semantic
point of view our, our aim is to generalize the fruitful results of the theory of logical
matrices in AAL.

Finally, we shall study a number of meaningful examples supporting the theory.
Our aim is not only to provide new algebraic counterparts to several of these exam-
ples, but also to explain the connection of some examples with existing proposals of
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algebraic counterparts for them.

1.3 Outline

This dissertation is organized in 5 more chapters. We present a brief outline of each
of them.

1.3.1 Preliminaries

In Chapter 2 we introduce some preliminary notions and results that will be neces-
sary for the remainder of the thesis. Most of the material presented in this chapter is
a rephrasal, to our many-sorted behavioral setting, of well-known notions and results
that can be found in textbooks on logic, namely [W6j88, MP96|, on universal alge-
bra, namely [BS81), [MT92| and on abstract algebraic logic, namely [FJP03), [Cze01].
We start by focusing on the central notion of logic, and some of this properties. In
this dissertation we adopt the Tarskian notion of logic [Tar30]. We introduce the
notion of deductive system, which is very useful to present particular examples of
logics. To study the relationship between logics, we introduce a suitable notion of
map between logics and study some general results. Strengthening the conditions in
the definition of map we obtain the notions of conservative map and the fundamen-
tal notion of strong representation. Strong representations capture the connection
between an algebraizable logic and the equational consequence of its equivalent alge-
braic semantics [Cze01]. We then pave the way towards our many-sorted framework
by introducing the notion of many-sorted signature. A many-sorted logic is then
introduced as a logic whose language is obtained from a many-sorted signature with
a distinguished sort ¢ of formulas, and such that it further satisfies a structurality
condition. We give the many-sorted notion of deductive system and use it to intro-
duce some examples of many-sorted logics. Since this dissertation is in the area of
algebraic logic, another central notion is the one of algebra. Along with the defin-
ition of many-sorted algebra over a many-sorted signature, we recall several usual
constructions of many-sorted universal algebra [MT92]. We introduce many-sorted
equational logic associated with a class of many-sorted algebras [EMS85] [GMS85]. We
present the notions of variety and quasivariety of logics along with some important
characterizations theorems [BS81L [Gor98|. A key tool in our dissertation is the notion
of behavioral equivalence. We recall the notion of hidden many-sorted signature as
a many-sorted signature which is divided in a visible and a hidden part. Two hidden
elements of an algebra are behaviorally equivalent if they cannot be distinguished
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by any visible operation. Substituting, in the hidden part, the role of equality by
behavioral equivalence we obtain behavioral versions of the notions of universal al-
gebra introduced before [Mar04, Ros00), [GMO00]. We end the chapter by surveying
some of the standard notions and results of the theory of abstract algebraic logic
[FJP03|, [Cze01]. The fundamental notion of algebraizable logic is presented along
with some characterizations results and also some sufficient and necessary condi-
tions. We recall the Leibniz operator and present the Leibniz hierarchy which is
built using characterization results involving properties of the Leibniz operator. We
also present the notions of protoalgebraic logic and of weakly algebraizable logic
along with several of their characterization results. Some of the key results in the
semantic study of AAL are introduced, all developed around the central notion of
logical matrix. We end by presenting some well-known examples in AAL.

1.3.2 Behavioral abstract algebraic logic

In Chapter 3 we introduce and study a generalization of the standard tools of AAL
obtained by using many-sorted behavioral logic in the role traditionally played by
unsorted equational logic. We start by setting up the framework for our many-
sorted behavioral approach. We then introduce the central notion of I'-behaviorally
algebraizable logic, where I' is a subsignature of the original signature of the logic.
The subsignature I' is a parameter and, once fixed, it means that the algebraic
part of the behavioral algebraization process is built over the notion of I'-behavioral
equivalence. We then introduce the notion of I'-behaviorally equivalential and use
it in some necessary conditions for a logic to be behaviorally algebraizable. We
prove that the novel notion of behaviorally algebraizable logic is not as broad as
it becomes trivial, by proving that it is in the class of standard protoalgebraic
logics, which is considered the largest class of logics amenable to the methods of
AAL. We continue by introducing a behavioral version of the Leibniz operator and
engage on a generalization of the Leibniz hierarchy. We introduce the behavioral
versions of protoalgebraic logic and of weakly algebraizable logic along with several
characterization results. Besides the results involving the Leibniz operator itself,
we have also results involving the notion of set of behavioral equivalence formulas.
Characterization results for the class of behaviorally algebraizable and behaviorally
equivalential logics are also obtained. We end the chapter with some intrinsic and
sufficient conditions that are very useful in practice to show that a given logic is
behavioral algebraizable.
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1.3.3 BAAL - semantical considerations

In Chapter 4 we continue the effort towards the generalization of the standard
notions and results of AAL to the behavioral setting, now in a semantical perspec-
tive. We start by characterizing the class of algebras that our behavioral approach
canonically associates with a given behaviorally algebraizable logic. We prove that
a unicity result with respect to the algebraic counterpart of a behaviorally alge-
braizable logic can be obtained. We prove also a result that allows to produce the
axiomatization of the algebraic counterpart of a behaviorally algebraizable logic £
from the deductive system of £. Matrix semantics is the standard tool for semanti-
cal investigations in AAL [Cze01]. The generalization of this tool to the behavioral
setting is not straightforward and can lead to two different approaches. We start
by exploring the most natural approach, the one centered on the standard notion
of logical matrix. We generalize some of the results of the theory of logical matri-
ces, ultimately aiming at bridging results, relating metalogical properties of a logic
with algebraic properties of its associated class of algebras. We introduce a class
Algr of algebras generalizing the standard class Alg of algebraic reducts of reduced
matrices. Moreover, we prove that, in the case of a behaviorally algebraizable logic
L, the class Algr(L) coincides with the largest behaviorally equivalent algebraic se-
mantics. Given a logic £ which is algebraizable in the standard sense and it also
['-behaviorally algebraizable for some subsignature I' of the original signature, we
study then the relationship between the classes Algr(L£) and Alg(L). We establish
relations between the classes of equations and quasi-equations satisfied by these two
classes of algebras. We then develop the second approach to the generalization of
the standard notion of logical matrix. This approach is strongly connected with the
theory of valuation semantics [dCB94]. We introduce an algebraic version of valua-
tion, the notion of I'-valuation, and we prove a completeness theorem with respect
to the class Modr(L) of all I'-valuation models. We prove also a result relating a
metalogical property of a logic £ and an algebraic property of Modr(L). We end by
showing how to extract a class Mg of I'-valuations that is complete with respect to
L, from the algebraic counterpart K of a I'-behaviorally algebraizable logic L.

1.3.4 Worked examples

In Chapter 5 we present some examples to further illustrate the relevance of our
new approach to the algebraization of logics. In the first example, we show that
our behavioral approach is indeed an extension of the existing tools of AAL |[F.JP03,
CGOT7). In the many-sorted case we also present some non-behavioral many-sorted



1.3. Outline

definitions and results that can be useful when applying the theory to particular
examples of logics. We proceed with the example of paraconsistent logic C; of
da Costa, whose non-algebraizability in the standard sense is well-known [dC74]
Mor80, LMS91]. We show that C; is behaviorally algebraizable and, moreover,
we give an algebraic counterpart for it. Recall that, although the standard non-
algebraizability of C; is well-known, there have been some proposals of algebraic
counterparts of Cy, namely the class of so-called da Costa algebras and the non-
truth-functional bivaluation semantics. Of course, since C; is not algebraizable, their
precise connection with C; could never be established at the light of the standard
tools of AAL. We prove that both the class of da Costa algebras and the class
of bivaluations can now be obtained from the class of algebras that our approach
canonically associates with C;, thus explaining their precise connection with C;. We
also study the example of the Carnap-style presentation of modal logic S5, whose
non-algebraizability in the standard sense is again well-known [BP89]. We prove that
S5 is behaviorally algebraizable and we propose an algebraic counterpart for it. We
continue by briefly analyzing the example of first order logic FFOL, whose standard
algebraization is well-studied [BP89, [ANSO1]. Our approach can be useful to shed
light on the essential distinction between terms and formulas. Next, in the example
of global logic we follow the exogenous semantic approach for enriching a logic
IMSS05] and present a sound a complete deductive system for global logic GL(L)
over a given local logic £. We also prove that GL(L) is behaviorally algebraizable
independently of £. Moreover, we prove that in the cases where L is algebraizable
we are able to recover the algebraic counterpart of £ from the algebraic counterpart
of GL(L). Still following the exogenous semantic approach for enriching a logic we
present the example of exogenous propositional probability logic EPPL. We prove
that EPPL is behaviorally algebraizable and provide an algebraic counterpart for it.
We proceed by exemplifying the power of our approach, by showing that it can be
directly applied to study the algebraization of k-deductive systems [BP9S, [Mar04].
Finally, we study the example of Nelson’s logic N, which is algebraizable according
to the standard definition [Ras81], but its behavioral algebraization can help to give
an extra insight on the role of Heyting algebras in the algebraic counterpart of N.

1.3.5 Conclusion

In Chapter 6 we make some final remarks and revise the contributions of this dis-
sertation. We also point out related future directions of research.
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1.4 Claim of contributions

The following are the contributions obtained in the scope of this dissertation that
we would like to stress:

e the identification of many-sorted behavioral logic as the correct framework to
engage on the envisaged generalization of the tools of AAL;

e the proposal of a non-trivial generalization of the notion of algebraizable logic
broadening the range of application of the standard notion;

e the generalization to the behavioral setting of several of the standard key
notions and results of AAL;

e the construction of a behavioral Leibniz hierarchy of logics and its comparison
with the standard Leibniz hierarchy;

e the behavioral generalization of the notion of matrix semantics along with
several of standard semantical results;

e the application of the behavioral approach to several examples, not only pro-
viding new algebraic counterparts to them, but also explaining their connection
with existing proposals in the literature.



Chapter 2

Preliminaries

Our work is in the intersection of two main areas of research: algebraic logic and
specification theory. One of the main goals is to use tools and techniques of specifi-
cation theory, in particular of many-sorted behavioral logic, in the area of algebraic
logic.

In this chapter we introduce some preliminary notions and results that will be
necessary for the remainder of the thesis. The purpose is to get the reader ac-
quainted with the subject of abstract algebraic logic given in a many-sorted per-
spective, paving the way to the generalization of the theory that we will present in
the subsequent chapters. The reader already familiar with algebraic logic or with
the theory of behavioral logic will find the thesis easier to read.

For the interested reader we refer to [FJP03, [Cze(01, [Ros00] for more on these
subjects and for the proofs of the results presented in this chapter.

2.1 Basic notions

In this section we introduce some relevant notation and results for understanding
the thesis. It is not our intention to dwell on the discussion about what is a basic
notion, but rather to let the reader get acquainted with our notations, terminology,
conventions and mathematical language.

2.1.1 Logics

Herein, we introduce some important concepts and results around the central notion
of logic.

11
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2.1.1.1 Logical consequence

The answer to the question of what is a logic is not consensual. It is not our aim to
go into a philosophical discussion on this subject but rather to adopt a definition of
logic general enough for our purposes. So, let us fix the notion of logic we will work
with. This is usually called a Tarskian logic.

Definition 2.1.1. A logic is a pair £ = (L,I), where L is a set (of formulas) and

= C 28 x L is a consequence relation satisfying, for all U U ® U {p, ¥} € 2%, the
following conditions [Tar83]:

Reflexivity: if ¢ € U then U I ¢;
Cut: if U+ o for all p € &, and & + ) then ¥ - ¢;

Weakening: if U+ ¢ and ¥ C & then & F ¢.

We consider only these three conditions, though more conditions could be im-
posed. Namely the condition of finitariness which was present on the original
Tarski’s proposal.

Finitariness: if U ¢ then W' I ¢ for some finite W' C W.

Even though we do not assume Finitariness, our definition of logic embodies
all the spirit of Tarski’s original proposal. Moreover, if finitariness was an a priori
requirement, then a lot of important logics would be ruled out, namely those in-
troduced by semantic means. In the first steps of the theory of Abstract Algebraic
Logic (AAL), namely in the seminal paper by Blok and Pigozzi [BP89], the logics
under consideration are always finitary. Nevertheless, it was soon realized that this
is too restrictive and the theory of AAL was then generalized to possible non-finitary
logics by Herrmann [Her93, [Her96l [Her97| and Czelakowski [Cze92].

When considering several logics, to avoid confusion, we attach the name of a logic
to the respective consequence relation by writing . instead of . In the sequel if
V. C L, we shall write ¥ = & whenever U F ¢ for all p € &. We say that ¢ and
1 are interderivable, which is denoted by ¢ - v, if ¢ - ¢ and ¢ F ¢. Similarly,
given U, ® C L we say that ¥ and ® are interderivable, if ¥+ & and & - .
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Lemma 2.1.2. Reflexivity and Cut together imply Weakening.

Proof. Let ¥ C & C L and ¢ € L. Suppose also that ¥ - ¢. We want to prove
that ® - ¢. Let ¢ € W, then, because ¥ C ®, we have that ) € ®. By reflexivity
we know that ® F ¢ for all » € U. Using the hypothesis that ¥ - ¢ and using Cut,

we conclude that & - .
]

Despite the fact that Reflexivity and Cut together imply Weakening, we have
kept Weakening in the definition for methodological reasons, thus explicitly exclud-
ing non-monotonic logics from this context.

In the literature it is also usual to use the operator approach to introduce the
notion of logic. In the operator approach a logic is introduced as a pair £ = (L, ")
where L is a set (of formulas) and " is a closure operator on L (in the sense of
Kuratowski [MP96]), that is, © : 2 — 2% is a function that satisfies the following
properties:

Ezxtensiveness: ® C "
Momnotonicity: If ® C ¥ then & C ¥";

Idempotence: (®")" C d".

Defined in this way, a logic is clearly a generalization of the notion of topological
space provided by the Kuratowski closure axioms [MP96]. The difference is that
two of the Kuratowski closure axioms are dropped since they are not desirable in
logical terms: groundness and additivity. The groundness axiom states that (7 = ()
and it is not desirable because we do not want to assume that the set of theorems,
0", is always empty. The additivity axiom states that (®; U ®5)" C (&))" U (P5)"
and it is not desirable because the interplay between formulas is an essential feature
in logic.

Lemma 2.1.3. It is equivalent to define a logic through a consequence relation or

through a consequence operator.

Proof. Let first £ = (L,F) be a logic as given in Definition[2.1.1] Given aset ® C L,
we can consider the set ® = {p € L : ® - p}. This function on the powerset of L
is called the consequence operator of L and satisfies the Kuratowski axioms.
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Extensiveness follows directly from the Reflexivity of . If ¢ € @ then by
Reflexivity ® - ¢ and hence, by definition of ®", p € ®".

Monotonicity follows from the Weakening property of . Suppose that & C ¥
and ¢ € ®", that is, ® - ¢. By Weakening, ¥ I~ ¢, and so, ¢ € U".

Idempotence follows from the Cut property of . Let ¢ € (®")", that is, ®" F ¢.
We also know that ® F 1 for all ¢p € ®". Hence by Cut we have that ® - ¢ and
this means that ¢ € ®".

Consider now given £ = (L, ") a logic where " is a closure operator. Our aim
is to prove that the relation FC 2% x L, defined by ® F ¢ iff o € ®", satisfies
Reflexivity, Cut and Weakening.

Reflexivity follows from Extensiveness. If ¢ € ®, then by Extensiveness ¢ € ®,
that is, ¢ F ¢.

Cut follows from Idempotence and Monotonicity. Suppose that & + ¢ for all
p € U, and ¥ F ¢. We want to prove that & + . By hypothesis we know
that ¥ C ®", and then by Monotonicity and Idempotence we have that ¥"© C @~
Therefore ¢ € ®", that is, ® F 1.

Weakening follows from the Monotonicity. Suppose that ® - ¢ and ® C . We
want to prove that U - . We know that ¢ € ® and so, by Monotonicity, we have
that ¢ € U™, that is, ¥ - ¢.

[

This equivalence allows us to use in the sequel either the consequence relation
or the consequence operator, interchangeably, whenever it is more convenient.

The theorems of L are the formulas ¢ such that ) F . A theory of L, or briefly a
L-theory, is a set W of formulas such that W is closed under the consequence relation
-, that is, such that if ¥ | ¢ then ¢ € U. Given a set U, we can consider the set
UH = {p € L: ¥t p}, the smallest theory containing U. The set of all theories of £
is denoted by Th,. Being a set of subsets of L, Th, is naturally equipped with the
binary relation of inclusion between its elements. The inclusion relation, C, can be
seen as an ordering in Th, and so we can study the properties of the pair (Th., C)
within order theory.

Definition 2.1.4. A partial order is a pair (R, <), where R is a set and <C R X R

is a relation satisfying the following properties:

Reflexivity: r < r for all r € R,

Transitivity: r < ro and ro < r3 implies r; < r3 for all 71,79, 73 € R;
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Antisymmetry: r; < ry and ry < ry implies r; = ro for all r{,ry € R.

If (P, <) is a partial order, then P is called a partial ordered set or simply a poset.
Let A be a subset of a poset P. An element p € P is an upper bound for A if a < p
for every a in A. An element p € P is the least upper bound of A, or supremum of A
(\V/ A) if p is an upper bound of A, and a < b for every a € A implies p < b (i.e., pis
the smallest among the upper bounds of A). Similarly we can define what it means
for p to be a lower bound of A, and for p to be the greatest lower bound of A, also
called the infimum of A (A A).

Definition 2.1.5. A lattice is a pair (R, <) such that (R, <) is a poset and, for
every a,b € R, both \/{a,b} and A{a,b} exist in R.

Definition 2.1.6. Given two partial orders (A, <4) and (B, <g), a map from (A, <4

) to (B,<p) is just a function h: A — B.
Moreover, the map h is monotone if for all ay,as € A,

a; <4 ag implies h(a;) <p h(as).

Definition 2.1.7. A poset P is complete if for every subset A of P both \/ A and
A\ A always exist (in P).

Definition 2.1.8. A lattice L is complete if it is complete as a poset.

Definition 2.1.9. A map between two complete posets A and B is a function A :
A — B such that, for all A; C A,

h(\/ A =\/ hlAi].

This condition of preserving arbitrary supremums is enough to guarantee monotonic-
ity.

Lemma 2.1.10. A map between complete partial orders is always monotone.
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Proof. Suppose that h: (A, <,) — (B, <p) is a map between two complete partial
orders and consider a;,as € A such that a; <4 as. Then clearly we have that
V{a1,as} = as. Because h is sup-preserving we have that h(as) = h(\/{a1,a2}) =
V h[{ai,a2}] = VV{h(a1), h(az)}, which means that h(a;) <p h(az).

]

Returning to the set Th. of theories of a logic £ we can now see that (T'h., C)
is indeed a complete partial order.

Lemma 2.1.11. The tuple (Th;,C) is a complete partial order, where the supre-

mum and the infimum of a setT' of theories are respectively, \/E T = (Uger¥)" and
c
N T =Nger V.

Proof. By the properties of C is trivial to verify that (T'h., C) is a partial order.
Hence, all we need to prove is that it is a complete partial order, that is, for every
T C Th, the supremum and the infimum of T exist in Th,. First of all let us
prove that \/LT and /\LT are well-defined, that is, they are still in Thy. By
definition, \/E T is always a theory and hence belongs to Th,. We now prove that
the arbitrary intersection of theories is still a theory. Let I = (\gop ¥. If I F ¢ then
by monotonicity W I ¢ for every ¥ € T'. Because each ¥ € T is a theory, we have
that ¢ € U for every ¥ € T', and hence ¢ € I. So, we conclude that I € Th,.

We now prove that in fact \/ﬁ T and /\E T are, respectively, the supremum and
the infimum of 7. By definition, \/c T is clearly a theory that contains all ¥ € T.
Let ® € Th, such that ¥ C @ for every ¥ € T. Then we have that (Jyp ¥ C @
and by Monotonicity we can conclude that \/“ T = (Uger ©)7 C (D) = @.

By definition, A\“7T is clearly a theory such that AT C U for all ¥ € T.
Let ® € Thy such that & C W for all ¥ € T. Then, trivially, we have that

L
®C Nyer ¥ =N"T.
O

We have seen that a logic is constituted by a set of formulas and a consequence
relation over the formulas. So, when we want to introduce a particular logic we have
to describe this consequence relation. What is usual, and in fact very useful, is to
introduce a particular logic as a deductive system.

Definition 2.1.12. A deductive system is a pair D = (L, R) where L is a set (of

formulas), and R = {(V;, ;) : i € I} where ¥U; C L is a finite set and ¢; € L, for
each i € I.
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Each element r = (U, ) of R is called an inference rule. We say that the (finite)
set W is the set of premises of r, which we denote by Prem(r), and that ¢ is the
conclusion of r; which we denote by Conc(r). If Prem(r) = (), r is said to be an
aziom, as well as Conc(r).

We said that the notion of deductive system is useful to introduce a particular
logic. In fact, given a deductive system, a logic is obtained through the usual notion
of derivability.

Definition 2.1.13. Given a deductive system D = (L, R), a formula ¢ € L is

derivable from a set of formulas W C L in D, denoted by ¥ p ¢, if there exists a
sequence v, . .., Ym € L such that:

® Y 18 ¥
e for each i =1,...,m, the formula ~; is either:

— an element of W, or

— there exists a rule » € R such that v; = Conc(r) and
Prem(r) C {y1,...,%i-1}-

The logic associated with a deductive system D is then Lp = (L,Fp) when Fp
is the consequence relation defined above. It is interesting to note that, since all
rules have finite sets of premises, the logic Lp is always finitary.

As a final and important remark in this introductory section about logic, we refer
that the adopted notion of logic does not have necessarily a syntactical character.
Consequence relations introduced by semantical means fit as perfectly in our notion
of logic as those introduced by means of a deductive system, which clearly have a
syntactical flavor.

2.1.1.2 Maps of logics

In mathematics, when we introduce a class of mathematical objects, it is usual and
fundamental to study also the relationship between them. We have introduced in
the previous section the notion of logic and explored some of its properties. In this
section we study the relationship between different logics using a notion of map
between logics. In fact, the relations between different logics play a fundamental
role in AAL as we will see later on.
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In the sequel, let us consider £ = (L,F) and £' = (I, ') two fixed but arbitrary
logics.

Definition 2.1.14. A map 6 from £ to £’ is a function 6 : L — 2~ such that, for
every U U {p} C L, the following holds:

if Uk then ([ J0(y)F ().

yew

In the literature one can find definitions of maps between logics that can, at
first sight, differ from the one presented here. It is usual, for example, to add the
restriction that 6(¢) should be a singleton set for every ¢ € L, or that it should be a
finite set for every ¢ € L. Note that, although important in some specific contexts,
these are nothing but particular cases of the above definition of map.

For the sake of notation we use 0[¥] = (J .y 0(7). Using this notation, the
condition of a map can be rewritten in a more simple form:

if Uk o then O[] 6(p).

Although the existence of a map between £ and £’ induces a strong connection
between the consequence relations of the two logics, it does not allow us to use £’ to
reason about formulas of £. By strengthening the relation between the consequence
relations of the two logics we obtain the notion of conservative map.

Definition 2.1.15. A map 6 from L to L' is conservative when, for every WU{¢} C
L, we have that:

Uke iff O[] 6(p).

Now the existence of a conservative map 6 from a logic £ to a logic £ allows us
to use L' to reason about formulas of £. Given ¥ U {¢} C L, suppose we want to
see if it is the case that W i ¢. Then, we only need to establish 0[¥] ' ().

When we use maps to compare logics we could say, roughly speaking, that if
there is a conservative map 6 : £ — L' then £’ is stronger than £. So, the existence
of two conservative maps, one from £ to £ and another from £’ to £, would mean
that £ and £’ have the same expressive power. If to this we add the condition
that these maps should be somehow inverse of each other, we would then obtain the
notion of strong representation.
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Definition 2.1.16. A strong representation of £ in L' is a pair (0,7) of maps
0:L— L and 7 : L — L such that:

i) For all ¢ € L we have that ¢ - 7[0(¢)];

117) 0 is conservative;

(A%

)
it) For all ¢’ € L' we have that ¢ I+ 6[7(¢')]
)
) T is conservative.

Noting the symmetry in the above definition we can easily conclude that, when-
ever we have a strong representation (6, 7) of £ in L', we also have a strong repre-
sentation (7,6) of £" in L.

Although we have presented four conditions in this definition of strong repre-
sentation, there are strong dependences between them. They are established in the
next lemma.

Lemma 2.1.17. Let 0 : L — L' and 7 : L — L be two maps and consider the

following four conditions:

i) for all p € L we have that ¢ == 7[0(p)];

it) for all ¢' € L' we have that @ 4" 0[7(©")];

(A%

)
)

iii) 6 is conservative;
) T is conservative.

Then, we have the following:

1) if conditions iit) and iv) hold then condition i) is equivalent to condition ii);

2) conditions it) plus iii) are equivalent to conditions i) plus iv).

Proof. To prove statement 1) suppose that 6 and 7 are both conservative maps.
Suppose now that we have i) and consider ¢’ € L’. Then, because 7(¢’) € L, by i),
we have that 7(¢") 4F 7(0(7(¢’))). By conservativeness of 7 we can conclude that
¢ A 0(7(¢")). Suppose now that condition i) holds and consider ¢ € L. Then,
because 0(¢) C L', by ii), we have that for all ¢ € 0(¢), ¢ 4 0[r(¢))]. Then
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0(¢) - 0[7[0(p)]]. By conservativeness of § we can conclude that ¢ -+ 7[0(p)].

We now prove statement 2). Suppose that conditions i) and 4ii) hold, that
is, 0 is conservative and for all ¢ € L we have that ¢ - 7[0(¢)]. We aim to
prove that condition ¢) and iv) also hold, that is, 7 is conservative and for all
¢ € L' we have ¢ 4+ 0[7(¢')]. First we prove that 7 is conservative, that is,
for all U U {¢'} C L’ we have that ¥ ' ¢ iff 7[¥'] - 7(¢'). Suppose first that
U+ . By ii) we have 0[7[¥']] I 0[r(¢')] and by the conservativeness of 6 we
get that 7[V'] - 7(¢'). Suppose now that 7[W'] F 7(¢’). Because 6 is conservative
we get that 0[7[U']] H 0[r(¢')]. Using 1) we get that U’ I ¢’. Now that we have
proved that 7 is also conservative and condition i7) holds, we can use statement 2)
to conclude that condition ) also holds.

The inverse direction, that condition i) and iv) jointly imply conditions i) and
ii1), is proved with a symmetric argument.

]

There are some proposals in the literature for the notion of equivalence between
logics [CGO5L [Pol98| [PUO3]|. It is very interesting to note that our notion of strong
representation can be seen as an abstraction that captures the common part of these
proposals. The main difference between existing notions of equivalence is in the way
the maps take into account an existing structure in the formulas.

Given a map 6 : L — L' we can extend it to theories thus obtaining a function
between complete partial orders 87" : Th, — Thy:, defined by 67"(¥) = 6[¥]"". We
can also consider the function between complete partial orders 0= : Thy — Th, de-
fined by 671 (V) = {p € L : 6(p) C ¥}. Let us prove that 67! is indeed well-defined,
that is, that 671(¥) is a L-theory for all £'-theory W. Suppose that 67(¥) F ¢.
We want to see that ¢ € 7!(¥). Since 6 is a map we have that [0~ ()] - 0(y).
Since 0[0~1(¥)] C ¥, by monotonicity we get that ¥ ' 6(p). Then 0(¢) C ¥ since
U is a L'-theory. By definition of §~(¥) we have that ¢ € 671(¥).

When a function is extended naturally from a set to the powerset of that set,
the extended function is always monotone.

Proposition 2.1.18. Suppose 0 : L — L' is a map. Then both 67" : Thy — Thy

and 01 : Thy — Th, are monotone.

Proof. Let T, S € Thy such that T'C S. Let us first prove that 67"(T) C §7"(S).
Clearly, 8[T] C 6[S), so 67(T) = (0IT))" C (0IS])" = 67(3).
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We now want to show that 671[T}] C 07Ty]. Let ¢ € 67Ty, that is, ¢ €
Usp,er, 0" [®1]. Then, since Ty C Ty, we can conclude that ¢ € g, cq, 07 [P2], that
is, v € Q’I[TQ].

[

The following proposition shows that, although not precisely the inverse of each
other, 7" and §=' have a strong relation between them.

Proposition 2.1.19. Suppose 0 : L — L' is a map. Then, for every L-theories VU
and ® we have that:

OLOTH(W) DU and  OTR(O(D)) C @
Proof. We first prove that 6~ (§7"(¥)) D .
01 (0™ (W) = {p € L:0(p) SOV}
={peL:blp) C o[V}
={peL:0[¥]F 0(p)}.

As an immediate consequence we have that 6~1(67"(0)) D .
Let us now prove that 67"(0=1(®)) C .

o (07H(@)) = 0" ({p € L:b(p) C D}

= (Uwee—l(é) ‘9(%0))'_,

'_/

]

If in Proposition [2.1.19f we assume furthermore that 6 : £ — L’ is conservative
then we have that ! and 67" are precisely inverse of each other.

Proposition 2.1.20. Suppose 0 : L — L' is a conservative map. Then, for every

L-theory, we have that:
OO (1)) = .

Proof. Let us prove the two inclusions. The inclusion §~(§7"(¥)) D ¥ is an imme-
diate consequence of Proposition 2.1.20f To prove that §~1(§7"(¥)) C W consider
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© € 071(OT"(V)). As we have already saw 0~ 2(0T"(W)) = {p € L : 0[¥] F 0(p)}, so
O[¥] ' 6(p). Then, by the conservativeness of 6, we get that ¥ F ¢. Since VU is a

theory, we have that ¢ € .
O

Given a logic £, the theory space of L, Th,, is a good measure of the expressive
power of a logic. Indeed, given the theory space of a logic £ we can recover its
consequence operator, by defining, for every W C L

U= N{®€Th,: ¥ C P}

Recall that the existence of a strong representation (0, 7) between two logics £
and £’ can be seen as some sort of equivalence between £ and £'. In the sequel we
prove that, in fact, the existence of a strong representation (,7) between two logics
L and L’ implies that the correspondent theory spaces are isomorphic as complete
lattices.

Let us start by proving that, in this case,
orders, that is, it preserves supremums.

67" is a map between complete partial

Proposition 2.1.21. Suppose (0,7) is a strong representation between the logics L

and L'. Then 0T : Thy — Thy is sup-preserving, that is, for every T C Thy, we
have that:

QTh(\/ET) _ \/[’leTh [T]

Proof. Note that, using the definition of supremum on Th, and the definition of
all we need to prove is that (0[(Uyer V)77 = (Uger 01¥]7)". So, let us prove the
two inclusions.

First let ¢ € (0[(Uger ¥)7])7, that is, (0[(Uyer ¥)7]) F . Since (6,7) is
a strong representation, we have that (0[(Uyer ¥)7]) H 6[7()]. Then, by the
conservativeness of ¢, we have that (Jy.p U F 7(¢). From this it follows that
Uger 019 H ¢. Since Uyer 0[¥] C UWeTQ[\II]H and using the monotonicity of ',
we get that (Jg o 0[¥] H ¢, that is, ¢ € (Uyer 0[¥]7)" as intended.

Suppose now that ¢ € (UWETH[\I/]P)P, that is, UWETQ[\II]P F . Since clearly
Uwer 01917 € (Uyer 01¥])", we have, by the monotonicity of H, that (Jycp 0¥ H
. From this, and by the fact that (6, 7) is a strong representation, we can conclude
that Jyer U F 7(¢). Using again the monotonicity of H, we have that (g ¥)" F
7(¢). Finally, we can conclude that 0[(Uyer ¥)7] H ¢, that is, ¢ € (0[(Uger V)7
as intended.

Th
0",
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]

Proposition 2.1.22. Suppose (0,7) is a strong representation of the logic L in the
logic L. Then we have that:

Ot =7Th  and 07" =771

Proof. Since (0,7) is a strong representation, then ¢ and 7 are both conservative
maps and for all ¢ € L we have that ¢ 4 7[0(¢)], and for all ¢’ € L' we have
that ' - 0[7(¢)]. First let us prove that §=1 = 77" For this we prove that,
for all £'-theory ®, =1(®) C 77"(®) and -1 (®) D 77"(d). Let ¢ € 0~1(P), then
0(p) C @. By reflexivity we get that ® ' 6(p) and, since 7 is a map, we get that
7[®] F 7[0(¢)]. By hypothesis we know that 7[6(¢)] - ¢ and then by cut we have
that 7[®] - ¢, that is, ¢ € 7[®]" which means that ¢ € 77"(®). We then conclude
that 6=1(®) C 777(®).

Let ¢ € 7I"(®), that is, ¢ € 7[®]". Then 7[®] F ¢. By hypothesis ¢ - 7[0(¢)].
Then, using cut, we have that 7[®] - 7[0(¢)]. Using the conservativeness of 7, we
have ® ' 0(y). Since @ is a theory, we conclude that 8(yp) C @, that is, ¢ € 671(®).

The proof of the equality 7" = 7~! is analogue.

[

As an immediate corollary we have that the theory spaces of two logics connected
by a strong representation are isomorphic.

Corollary 2.1.23. Suppose (0,7) is a strong representation of the logic L in the

logic £L'. Then 6" is a bijection between the corresponding theory spaces.

2.1.1.3 Many-sorted signatures

The standard tools of AAL encompass only logics whose language can be built
from a propositional signature and further satisfy the usual structurality condition.
Propositional logics are, nevertheless, not expressive enough when one wants to
reason about complex systems. To this purpose we need logics over richer languages
where it is possible to distinguish elements by sorts. A paradigmatic example is
First-order Logic (FOL) where there is a clear syntactic distinction between formulas
and terms.

In our work we focus our attention on a wider class of logics than just the
propositional based logics: those logics whose language can be built from a many-
sorted signature.
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Definition 2.1.24. A many-sorted signature is a pair ¥ = (S, F') where S is a set

(of sorts) and F' = {Fys}uwes* ses is an indexed family of sets (of operations).

We say that a many-sorted signature ¥ = (S, F) is n-sorted if n = |S|. For
simplicity, we write f : s1...s, — s € F for an element f of Fj, ; s. As usual, we
denote by T5(X) = {Ix s(X)}ses the S-indexed family of carrier sets of the free X-
algebra T'x(X) with generators taken from a sorted family X = {X;}scg of variable
sets. We denote by ax:s the fact that x € X;. An element of Ty, ((X) is called a term
of sort s or just a s-term. A term without variables is called a closed term.

A many-sorted signature ¥ = (S, F) is called standard if, for every s € S,
there exists a closed s-term. Often we will need to write terms over a finite set

of variables t € Tx(zy : s1,...,2,: s,). For simplicity, we denote such a term by
t(zy:81,...,Tpn: Sy). Moreover, if T is a set whose elements are all terms of this
form, we write T'(z1:81,...,Tn:S,).

In the sequel we consider fixed a sorted set X of variables.

Example 2.1.25 (FOL). The language of First-order Logic (FOL) can be obtained

from a two-sorted signature. The language is divided in the sort of terms and the
sort of formulas. The predicates can be viewed as operations that transform terms
in formulas and the connectives as operations on formulas. The usual interpretation
structures can be viewed as algebras over this two-sorted signature. In this two-sorted
signature we have a set to interpret terms, the domain of interpretation of the struc-
ture, a set to interpret formulas, the set {0,1}, the predicates, usually interpreted as
relations, are functions from the domain of interpretation of the structure to {0,1}
and the connectives with their usual interpretation as functions over {0,1}.

Definition 2.1.26. Given a many-sorted signature ¥ = (S,0), a (many-sorted)

substitution over ¥ is a S-indexed family of functions o = {0 : Xy — Tx s(X)}ses-
As usual, o(t) denotes the term obtained by uniformly applying o to each variable
in 7.

Given a term t(zy:$1,...,%,:8,) and terms ¢t € Tx (X)), ..., t, € T, (X),

we write t(t1,...,t,) to denote the term o(¢) where o is a substitution such that
o5, (x1) =t1,...,0,, (x,) = t,. Extending everything to sets, given T'(x1:51,...,Z,:5p)
and U € Ty, (X) X -+ x Ty, (X), we use T[U] = Uy, vep Tt -0 tn).

We can compose the original operations of the signature thus obtaining de-
rived operations. A derived operation of type si...s, — s over Y is a term in



2.1. Basic notions 25

Ty s({z1:81,...,2,:8,}) for some n. We denote by Dery g, s, s the set of all derived
operations of type s;...s, — s over X.

Definition 2.1.27. A (general many-sorted) subsignature of ¥ = (S, F') is a many-
sorted signature I' = (S, F’) such that, for each w € S*, F, C Dery,,.

2.1.1.4 Many-sorted logics

The idea of a many-sorted logic is that its language is built from a many-sorted sig-
nature. Of course, although we have many syntactic sorts, we can only reason about
formulas. In the sequel we assume fixed a signature ¥ = (S, F') with a distinguished
sort ¢ (the syntactic sort of formulas) and a S-sorted set X of variables. Moreover,
for the sake of notation, we assume that X, = {§ | ¢ € N} and simply write &
instead of &, : . Whenever I' is a subsignature of ¥, we say that X is ['-standard
if, for every s € S, there exists a closed I'-term of sort s, that is, a [-term of sort s
without variables. We define the induced set of formulas Ly (X) to be the carrier
set of sort ¢ of the free algebra Tx(X) with generators taken from X.

We are now ready to introduce the class of logics that we study in our many-
sorted behavioral approach.

Definition 2.1.28. A (structural) many-sorted logic is a tuple £ = (X, ) where 3

is a many-sorted signature and FC P(Lx(X)) x Lx(X), such that (Lx(X),F) is a
logic that satisfies, for every T'U {p} C Lx(X) and every substitution o:

structurality: if TF ¢ then o[T|F o(p).

An important remark to make here is that propositional-like logics appear as a
particular case of many-sorted logics. They can be obtained by taking ¢ to be the
only sort of the signature, that is, considering a signature ¥ = (S, F') such that
S = {¢} and are called single-sorted logics. So, we conclude that, at least from
the point of view of scope, our theory is a generalization of the standard tools of
the theory of algebraization. In fact, as we will see later on, our work is indeed a
generalization of the standard tools of AAL, in the sense that, for the particular
case of propositional logics, our non-behavioral definitions and results coincide with
standard ones.
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When we are dealing with many-sorted logics we can particularize the notion of
deductive system, now using schematic rules. Again, this is particularly useful for
introducing a logic.

Definition 2.1.29. A structural deductive system is a pair D = (X, R) where ¥ is
a many-sorted signature, and R is a subset of (¢, Ly (X)) X Ly(X).

Definition 2.1.30. Given a structural deductive system D = (X, R), the conse-

quence relation associated with D, denoted by FpC 212 x Ly (X), is the relation
associated with the deductive system

D = (Lx(X),{o(r) : r € R and o is a substitution}).

The logic associated with D is Lp = (Lx(X),Fp). Note that the logic Lp is
always finitary since all rules have finite sets of premises.

2.1.1.5 Examples

We now present some examples of many-sorted logics. As expected, they are in-
troduced through the correspondent deductive system. The first two examples are
single-sorted (propositional) logics, whereas the last one is an example of a truly
many-sorted logic, with more than one sort.

Example 2.1.31. Classical propositional logic CPL

In this example we present the so-called classical propositional logic. Besides
presenting a logic with an undeniable importance, the purpose of this example is
also to introduce the reader to our notation in a well-known setting. This will help
the reader not acquainted with these subjects.

The language of CPL is obtained from the single-sorted signature Xcp, = (S, F)
such that:

o 5={¢}

e Fly=10

° Fyp={"}
o Fpp={=}
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o Fyny =0, for all n > 2

As usual, the Boolean binary connectives A and V can be introduced as derived
connectives.

The consequence relation of CPL can be given by the structural deductive sys-
tem composed of the following axioms:

Al) &L= (&L= &),
A2) (L= (L=8)= (G =8&)= (& =8))
A3) (=61 = =) = (2= &1));

and the rule of modus ponens:

(MP) &,6 =861 &

Example 2.1.32. Paraconsistent logic C; (da Costa, 1963)

The language of C; is generated by the single-sorted signature ¢, = (S, F') with
unique sort S = {¢} and with the following operations:

et f:— ¢
e 1 p—
o AV, = ¢" — ¢

The consequence relation of C; can be given by the structural deductive system
composed of the following axioms:

Al) &L= (&L= ¢&)
A2) (L= (L=8&)= (L =E&)= (& =>8))
A3) (LN&) =&
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Ad) (&6 NE) =&
AS) &= (&= (G A&))
A6) & = (&1V &)
A7) &= (& V&)
A8) (L=&)= (=& => (V&) =>&)
A9) =& =6
A10) &V =&
All) &= (L= (&G =&))
Al2) (T NE) = (G N &)
Al3) (G NE) = (&1 V&)
Ald) (& NE)=(
Al5) t= (6= &)

A16) £= (&N (& A &)

1= &)°

and the rule of modus ponens:

(MP) &,6 =& &

where ¢° is an abbreviation of =(¢ A —¢) and ¢ = 1) is an abbreviation of (¢ = 1) A
(¥ =9).

As a last example we briefly introduce classical global logic. This is the first
example of a logic whose language is built from a many-sorted signature with more
than one sort.
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Example 2.1.33 (Classical global logic).

Classical global logic (GL) was introduced in [MSS05| in the context of the
exogenous approach for enriching a logic. The aim of this exogenous approach is
to start from a base logic and, on top of it, build a logic for reason about sets of
models of the base logic. In [MSS05] this is used as a first step in the direction of a
quantum logic, that is, a logic for reasoning about quantum systems.

In this example we present the logic obtained from exogenously enriching classical
propositional logic CPL using this globalization mechanism. The language is divided
in two sorts, one for representing the formulas of the base logic and the other for
representing the formulas of the resulting global logic. More precisely, the language
of GL is obtained from the two-sorted signature Ygp = (S, F) such that S = {¢,(}
and the with the following operations:

e —: [ — 1

==

:10— ¢

T,L:—0¢
H:¢— ¢
O:¢*— ¢

The Boolean connectives A, V (local conjunction and disjunction) and M, L/ (global
conjunction and disjunction) can be introduced as derived operations as usual from
—,= (local negation and implication) and 8, 3 (global negation and implication),
respectively.

The sort [ is the the sort of local formulas and ¢ is the sort of global formulas.
Of course, we can only reason directly about terms of sort ¢, that is, about global
formulas.

Let V be the set of all models of the base logic. Since the base logic is CPL, V is
the class of all classical valuations, that is, functions v : X; — {0, 1} satisfying the
usual classical conditions.

The key idea of global logic is to take sets of models of the local logic as models
of the global logic. In this example, the models will be sets of classical valuations.
We define the satisfaction of a global formula ¢ by the global model V' C V., denoted
by V' Ik, ¢, inductively as follows:
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o Vi, Oy iff for every v € V, we have that v I ¢;
o ViIF,BHo iff VI,
OVH_951:|(52 iff VHégélOI'VH_g(SQ.

The consequence relation of global logic, denoted by F,, is defined as follows: for
every ® U {d} C Ly, (X), we have that @ k¥, 4, if, for every global model V/,

V Ik, 6 whenever V' Ik, «y for every v € ®.

GL is a good example of a logic that is semantically defined, thus showing that a
logic in our sense does not necessarily need to be introduced as a deductive system.

2.1.2 Algebra and equational logic

In this section we introduce some preliminary notation and notions concerning al-
gebra. Following our many-sorted approach we focus on the many-sorted version of
universal algebra.

2.1.2.1 Sets, functions and relations

Given a set A, we let A* denote the set of finite strings with elements in A. Given
two sets, A and B, we let [A — B] denote the set of functions of source A and target
B.

If f: A— Bisa function and w € A* is the list ajas . .. a,, then f(w) is the list
fla1)f(a2)... f(a,) € B*. If C C A then f|, : C — B is the restriction of f to C.
If f:A— Bandg: B — C are two functions, then we let fog: A — C denote
their composition. For those familiar with category theory, we let Set denote the
category of sets and functions.

If Sisaset, A= {A;:s € S}isa S-sorted, or S-indexed set. Given w € S*
such that w = s155...s,, then A, denotes the product A, x Ay, X ... x A, . Given
s € S and n € N we write A7 to denote the product of A, by itself n times.

If Ais a S-sorted set, then a S-sorted n-ary relation R on A is a S-sorted set of
relations { Ry C A? : s € S}. We write simply R C A" to denote the fact that R is
a n-ary relation on A. A binary relation on A, R C A2, is a S-sorted equivalence if
each R, is an equivalence.
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2.1.2.2 Many-sorted algebras

The fundamental concept in universal algebra is the notion of algebra. Herein we
concentrate on the many-sorted version of algebra.

Definition 2.1.34. Given a many-sorted signature ¥ = (S, F'), a X-algebra is a
pair
A = ({As}ses:_a)

where each Ay is a non-empty set, the carrier of sort s, and _, assigns to each
operation f :s;...s, — s of ¥ a function

iA:Aslx...xAsnﬁAs.

The set of all 3-algebras is denoted by Algs,. When the signature X is clear from
the context we just write algebra instead of »-algebra.

Recall that we are assuming that A, # () for all s € S. This assumption is
usually assumed in the literature and it makes the metamathematics simpler since
most results of many-sorted universal algebra hold in their usual form. Moreover,
the assumption holds automatically if 3 is a standard signature.

A Y-algebra is trivial if each of its carriers contains exactly one element. We
denote algebras by bold face roman letters and their universes by the corresponding
italic letters. Let A be a X-algebra. A sorted subset B of A is a subuniverse of
A if it is closed under the operations of A. More precisely, for each operation
fis1...s, = sand by € By,...,b, € B, , we havethatiA(bl,...,bn) € B,.

Definition 2.1.35. A X-algebra B is a subalgebra of A, in symbols B C A, if

B is a non-empty subuniverse of A and for each operation f : s;...s, — s and
b, € By,,...,b, € B, we have that

Fo(br, oo ba) = f (b1, by).

It is easy to check that the intersection of any set of subuniverses of a ¥-algebra
A is also a subuniverse of A. Given a sorted subset B of A, the subuniverse of
A generated by B is the intersection of all subuniverses of A containing B. If the
intersection is non-empty, in particular if B is non-empty, then the corresponding
subalgebra of A is called the subalgebra generated by B and we denote it by (B)a.
If K is a class of Y-algebras we say that K is closed under subalgebras if whenever
A € K then, for every subalgebra B of A, we have that B € K.
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Definition 2.1.36. A homomorphism h: A — B from the Y-algebra A to the -

algebra B is a S-sorted set {hs : Ay — Bs}ses, such that for all f € Fy, g s, we
have that

hs(f (a1, .. an)) = [ p(hs (ar), ... s, (an)).

The set of all homomorphisms from A to B is denoted by Hom(A,B). If a
homomorphism A : A — B is surjective then B is said to be a homomorphic image of
A, and h is called an epimorphism. A class K of Y-algebras is said to be closed under
homomorphic images if whenever A € K then B € K for every B homomorphic
image of A.

By an embedding we mean an injective homomorphism. A homomorphism that is
both injective and surjective is called an isomorphism. If there exists an isomorphism
h : A — B, then A and B are said to be isomorphic. A class K of Y-algebras is
said to be closed under isomorphisms if whenever A € K then B € K for every B
isomorphic to A.

Definition 2.1.37. A congruence on a Y-algebra A is a S-sorted set = ={=;}scs,

such that, for every s € S, =, is an equivalence relation on A, and, for each f :
S1...8, — S, we have that

if (a1 =5 01),...,(an =5, b,) then iA(al,...,an) =_ iA(bl’ ooy bn).

We denote by Conga the set of all congruences on the algebra A. Given
01,05 € Conga, we can define the operation o : Conga x Conga — Conga, such
that, for every sort s € S, we have that (a,b) € (01 o 6y), iff there exists ¢ € A
such that (a,c) € (0;)s and (¢,b) € (#2)s. The composition 1 oryo0... 01, is
inductively defined by (ry org o... 07, 1) or,, as expected. It is not difficult
to see that (Conga,C) is a complete partial order, where for {6;};c; € Conga,
NOitier = Niey 0 and V{0 }ier = U{0i, 00, 0...00;, 21,0, ... .0 € I,k < 00}

are, respectively, the infimum and the supremum.

Let K be a class of X-algebras closed under isomorphisms. For a »-algebra A,
not necessarily in K, we define Cong(A) to be the set of all congruences 6 on A
such that A /g € K. The members of Cong(A) are called K-congruences of A.

Definition 2.1.38. Given an indexed family {A;};c; of X-algebras the direct product
of this family is the Y-algebra

ILic/A; = <{Hi€I(Ai)s}s€S7 "y

ieI A

)
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such that the operations are defined component wise, as usual.

If I is the empty set then IL;c;A; is by definition a trivial algebra. For each
J € 1, the projection m; : ILic;A; — A; is a surjective homomorphism from IlL;c/A;
onto A;.

Definition 2.1.39. A X-algebra B is a subdirect product of a family of X-algebras
{A;}icr if B C IIic/A; and, for each ¢ € I, we have that m;(B) = A;. We use
B Csp IT;c/A; to denote a subdirect product.

An embedding o : A — I/ A; is subdirect if a(A) is a subdirect product of the
family A;, i € I. A X-algebra A is subdirectly irreducible if for every subdirect em-
bedding v : A — I,/ A, there is ¢ € [ such that m;oa : A — A, is an isomorphism.
A class K of Y-algebras is said to be closed under subdirect products if whenever
A; € K, for every i € I, then B € K for every B Cgp I1;c/A;.

Definition 2.1.40. Let [ be a non-empty set. A filter on I is a family F of subsets

of I which satisfies the following conditions:
o [ €F;
e if Je Fand JC K C I then K € F;
o if J K € Fthen JNK € F.

A filter F that does not contain the empty set ( ) ¢ F) is called a proper filter.
A filter F such that there is no proper filter on I strictly including F is called
maximal. Using Zorn’s lemma we can prove that every proper filter can be extended
to a maximal filter F. A proper filter F which is maximal is called an ultrafilter.

Sometimes it is useful to consider an equivalent characterization of ultrafilter:
an ultrafilter over [ is a filter U over I not containing the empty set and such that,
for every J C I, either J € F or J € F. It is easy to see that it is not possible that
a set and its complement both belong to an ultrafilter.

Given an indexed family of 3-algebras {A; : ¢ € I} and a filter F over I we can
define an equivalence relation ~z= {(~z)s}ses on the direct product IL;c;A; such
that, for every a,b € Il;cr(A;)s, we have that:

a~zb iff {ZGICLZ:bl}EF
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In fact, it is easy to prove that ~x is indeed a congruence relation on Il;c;A;. So,
we can consider the quotient algebra (IL;c;A;)/~,, called the reduced product of the
family {A,; : ¢ € I} by the filter . When ¢/ is an ultrafilter over I then (IT;c;A;)/~,
is called the ultraproduct of {A; :i € I} by U.

Consider given a subsignature I of ¥ and a Y-algebra A = ((As)ses, _a). Then,
the reduct of A toI', denoted by A, is a I'-algebra A, = ((As)ses, N ) where
T

N is just the restriction of _, to the operations of I'.
r

Definition 2.1.41. An assignment of X over a Y-algebra A is a family h = {hs}ses
such that, for every s € S, hy : X, — A,.

Given an assignment h of X over A, the denotation or interpretation of terms is
just the free extension of h to Tx(X), that we also denote by h. Since T'x(X) is the
free 3-algebra over X and given ¢t € Ty, (X)) for some s € S, we have that h depends
only on the value it assigns to the variables occurring in ¢. So, an interpretation is
nothing but a homomorphism h : Tx(X) — A.

Given a term t(x1:81,...,Tn:8,) and {(ay,...,a,) € Ag, X ... x Ag,, then we de-
note by ta(ay,...,a,) the the denotation of ¢ in A when the variables x1, ..., z, are
interpreted by aq, . .., a,, respectively. Algebraically, ta(ay,...,a,) = h(t), where h
is any assignment such that h(z;) = a; for all i <n.

2.1.2.3 Many-sorted equational logic

Many-sorted equational logic is an example of a successful algebraic tool in com-
puter science. Although very simple to work with, many-sorted equational logic
possesses a high expressive power which has been used extensively, for example, to
specify programs and also in the study of abstract data types. For more details

about many-sorted equational logic and its applications to specification theory we
point to [EMS85| and [GM96].

Given a many-sorted signature X we denote an equation over X by t; &~ t, where
t1,ta € Ty 4(X) for some s € S. Consider Egx(X), the set of equations over X,
defined by Egs(X) = {t1 = ta : t1,t € Ty (X) and s € S}. For each s € S we
can consider the set Eqs (X) = {t; =ty : t1,t2 € T 5(X)} of all equations over ¥
of sort s.
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We use ((t; ~ )& ... &(t, = r,)) — (t = r) to denote a quasi-equation or
conditional equation over Y. The set of all quasi-equations over ¥ is denoted by
QFEqs(X).

Given a Y-algebra A, an assignment h over A and t; = ty € Eqs(X), we write
A hlFt) =ty if h(ty) = h(t2). We also write A |- ¢; =~ to whenever A, h -t =~ ty
for every assignment h over A, and in this case we say that A satisfies t; ~ t5 or
that A is a model of t; ~ ¢9.

Given a quasi-equation ((t; ~ r)& ... &(t, =~ r,)) — (t = r) we say that A
satisfies ((t1 =~ r)& ... &(t, =~ r,)) — (t =~ r), which is denoted by A IF ((t; ~
r)& ... &(t, = 1)) — (t = r), if for every assignment h over A we have that
A hlFt~r whenever A, hlFt; ~r; for every i € {1,...,n}.

Given a class K of Y-algebras we can consider the (semantical many-sorted)
equational consequence associated with K, denoted by FEC 2Fe=(X) x Fgs(X),
defined by: ¥ EE ¢, ~ t, if for every A € K and every assignment h over A, we
have that

A hlFty ~ty; whenever A hlFry ~ry for every r; =1y € V.

It is well-known that EA"* is precisely [GM85)] the so-called free (Birkhoff) many-
sorted equational logic defined, for every s,w € S, and every x,xq, 22, 23 € X, and
every t € Ty ,,(X), by the rules:

reflexivity g
symmetry i;:i? ;
transitivity al %le %;32 =13 ,
T1~T2 .
congruence ey )~ (2\ag)
substitution % .

If we add additional axioms (equations and/or quasi-equations) to the free equa-
tional logic we obtain an applied equational logic. Consider, for example, the class
Kp of all ¥-algebras that satisfy a set E of Y-equations. Then, the semantical equa-
tional consequence associated with K coincides with the applied equational logic
obtained by adding the equations in E to the free equational logic.
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2.1.2.4 Varieties and quasivarieties of algebras

A major theme in universal algebra is the study of classes of algebras closed under
one or more constructions. In the sequel we consider fixed a many-sorted signature

Y.

Definition 2.1.42. A many-sorted variety is a class of 3-algebras closed under sub-

algebras, homomorphic images and direct products.

A paradigmatic example of a (single-sorted) variety is the class of all Boolean
algebras. We will usually write just variety instead of many-sorted variety. Given a
class K of Y-algebras, the variety generated by K, denoted by V(K), is the smallest
variety containing K.

Definition 2.1.43. A class K of ¥-algebras is an equational class if it is the class

of all algebras which are models of some set E of equations.

In such case, F is said to be an equational axiomatization of the class K. Note
that we did not require the class to be closed under isomorphisms since being closed
under homomorphic images implies that it is closed under isomorphisms.

A fundamental result relating varieties with equational classes was proved by
Birkhoff [BS81, Bir35] in the unsorted case. It states that every variety of unsorted
algebras is an equational class. An analogous result to the Birkhoff characterization
also holds in the many-sorted case [MT92].

Theorem 2.1.44. A class of X-algebras K is a many-sorted variety if and only if

K s an equational class.

This theorem, sometimes called the Variety theorem, was first proved Birkhoff
in the thirties in the context of one-sorted universal algebra. It was later generalized
to the many-sorted case (see [MT92]). The main technical idea of the proof consists
of the fact that every variety contains a free algebra.

The variety theorem is one of many results that characterize syntactic classes of
formulas in terms of the closure of their classes of models under certain algebraic
constructions.

Definition 2.1.45. A class of X-algebras is a (many-sorted) quasivariety if it is

closed under ultraproducts, subalgebras, direct products and isomorphisms.
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Given a class K of Y-algebras, the quasivariety generated by K, denoted by Q(K),
is the smallest quasivariety containing K. Note that any variety is a quasivariety
since an ultraproduct of a class of algebras is nothing but a homomorphic image of
direct product of these algebras.

Definition 2.1.46. A class K of Y-algebras is a quasi-equational class if it is the

class of all models of a set () of quasi-equations.

In this case, @) is said to be a quasi-equational axiomatization of the class K. An
equational class is always a quasi-equational class since an equations is a particular
case of a quasi-equation.

The theorem that relates quasivariesties with quasi-equational classes is due to
Mal’cev [Mal73| (see also Gritzer [Gra08|). The result also holds in the many-sorted
case and its proof can be found in [MT92].

Theorem 2.1.47. A class of Y-algebras K is a many-sorted quasivariety if and

only if it is a quasi-equational class.

In a given variety the subdirectly irreducible algebras play a special role since
they can describe all the other algebras in the variety. The following result is a
variety version of a Birkhoff’s theorem.

Theorem 2.1.48. If K is a many-sorted variety, then every member of K is iso-

morphic to a subdirect product of subdirectly irreducible members of K.

A variety of particular interest in the sequel is the well-known variety of Boolean
algebras. In the particular variety, the subdirectly irreducible algebras can be exactly
characterized. Indeed, we have the following result due to Stone [Hal63, BS81
Sto36].

Theorem 2.1.49. The two element Boolean algebra 2 is, up to isomorphism, the

only directly indecomposable Boolean algebra which is nontrivial.

Combining the last two theorems we obtain the following important theorem
also due to Stone.

Corollary 2.1.50. Every Boolean algebra is isomorphic to a subdirect power of 2.
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2.2 Behavioral reasoning

In this section we will concentrate in the notion of behavioral logic. Recall that one
of our goals is to build a framework that is general enough to capture many-sorted
and non-truth-functional logics. Behavioral reasoning in many-sorted equational
logic will play a key role in our approach. It is not our intention to present the
theory of many-sorted behavioral reasoning in full detail, but rather to focus on
the definitions and tools from behavioral logic that are necessary for our purposes.
Further details on this subject can be found, for example, in [Ros00].

2.2.1 Hidden signatures

The main distinction between many-sorted equational logic and many-sorted behav-
ioral logic is that in the latter the set of sorts is explicitly split in two: the wvisible
sorts and the hidden sorts.

Definition 2.2.1. A hidden many-sorted signature is a tuple (X, V) where ¥ =

(S, F') is a many-sorted signature and V' C S is the set of visible sorts. The subset
H = S\V will be dubbed the set of hidden sorts.

When there is no risk of confusion we will denote a hidden many-sorted signature
(3,V) by ¥. A hidden subsignature of a hidden many-sorted signature (X,V) is a
hidden signature (I', V') such that I' is a many-sorted subsignature of . In the
remainder of this section we will consider fixed a hidden signature (X, V).

Let us now focus on the fundamental notion of ezperiment. Given the intuitive
nature of visible and hidden sorts, the role of experiments is to access the hidden
sort. We have argued that, in some cases, not all operations can be used to build
the experiments. This leads to following definition.

Definition 2.2.2. Given a hidden subsignature I' of X, a I'-context for sort s is
a term t(x : 8,21 : S1,..., Ty ¢ Sm) € Tr(X), with a distinguished variable = of
sort s and parametric variables x1,...,x,, of sorts si,...,s,, respectively. The set
of all T-contexts for sort s will be denoted by CL|x : s] (note that x € Cy[z : s]).
The I'-contexts whose sort is visible will be dubbed I'-ezperiments. The set of I'-
experiments for sort s € S will be denoted by &5 [x:s].

When it is important to refer the sort of the contexts or experiments then we
will follow the notation used for terms: Cj, [ : s] denotes the set of I'-contexts of
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sort s’ for sort s, while & [z : s] denotes the set of I-experiments of sort s for
sort s. When I is clear form the context we just write context instead of I'-context.
Given ¢ € Cy y[z: s] and t € Ty (X), we denote by c[t] the term obtained from
¢ by replacing every occurrence of z by t. Note that the interesting contexts and
experiments are those for hidden sorts, that is, those with s € H. Contexts of visible
sort are allowed more for the sake of symmetry, to make the presentation smoother.
Recall that the role of experiments is to access the hidden terms.

2.2.2 Behavioral equational logic

We are now ready to introduce the most distinctive feature of behavioral logic,
behavioral equivalence. The intuition is that two terms are behaviorally equivalent
if they cannot be distinguished by any experiment.

Definition 2.2.3. Assume given a Y-algebra A, a hidden subsignature I" of 3 and

a sort s € S. Then a,b € A, are I'-behaviorally equivalent, in symbols a =r b, if for
every €(z:8,71:81,...,7,:8,) € EL[z: 8] and for all (ay,...,a,) € A, x ... x A,
we have that

eala,ar,...,ay) =€eal(b,a,...,an).

Now that we have defined behavioral equivalence, we can talk about behavioral
satisfaction of an equation by a Y-algebra.

Let A be a Y-algebra, h an assignment over A and t; ~ t, an equation of sort
s € S. We say that A and h T'-behaviorally satisfy the equation t; = t5, in symbols
A hllFp ty =ty if h(t1) =r h(tz). We say that A behaviorally satisfies t; & t5, in
symbols A llFp ¢ = to, if A, hllFp t; =ty for every assignment h over A.

Given a quasi-equation ((t; = r)& ... &(t, = r,)) — (t = r) we say that A
behaviorally satisfies ((t; ~ r1)& ... &(t, = r,)) — (t = r), which is denoted by
AllFr ((t = 1m)& ... &(t, = 1)) — (t = 1), if for every assignment h over A we
have that A, h llFr ¢ &~ r whenever A, h llFp ¢; =~ r; for every i € {1,...,n}.

Definition 2.2.4. Given a class K of Y-algebras, the behavioral consequence over
S associated with K and T, ST C 2P=(X) » Egy(X), is such that

v 'Eg’r tl ~ tQ
if for every A € K and every assignment h over A

A, hllFp ty =ty whenever A, h llFr uy = uy for every u; = us € W.
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Let =5 be the behavioral consequence associated with the class K of Y-algebras
as defined above. Let W(z:s) be a set of equations with a distinguished variable z
of sort s. Then W is said to be a compatible set of equations if xy ~ x5, U(z1) E5T
U(z5). We will denote by Comp5' (V) the set of all compatible sets of equations
for the consequence relation IES whose variables are contained in ¥ C X.

2.2.3 Hidden varieties and quasivarieties

In this section we present the notion of hidden variety and quasivariety. We have seen
above that the notion of variety and quasivariety can have two equivalent character-
izations. One is related to the closure with respect to some algebraic constructions
and the other is related to the satisfaction of equations and quasi-equations. If we
generalize this last characterization by replacing the role of equational satisfiability
by behavioral satisfiability we obtain the hidden version of variety and quasivariety.

Definition 2.2.5. Given a hidden signature (X, V), a class K of Y-algebras is a

hidden variety if there exists a set £ C Fgs(X) of equations such that K contains
exactly the Y-algebras that behaviorally satisfy all equations in E.

Given a class K of Y-algebras, the hidden variety generated by K, denoted by
HV(K), is the smallest hidden variety containing K.

We similarly define the notion of hidden quasivariety, but now considering quasi-
equations instead of just equations.

Definition 2.2.6. Given a hidden signature (X,V), a class K of Y-algebras is a

hidden quasivariety if it there exists a set @@ C QEqgxs(X) of quasi-equations such
that K contains exactly the Y-algebras that behaviorally satisfy all quasi-equations

in Q.

Given a class K of Y-algebras, the hidden quasivariety generated by K, denoted
by HQ(K), is the smallest hidden quasivariety containing K.

With respect to this hidden approach, a systematic study, in the spirit of univer-
sal algebra, is still to be done. There are already some interesting results, namely
a Birkhoff-like result with respect to hidden varieties [Ros98|. Since this characteri-
zation, due to Rosu, uses closure operations that are not very common in universal
algebra we will not present it here.
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2.3 Standard abstract algebraic logic

In this section we will present some notions and results of the abstract theory of
algebraization of logics, first introduced in a mathematical precise way by Blok and
Pigozzi in |[BP89|. There, they intended to generalize the so-called Lindenbaum-
Tarski construction. In [Tar83| Tarski gives the precise connection between classical
propositional logic and Boolean algebras. The technique consists of looking at the
set of formulas as an algebra with operators induced by the connectives. Logical
equivalence is a congruence in the formula algebra and the induced quotient algebra
turns out to be a Boolean algebra.

The definition proposed by Blok and Pigozzi of algebraizable logic, is, in fact,
what is now called a finitely algebraizable logic [FJP03|. Moreover they consider
exclusively finitary logics, that is, logics that also satisfy the finitariness property.

In the sequel, as already stated, we will not restrict ourselves to finitary logics
and will consider the wider notion of algebraizable logic as proposed, for example,
in [EJP03]. We point to [Cze01l, EJP03] for historical and technical details, and for
the proofs of the results presented in this section.

2.3.1 Algebraization

In their seminal work, Blok and Pigozzi [BP89| consider only finitary logics. This is
however too restrict and Herrmann [Her96] and Czelakowski [Cze92], independently,
generalize the framework so that non-finitary logics can also be studied in the context
of AAL.

The objects of study of standard tools of AAL are the structural propositional
logics. As we have seen above, these are nothing but single-sorted logics, that is,
many-sorted logics over a many-sorted signature with just the sort ¢ of formulas.
In the remainder of this section, whenever we refer to a signature X we are always
assuming that ¥ is single-sorted.

We can now introduce the main notion of algebraizable logic.

Definition 2.3.1. A single-sorted logic £ = (X,F) is algebraizable if there exists a

class K of ¥-algebras, a set O(§) of X-equations, and a set A(y, &) of L-formulas
such that the following conditions hold, for every T'U {t} C Lx(X) and ¥ U {¢ ~

Y} C Egs(X):
i) TRt iff O[T FE o);
i) WES o~ iff A[VEA(p, ),
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ii) € A= A[O(E)];

i) & ~ & = lzg O[A(&1,62)]-

The set © of equations is called the set of defining equations, A is called the set
of equivalential formulas, and K is called an equivalent algebraic semantics for L.
When both © and A are finite, we say that L is finitely algebraizable.

The notion of algebraizable logic intuitively means that the consequence relation
of a logic £ can be captured by the equational consequence relation F&  and vice-
versa, in a logically inverse way.

An enlightening characterization of algebraizable logic, as illustrated in Fig.
can be expressed using maps of logics [Cze01].

Theorem 2.3.2. A structural single-sorted logic L = (X, F) is algebraizable iff there

exists a class K of Y-algebras and a strong representation (0,7) of L in Eqn¥ such
that both 0 and T commute with substitutions.

Strong representation

Single-sorted logic £ Equational logic over K

Figure 2.1: Algebraizable logic

Note that the fact that both maps commute with substitutions is essential to
guarantee that each map can be given uniformly, respectively, by a set ©(&) of
equations, and a set A(&;, &) of formulas.

The following definition of equivalence set generalizes the well-known phenom-
enon of classical propositional calculus, where the equivalence of formulas can be
expressed by the equivalence symbol < i.e., for each theory T, (&,&) € Q(T) iff
TF& < &.

Definition 2.3.3. A single-sorted logic £ = (X,F) is equivalential if there exists

a set A(51752) g LE({&lan}) such that for every %7%(5, P15 - - '790n7w17' . 7wn S
LE(X)Z
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(R)  F A, ¢);

(8)  Alp,¥) F AW, 9);
(T)  Alp, ), A, 6) = Alp, d);

(MP)  A(p,¥), ¢ = ¢

(RP)  Alpr, 1), Alpn, ¥u) B A(flor, - @als flbrs - ¥]) for every f: " — 6.

In this case, A is called an equivalence set for L. It is easy to see that A defines
a congruence on Ly (X), that is, an equivalence relation that is compatible with all
operations.

In the following proposition we present the first necessary condition for a logic
to be algebraizable.

Proposition 2.3.4. If a single-sorted logic L = (X,F) is algebraizable then it is

equivalential.

Indeed, when a logic £ is algebraizable, the set of equivalence formulas consti-
tutes an equivalence set for £, thus showing that £ is equivalential.

2.3.2 Equivalent algebraic semantics

In this section we present some standard results of AAL related to the properties of
the algebraic counterpart of a given algebraizable logic. Issues such as unicity and
axiomatization are also discussed.

We start with an important unicity result. It states that the algebraic counter-
part of an algebraizable logic is, in some precise sense, unique. Moreover, it states
that, although we can choose different sets of equivalence formulas and different sets
of defining equations, these choices are equivalent.

Theorem 2.3.5. Let L = (X,F) be a single-sorted logic. Suppose that L is alge-

braizable and let K and K' be two equivalent algebraic semantics for L such that
A(&1, &) and ©(&) are equivalence formulas and defining equations for K, and, sim-

ilarly, A'(&1,&) and ©'(€) for K'. Then we have that:
i) EE = X,

i) A(&p, &) - A&, &);
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iti) ©(¢) ==y, ©'(8).

Although a given algebraizable logic can have different equivalent algebraic se-
mantics, there is one that can be canonically associated with £: the largest one.
So, we write the equivalent algebraic semantics when we want to refer to the largest
equivalent algebraic semantics.

In [BP89| Blok and Pigozzi prove interesting results concerning the uniqueness
and axiomatization of an equivalent algebraic semantics of a given finitary and
finitely algebraizable propositional logic. They prove that a class K of algebras is
an equivalent algebraic semantics of a finitary and finitely algebraizable logic if and
only if the quasivariety generated by K is also an equivalent algebraic semantics.
In terms of uniqueness they prove that there is an unique quasivariety equivalent
to a given finitary and finitely algebraizable logic. This equivalent quasivariety
semantics is precisely the largest equivalent algebraic semantics of £. Moreover, the
axiomatization of this quasivariety can be directly built from an axiomatization of
the logic being algebraized, as stated in the following result.

Theorem 2.3.6. Let L = (X, F) be a finitary single-sorted logic obtained from a

deductive system with a set of axioms Ax and a set of inference rules R. Assume
that L 1is finitely algebraizable with © the set of defining equations and A the set of
equivalential formulas. Then, the equivalent quasivariety semantics is ariomatized
by the following equations and conditional-equations:

i) ©(p) for each p € Ax;

it) O[A(EE)];
iti) O(ty) & ... & O(1h,) — O() for each rule *=54 € R;

iv) O[A(1, )] — &1 =~ .

2.3.3 The Leibniz hierarchy

There are several interesting and useful alternative characterizations of the notion of
algebraizable notion. The most useful, namely to prove negative results, is perhaps
the characterization that explores the properties of the so-called Leibniz operator.
Indeed, the Leibniz operator is one of the most important standard tools in AAL. It
can help to build a hierarchy of classes of logics using its properties. This hierarchy
is depicted in Fig. 2.2 We use it as a roadmap for the remainder of the section.
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finitely algebraizable

/ \

finitely equivalential algebraizable

- =

equivalential weakly algebraizable

\ /

protoalgebraic

Figure 2.2: A view of the Leibniz hierarchy.

A congruence = on a Y-algebra A is said to be compatible with a subset D of
Ay it b € D whenever a € D and @ = b. In this case, D is an union of equivalence
classes of =.

Lemma 2.3.7. Let L = (X,F) be a single-sorted logic. For each T € Thg, there

exists a largest congruence on Ts(X) compatible with T and it is given by

{{e,¥) : forallé € Ly({€}), 6(E\w) € T iff 6(§\v) € T'}
Definition 2.3.8. Let £ = (X, F) be a single-sorted logic. The Leibniz operator on

the formula algebra is given by:

Q: The — Congpyx)

T +— largest congruence compatible with 7T'.

When a pair of formulas (p, ) is in Q(7T) for some L-theory T, we say that ¢
and v are indiscernible with respect to T, or just T-indiscernible.

The term Leibniz congruence was introduced in [BP89] but the concept appears
much early. The characterization of the Leibniz I'-congruence given in the proof of
Lemma [3.2.3] justifies the use of the term Leibniz. The famous Leibniz second order
criterion says that two objects in the universe of discourse are equal if they share
all the properties that can be expressed in the language of discourse.

The Leibniz operator plays a central role in AAL. As we will see, some important
classes of logics can be characterized by its properties. These properties include



46 Chapter 2. Preliminaries

monotonicity, injectivity and commutation with inverse substitutions, where the
last one means that given a substitutions o over X and a theory T' € Th, we have
that

Qo™ (1)) = o7 H(QUT)).
An important class of logics, the protoalgebraic logics, can be introduced using

the Leibniz operator.

Definition 2.3.9. A single-sorted logic £ = (X,F) is protoalgebraic if, for every
L-theory T,

if (o, ) € Q(T) then T U {p} 4 T U {¢}.

So, in a protoalgebraic logic, two T-indiscernible formulas are always interderiv-
able with respect to T

Although in general not algebraizable, the protoalgebraic logics constitute the
main class of logics for which the advanced methods of algebraic logic can be ap-
plied. The next theorem gives us a first glimpse of the importance of the Leibniz
operator. It shows that the protoalgebraicity of a logic £ can be established just by
looking at the behavior of €2 on the lattice of L£-theories. We also exhibit a syntactic
characterization that will be useful in the sequel.

Theorem 2.3.10. Let L = (3,F) be a single-sorted logic. Then the following are

equivalent:

i) is protoalgebraic;
i) € is monotone;

iii) there exists a set A(&1, &) C Ly (X) of formulas with two distinguished variables
of sort ¢ and possibly parametric variables, satisfying

reflexivity: FA(EE);
detachment: &, A(£,&) F &.

We now introduce another class of algebras in the Leibniz hierarchy, the weakly
algebraizable logics.
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Definition 2.3.11. A single-sorted logic £ = (X,F) is weakly algebraizable if there

exists a class K of Y-algebras, a set O(¢,z) C Fgx(X) of ¢-equations and a set
A&, &, w) C Ly ({&1, &, w}) of formulas such that, for every TU{t} C Lx(X) and
for every W U {t; ~ to} C Egs(X) of ¢-equations:

i) T+t iff O[T EX O((t));

i) UEE ¢ &ty iff A[QU)] F A({ty,ts));
ii) & 4= A[O(E)))];
i) &~ & ==y OUA(E, &)

The difference between the notion of weakly algebraizable logic and that of alge-
braizable logic is the fact that, in the former, both the equivalence set of formulas
and the defining set of equations have parametric variables, that is, variables dif-
ferent from the distinguished one. Recall that, given a formula (¢, z), we write
(p(§)) to denote the set {op | o substitution such that o = £}. So, these vari-
ables z are said to be parametric since they are suppose to represent every possible
instantiation.

We can also characterize the notion of weakly algebraizable logic using the Leib-
niz operator.

Theorem 2.3.12. A single-sorted logic L = (X,F) is weakly algebraizable iff Q is

monotone and injective.

The notion of equivalential logic we have introduced in the last section can also
have a characterization using the Leibniz operator.

Theorem 2.3.13. Let L = (X, F) be a single-sorted logic. Then the following are

equivalent:
i) L is equivalential;
ii) Q is monotone and commutes with inverse substitutions;

iii) Q is monotone and oQ(T) C Q((aT)"), for all substitutions o and L-theories
T.
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It is now clear why the hierarchy depicted in Fig. is said to be the Leibniz
hierarchy. In fact, each class of logics can be characterized by inspection of the
properties of the corresponding Leibniz operator. In Fig. we enrich the Leibniz
hierarchy diagram presented before with the properties of each class of logics.

Concerning algebraizability, we have the following result.

Theorem 2.3.14. A structural single-sorted logic L = (X,F) is algebraizable iff Q

18 monotone, injective, and commutes with tnverse substitutions.

finitely algebraizable

monotone

injective
continuous

finitely equivalential algebraizable
monotone
monotone L
injective

continuous

/ commutes with illverse substitutions

equivalential weakly algebraizable
monotone monotone
commutes with inverse substitutions / injective
protoalgebraic
monotone

Figure 2.3: Leibniz hierarchy - properties of (2.

Note that using the Leibniz characterization of each class, the inclusions pre-
sented in Fig. are immediate.

2.3.4 Intrinsic and sufficient characterizations

Although very important, the characterization involving the Leibniz operator is not
very useful in practice to show algebraizability, since the concepts involved are hard
to work with. The first theorem of this section gives an intrinsic characterization
of algebraizable logic which involves conditions simpler to work with. We called it
intrinsic since, as the characterization involving the Leibniz operator, it does not
depend on an a priori existence of a class K of algebras.

Theorem 2.3.15. A single-sorted logic L = (X,F) is algebraizable iff it is equiv-
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alential with equivalence set A(&1, &) and there exists a set O(§) C Egs 4({£}) of
o-equations such that

¢ - AlB(9)]-

As a corollary of the Theorem [2.3.15| we have a sufficient condition for a logic to
be algebraizable. It is a result of practical importance since it is rather simple to
verify if a given logic satisfies the conditions there presented.

Corollary 2.3.16. Let L = (3,F) be a single-sorted logic. A sufficient condition

for L to be algebraizable is that it is equivalential with equivalence set A(&y, &) that
also satisfies:

(G-rule) &6 F A&, &),

In this case A and € ~ A(, &) are, respectively, the set of equivalence formulas
and the set of defining equations. If the sufficient conditions of the above corollary
are satisfied the logic is said to be regularly algebraizable. We point to [Cze01] for
a detailed study of this class of logics. Most of the usual examples studied in the
literature of AAL are regularly algebraizable.

2.3.5 Matrix semantics

Matrix semantics is one of the important tools chosen for semantical investigation
in standard AAL, with a lot of fruitful and enlightening results already established.
In this section we present some definitions and results relevant for the remainder
of the work. We refer the interested reader to Wojcicki’s 1988 book [W6j88| and
Czelakowski’s book [Cze01] as sources for the large body of research on this topic.

Definition 2.3.17. A (logical) matriz over a single-sorted signature Y is a pair
(A, D) where A is a Y-algebra and D C A, is the set of designated values.

Given a matrix M = (A, D) over ¥, we can define a consequence relation over
Y., denoted by Fq, such that, for every T'U {¢} C Ly (X), we have that T -, ¢ iff
for every assignment h over A we have that:

h(yp) € D whenever h(¢) € D for every ¢ € T.
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Definition 2.3.18. Let £ = (X,F) be a many-sorted logic and M = (A, D) a

matrix over Y. The matrix M is a model of L if F C F,, that is, for every
T U{¢} C Lx(X), we have that T" -, ¢ whenever T F . In this case, D is called
a L-filter of A.

Given a Y-algebra A, the set of all L-filters of A, which we denoted by Fi,(A),
is closed under intersections of arbitrary families and is thus a complete lattice.
Therefore, given any set C' C A, there is always the least L-filter of A that contains
C. Tt is the L-filter of A generated by C and is denoted by Fi?(C). The class of
all matrix models of £ is denoted by Mod(L).

A matriz congruence 6 over a matrix M = (A, D) is a congruence over A
compatible with D, that is,  is a congruence over A and for every a,b € Ay, if
(a,b) € 5 and a € D then b € D. It is easy to see that every matrix M = (A, D)
has a largest matrix congruence. This is called Leibniz congruence of M and is

denoted by Q4 (D).

Definition 2.3.19. Given a Y-algebra A we can consider the Leibniz operator on
A
Qa : Fig(A) — Conga

D Qa(D).

We have the following characterization result for Q4 (D).

Proposition 2.3.20. Given a matriv M = (A, D) over ¥ we have that (a,b) €

Qa(D) iff for every p(§,&1,...,6n) € Ln(X) and every (ay,...,a,) € A} we have
that:

oala,ay,...,a,) €D iff wa(byar,...,a,) € D.

The standard class of algebras that AAL canonically associates to a logic £
is a subclass of the class of all algebraic reducts of matrices in Mod(L). This
subclass is related to the so-called Leibniz-reduced matriz models. A matrix M =
(A, D) is said to be reduced (or Leibniz-reduced) if its Leibniz congruence 4 (D)
is the identity. Thus, to each matrix M = (A, D) corresponds the reduced matrix
(A/ax), D/aap)). This matrix is the reduction of M. The class of all Leibniz-
reduced matrix models of a logic £ is denoted by Mod*(L).
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We can consider the class of Y-algebras Alg*(L) of algebraic reducts of matrix
models of £, that is,

Alg* (L) = {A : there exists D C A, such that (A, D) € Mod"(L)}.

Actually, the class of algebras that standard AAL canonically associates to a logic
L is the class of algebraic reduct of the so-called Suszko-reduced matrix models of
L. This class, however, coincides with Alg*(L) for the protoalgebraic logics. So,
since it is not our intention to study non-protoalgebraic logics, we will not go into
details about Suszko congruences and Suszko-reduced matrices.

We now present a first result relating the algebraizability of a logic with the
Leibniz congruence on its matrix models. It states that when a logic is algebraizable,
its set of equivalence formulas defines the Leibniz congruence on every matrix model.

Proposition 2.3.21. Let L = (X,F) be a single-sorted logic and suppose that L is

algebraizable logic with A(&1,&2) the set of equivalence formulas. Let M = (A, D) €
Mod(L) be a matriz model of L. Then,

<a, b> € QA(D) Zﬁ AA(a, b) CD.

We can now see the following theorem as the matrix version of the characteriza-
tion Theorem [2.3.14, When the logics under consideration have small, finite matrix
models this theorem gives a very useful tool for showing non-algebraizability.

Theorem 2.3.22. Let L = (3,F) be a many-sorted logic and K a class of X-
algebras. Then:

1) The following are equivalent:

i) L is algebraizable and K is the equivalent algebraic semantics;

ii) for every X-algebra A we have that Qa is an isomorphism between the lattices
of L-filters of A and of K-congruences of A, that commutes with inverse
substitutions.

2) Assume L is algebraizable with equivalent algebraic semantics K. Let ©(&) be
the set of defining equations for K. For each Y-algebra A and congruence 6 of
A define

Ha(0) ={a € Ay : (ya(a),da(a)) €0, for every vy~ € O},

Then Ha restricted to the K-congruences of A is the inverse of Q4.
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The above theorem gives some insight on the precise connection between equiv-
alent algebraic semantics and matrix semantics. The following corollary gives a
particular way of describing this connection involving the class Alg*(L).

Corollary 2.3.23. Let L = (X,F) be a single-sorted logic and assume that L is
algebraizable with K the equivalent algebraic semantics. Then K = Alg*(L).

2.3.6 Examples and limitations

The theory of AAL is fruitful in positive and interesting results. One of the purposes
of this section is to illustrate some of these positive and interesting results with the
help of some examples. A second and more important purpose of the section is to
point out some limitations of the theory, paving the way for the generalization of
the theory we will undertake in the subsequent chapters.

Example 2.3.24 (Classical and intuitionistic propositional logics).

The main paradigm of AAL is the well-established connection between classical
propositional logic (CPL) and the variety of Boolean algebras. This was really
the starting point to the idea of connecting logic with algebra, which evolved by
trying to generalize this connection to other logics. Another important example is
intuitionistic propositional logic (IPL). Its algebraization gives rise to the class of
Heyting algebras. It is interesting to note that, in contrast to Boolean algebras,
which were defined before the Lindenbaum-Tarski techniques were first applied to
generate them from CPL, Heyting algebras seem to be the first algebras of logic that
were identified precisely by applying these techniques (which are the ancient roots
of the modern theory of AAL) to a given axiomatization of IPL.

Despite the enormous success of the standard tools of AAL, not only in the
generality of the results, but also in the large number of examples, we can point
out some of their limitations. From our point of view, one major limitation is its
inability to correctly deal with logics with a many-sorted language. Let us, first of
all, discuss the paradigmatic example of first-order classical logic (FOL).

Example 2.3.25 (First-Order Classical Logic).

Research on the algebraization of FOL goes back to the seminal work initi-
ated by Tarski in the 1940s, and published in collaboration with Henkin and Monk
in [HMTT1]. This line of research is known as the cylindric approach, and it is the
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one that we will follow in the present work. Nevertheless, we note that there is
another important approach to the algebraization of FOL, known as the polyadic
approach, that differs from the cylindric approach mainly because it deals with
explicit substitutions.

In [BP89|, Blok and Pigozzi, following the cylindric approach, present a single-
sorted algebraization of FOL in the terms we have just introduced. This example
introduces their ideas using our notation.

Their main idea is to massage the first-order language into a single-sorted lan-
guage and then consider a structural single-sorted deductive system PR, as intro-
duced by Németi, for first-order logic over this single-sorted language. The single-
sorted language of PR is obtained from a first-order language that is more restricted
than the usual FOL language.

Consider a first-order language (C,R,F) with equality, where C is the set of
constant symbols, R is the set of relation symbols and F is the set of function
symbols. It is usually assumed, in the literature about the algebraization of first-
order logic, that F = (). Moreover, it is assumed that the individual variables are
canonically ordered in a sequence vy, vy, ..., Uy, .. ..

Recall that atomic formulas that do not involve equality are of the form R(yy, ..., yn)
where R is a n-ary relation symbol and v, . . ., y, range over the individual variables.
An atomic formula of the form R(vq,...,v,) where R is a n-ary relation symbol and
the variables occur in the canonical order, is said to be in restricted form. If we con-
sider just the first-order formulas whose atomic formulas that do not involve equality
are in restricted form, we get the restricted first-order language over (C, R).

The single-sorted signature Xrpor = (S, F') obtained from this restricted first-
order language is such that:

o S={¢};

e cp: — ¢ for every R € R;

e T, L:—¢, n:90—¢and A,V,=:¢* — ¢;
o YV, :¢p— ¢ for every i € N;

e 4, : ¢ — ¢ for every i € N;

e =, : — ¢ for every pair ,j € N.

Each nullary operation cg is intended to represent within the single-sorted lan-
guage the restricted atomic formula R(vy, ..., v,), while the nullary operation =; ; is
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intended to represent the equality atomic formula v; = v;. For each ¢ € N, the unary
operations V; and 3J; are intended to represent, respectively, the universal quantifier
V,, and the existential quantifier 3,,. For practical reasons we denote =; ;, V; and
3, respectively by v; = v;, V,, and 3,,. Nevertheless, we reinforce the idea that, in
the single-sorted signature, the symbols v; = v;, V,, and 3,, are to be considered
indivisible.

The structural single-sorted deductive system PR over this single-sorted lan-
guage consists of the axioms, where k, 7, range over N:

Al. all classical tautologies;

A2. Y, (& = &) = (V&1 = Vo, &0);

A3. (V) =¢&;

Ad. (Y, Vo €) = (Yo, V0, €);

A5, (V&) = (Y, V0, 6);
(F8) = (Vo 30, 6);

AT. Vi = Vg,

AG6.

A8. 3, (vx, = vj);

A9. (v =v;) = (v = v3) = (vj = vy);
A10. (vp = vj) = (£ = Vo ((ve = v;) = &), if k # j;
A1l (3u,.8) & (2, 8);
Al12. cgp =V, cg, if kis greater than the rank of R;

and the rules:

R1. &2—2252 (modus ponens);

R2. Vvi ¢ (generalization).

Since PR is a single-sorted logic we can now study its algebraization [BP89].
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THEOREM. PR is algebraizable and its equivalent algebraic semantics is the variety
of cylindric algebras.

By a cylindric algebra we mean a Y gpror-algebra
A = (As,Aa, VA, =4, A, Ta,La, (Cr)a, (Vo) as (Fu)a, (Vk = Vj)A)kjen,ReR
such that, for every k, 7,7 € N,

CO. (Ay, Aa,Va,=a, A, Ta,La) is a Boolean algebra;

and A also satisfies the following equations:
Cl. 3, 1L ~ 1;
02 EAT LR E

03 EIUk (61 A Hyk€2> ~ (Elkal) A (Elvk§2)?
C4. 3,,3,,& = 3, 3,6

C5. (v = v) ~ T

C6. (v =v;) =, ((vi = ve) Ao =v5)),  ifk#J;

CT. (o ((vi = o) AN A G ((vi = we) AE)) = L, iEk #
C8. (3,,cr) ~ cg for k greater than the rank of R.

In the literature about cylindric algebras it is usual to see the following notation
for the operations: ¢, = (3, )a, dij = (v = Vj)a, X = Aa, + = VA , — = a4,
1 = Ta and 0 = La. The elements d;; are called diagonal elements, and the
operations ¢, are called cylindrifications.

Despite the success of the example of FOL within AAL, we can point out some
drawbacks. A major one is related to the fact that the first-order language they start
from differs in several important respects from standard FOL. In our opinion, there
are two main reasons for this fact. The first, and more important one, is related
to the fact that FOL is not a structural logic in the sense we have defined above.
The second cause, responsible for some additional restrictions in the language is the
fact that, since the standard tools of AAL only applies to propositional logics, the
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atomic formulas of FOL have to be represented, within the propositional language,
as constant symbols.

Another important drawback is the fact that, given the many-sorted character of
first-order logic, where we have at least syntactic categories for terms and formulas,
and possibly also for variables, it would be desirable to have an algebraic counterpart
that reflects this many-sorted character. This is clearly not the case with plain
cylindric algebras.

One of our motivations is precisely to extend the theory of AAL to cope with
logics that, like first-order logic, have a many-sorted language. Given an algebraiz-
able many-sorted logic, this will allow us to reflect its many-sorted character in its
corresponding algebraic counterpart.

But it is not only at the purely many-sorted level that the limitations of standard
AAL arise. Even at the propositional level there are interesting logics that fall out of
the scope of the theory. It is the case of certain so-called non-truth-functional logics,
such as the paraconsistent systems of da Costa [dC74]. The major problem with
these logics is that they lack congruence for some connective(s). Roughly speaking, a
logic is said to be paraconsistent if its consequence relation is not ezplosive [CMO02].
We say that a logic £L = (X,F) is an explosive logic with respect to a negation
connective — if, for all formulas ¢ and 1, it is true that {p, —p} F 1.

Example 2.3.26 (Paraconsistent Logic C; of da Costa).

It was proved, first by Mortensen [Mor8()], and afterwards by Lewin, Mikenberg
and Schwarze [LMS91| that C; is not algebraizable according with the standard no-
tion of algebraizable logic. So, we can say that C; is an example of a logic whose
non-algebraizability is well-studied. Nevertheless, it is rather strange that a rela-
tively well-behaved logic fails to have an algebraic counterpart.

In the proof of the next theorem we present here the argument used in [LMS9I]
for proving non-algebraizability of C;, since it is very interesting and it makes use
of the tools of AAL we have just introduced.

THEOREM. C; is not algebraizable.
Proof. Recall from Theorem [2.3.22|that if a logic £ = (X, ) is algebraizable with

equivalent algebraic semantics K then, for every Y-algebra A, {24 is an isomorphism
between the lattice of L-filters and the lattice of K-congruences of A. So, to show
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that a given logic is not algebraizable one as to present an algebra A, such that
24 is not an isomorphism. In the case of C; consider the following >, -algebra
A= <A¢, ta, fA, A, \A, VA, :A> such that:

o Ay={0,a,b,1,u}
e tp=1andfp =0
o (A,,Aa,Va) is a lattice as depicted

u

S\
N/

e the operations -4 and =- are given in the following tables

=alu 1 a b 0 A
v |u u a b 0 w1
1 |u 1 a b 0 110
a |u 1 1 b b al b
b lu 1 a 1 a b| a
0O |w 1 1 1 1 0| 1

Notice that if we restrict the operations to the elements {a,b,0,1} then we get
a Boolean algebra. Consider the subsets Dy = {u,1,a} and Dy = {u,1,b} of Ay.
It is an easy exercise to prove that (A, D;) and (A, Dy) are matrix models of C;.
So, both D; and D, are Ci-filters of A. It is also an easy exercise to see that
there are no non-trivial congruences on A. So, we have just the trivial congruences
V={zz):2eA;} and A=A, x A,

Finally, just note that the largest congruence on A compatible with both D, and
Dy is the trivial congruence A. So, {24 cannot be an isomorphism. O]

Although it is defined as a logic weaker than Classical Propositional Logic (CPL),
it happens that the defined connective ~ indeed corresponds to classical negation.
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Therefore, the fragment {~ A, V, = t,f} corresponds to CPL. So, despite of its
innocent aspect, C; is a non-truth-functional logic, namely it lacks congruence for
its paraconsistent negation connective with respect to the equivalence < that al-
gebraizes the CPL fragment. Exploring this fact, da Costa himself introduces in
[dC66] a so-called class of Curry algebraic structures as a possible algebraic coun-
terpart of C;. In fact, nowadays, these algebraic structures are known as da Costa
algebras [CdA84]. However, their precise nature remains unknown, given the non-
algebraizability results reported above. The problem of algebraizing C; and its
connection with da Costa algebras an valuation semantics will be the subject of a
forthcoming section.

2.4 Remarks

We conclude with a brief summary of the achievements of this chapter. We have
introduced the central notion of logic using two approaches: the consequence based
approach and the operator based approach. These were shown to be equivalent ways
of introducing a logic. We also studied the theory space of a logic, in particular we
proved that it is always a complete partial order.

With the aim of studying not only the logics but also the relation between logics,
we introduced the notion of map between logics. The existence of a map between
two logics induces a strong connection between the corresponding deductive systems.
By strengthening the conditions of map we obtained the notions of conservative map
and of strong representation. Nonetheless to say that existence of notion of strong
representation between two logics implies a tight connection between them. In fact,
almost all of the proposals in the literature for the notion of equivalence between
logics are particular cases of the notion of strong representation. They just differ on
the way they map the formulas between the logics. Of course, our main motivation
about strong representation is that it abstracts the tight connection between an
algebraizable logic and the equational logic defined over the algebraic semantics of
the logic. We extended the notion of map to the theory space and proved several
results involving the notions of conservative map and strong representation. Namely,
we proved that the existence of a strong representation between two logics implies
the isomorphism of the correspondent theory spaces.

We introduced several relevant notions and tools of many-sorted behavioral logic,
paving therefore the way to a many-sorted behavioral generalization of the tools of
AAL that we will undertake in the subsequent chapters. We started by introduc-
ing the notion of many-sorted signature. The notion of many-sorted logic was then
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introduced as a logic whose language is built from a many-sorted signature. We
then introduced the notion of many-sorted algebra along with several notions and
constructions usual in the realm of universal algebra. Many-sorted equational logic
associated with a class of many-sorted algebras was introduced. We presented the
notions of variety and quasivariety of logics along with some important character-
izations theorems. We introduced the notion of hidden many-sorted signature as
a many-sorted signature which is divided in a visible and a hidden part. The key
notion of behavioral equivalence was introduced. Two hidden elements of an algebra
are behaviorally equivalent if they cannot be distinguished by any visible operation.
Substituting, in the hidden part, the role of equality by behaviorally equivalence we
obtained behavioral versions of the notions of standard universal algebra.

We ended with a review of some of the standard key notions and results of AAL.
These include not only the central notion of algebraizable logic, but also a substantial
part of the so-called Leibniz hierarchy, along with the respective characterization
results. Some important semantic notions and results were present, namely those
involving logical matrices. Finally, we presented some well-known examples in the
area of AAL, along with a discussion on the limitations of the standard tools of
AAL.



60

Chapter 2. Preliminaries




Chapter 3

Behavioral abstract algebraic logic

We have seen in the previous chapter that, despite of its success, the scope of
application of the standard tools of AAL is relatively limited. Logics with a many-
sorted language, even if well behaved, are good examples of logics that fall out of
their scope. It goes without saying that rich logics, with many-sorted languages, are
essential to specify and reason about complex systems, as also argued and justified
by the theory of combined logics [SSC99|. However, even in the class of propositional
based (single-sorted) logics many interesting examples simply fall out of the scope
of the standard tools of AAL. In particular, there are well-known examples of logics
that may be seen as resulting from the extension (by adding connectives and rules)
of algebraizable logics that turn out not to be algebraizable. This is the case, for
example, of certain non-truth-functional logics, herein understood as logics which
are extensions of algebraizable logics by some new connectives not satisfying the
congruence property with respect to the equivalence of the algebraizable fragment.
With the proliferation of logical systems, with applications ranging from computer
science, to mathematics and philosophy, the examples of non-algebraizable logics
that, therefore, lack from a meaningful and insightful algebraic counterpart are
expected to become more and more common.

Although the standard tools of AAL can associate a class of algebras to every
logic, the connection between a non-algebraizable logic and the corresponding class
of algebras is, of course, not very strong nor very interesting. This phenomenon is
well known and may happen for several reasons, and in different degrees, depending
on whether the Leibniz operator will lack the properties of injectivity, monotonicity
or commutation with inverse substitutions. The particular issue of non-injectivity,
staying within the realm of protoalgebraic and equivalential logics, has been carefully
studied in [EJO1], where the authors restrict the models of the logic by considering

61
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just the matrices with a so-called Leibniz filter. Although this is a very interesting
approach, the resulting logic is, of course, different from the original one. Contrarily
to what is done in [FJ0I], we do not want, at all, to change the logic we start from.
Our strategy is rather to change a bit the algebraic perspective. This is achieved by
considering behavioral equivalence rather then equality as the basic concept. Our
aim in this chapter is precisely to propose and study an extension of the tools of
AAL that may encompass some of these less orthodox logics while still associating to
them meaningful and insightful algebraic counterparts. Contrarily to what is done
in [FJO1], we do not want, at all, to change the logic we start from. Our strategy
is rather to change a bit the algebraic perspective. This is achieved by considering
behavioral equivalence rather then equality as the basic concept.

In more concrete terms, we introduce and study a generalization of the standard
tools of AAL obtained by using many-sorted behavioral logic in the role traditionally
played by unsorted equational logic. We start by setting up the framework for
our many-sorted behavioral approach. We then introduce the central notion of I'-
behaviorally algebraizable logic, where I' is a subsignature of the original signature
of the logic. The subsignature I' is a parameter and, once fixed, it means that the
algebraic part of the behavioral algebraization process is built over the notion of I'-
behavioral equivalence. We then introduce the notion of I'-behaviorally equivalential
and use it in some necessary conditions for a logic to be behaviorally algebraizable.
We prove that the novel notion of behaviorally algebraizable logic is not as broad
as it becomes trivial, by proving that it is in the class of standard protoalgebraic
logics, which is considered the largest class of logics amenable to the methods of
AAL. We continue by introducing a behavioral version of the Leibniz operator and
engage on a generalization of the Leibniz hierarchy. We introduce the behavioral
versions of protoalgebraic logic and of weakly algebraizable logic along with several
characterization results. Besides the results involving the Leibniz operator itself,
we have also results involving the notion of set of behavioral equivalence formulas.
Characterization results for the class of behaviorally algebraizable and behaviorally
equivalential logics are also obtained. We end the chapter with some intrinsic and
sufficient conditions that are very useful in practice to show that a given logic is
behavioral algebraizable.

The chapter is organized as follows. In Section 1 we present the notion of behav-
iorally algebraizable logic. We also establish some necessary conditions for a logic
to be behaviorally algebraizable. Section 2 is devoted to the study of a behavioral
generalization of the so-called Leibniz hierarchy. In Section 3 we prove some intrinsic
and sufficient condition that are very useful in practice to show that a given logic is
behavioral algebraizable. We conclude, in Section 4, with some remarks.
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3.1 Generalizing algebraization

In this section we propose a behavioral extension of the notion of algebraizable logic.
The role that unsorted equational logic plays in the standard theory of algebraization
is, in our work, played by many-sorted behavioral logic.

Along with our proposal, we present some necessary conditions for a logic to be
behaviorally algebraizable. These are important to show that the generalized notion
is not as broad that it becomes trivial.

Recall that our aim is to build a framework general enough to capture some
logics that fall out of the scope of the standard tools of AAL. With respect to many-
sortedness, some work has already been presented in [CG07|. Our aim here is to
go further ahead and to capture also logics that are not algebraizable in the stan-
dard sense (although they still seem to be sufficiently well-behaved to be studied in
algebraic terms). Namely the so-called non-truth-functional logics, which are exten-
sions of algebraizable logics by some new connectives not satisfying the congruence
property with respect to the equivalence of the algebraizable fragment. Many-sorted
behavioral logic seems to be the correct tool for this enterprise since, besides pro-
viding a rich many-sorted framework, it allows the isolation of the fragment of the
language that corresponds to the algebraizable part of the logic. In its more general
form, as introduced for instance in [GMO00], behavioral equivalence is an equivalence
relation that is only required to be compatible with respect to the operations in a
given subsignature of the original signature.

Consider given a many-sorted language generated from a many-sorted signature
¥ = (S, F). Recall that we have a distinguished sort ¢ of formulas. In the many-
sorted approach to AAL presented in [CGO7] the theory was developed by replacing
the role of unsorted equational logic by many-sorted behavioral logic over the same
signature and taking the sort ¢ as the unique visible sort. Despite the success of
this generalization to cope with many-sorted logics, a lot of non-algebraizable logics
could still not be captured. This is due to the fact that, since the sort ¢ is considered
visible, we have equational reasoning about formulas, which forces every connective
to be congruent. To allow for non-congruent connectives, the sort ¢ must be a
hidden sort too, so that one is forced to reason behaviorally about formulas as well.
This can be achieved by considering behavioral logic over an extended signature.

Definition 3.1.1. Given a many-sorted signature ¥ = (S, F') we define an extended
signature ¥° = (S°, F°) such that S° = S[#{v}, where v is to be considered the sort

of observations of formulas. The indexed set of operations F* = {F°s }uwe(se),scs0
is such that:
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o [°, ., =F,, if wse S
o F, = {o};

o [V =0 otherwise.

Intuitively, we are just extending the signature with a new sort v for the obser-
vations that we can perform on formulas using operation o. The extended hidden
signature obtained from X, that we also denote by »° can then be defined as
(32°,{v}). The choice of v as the name for the new sort is now clear. It is intended
to represent the only visible sort of the extended hidden signature.

In the sequel, given a signature ¥ = (S, F'), a subsignature I' of ¥ and a class K
of Y0-algebras, we use Bhvgy' to refer to the logic (Egs., En"), where £ is the
behavioral consequence relation over ¢ associated with K and I'.

First of all, note that K is a class of algebras over the extended signature and not
just over the original one. Nevertheless, given a >».°-algebra, we can always consider
its restriction to X which is, of course, a »-algebra. Note also that in this behavioral
consequence over the extended signature, and for each s € S,

Ex[z:s] = {olc) 1 c € Cg(z,[a::s] }

is the set of possible experiments of sort s.

From Bhvg’r we can define a logic BEqng’F = (Fygs, #g’lgw) where #g’gw is just
the restriction of ESF to Y. The set of theories of BEqng’F is denoted by Thg’r.
With this construction we obtain an important ingredient of our theory: a logic for
behaviorally reason about equations over the original signature X.

The following lemma states a property of this behavioral consequence that will
be often used in the sequel.

Lemma 3.1.2. Let ¥ = (S, F) be a many-sorted signature, I' a subsignature of ¥,

K a class of ¥°-algebras, t =t € Eqs s(X) an equation, ¢(T:8,21:81,...,Tm:Sm) €
Cy |z 8] a context, and (t,... tn) € Ty (X) x ... x Ty, (X). Then, we have
that

tat Ep c(t b)) A ettt

Proof. Let A € K and h an assignment over X. Suppose that
h(t) =r h(t'). We aim to prove that h(c(t,t1,...,tn)) =r h(c(t',t1,...,ty)). Let
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(/s xh s, as)) € EGfa 8] and (ag, ..., an) € Ay x ... x Ay . Note that
e(c(m:s,m1:81,. .., T 8m), 2y :8), ..., 2l :s)) € EL[x: s]. Since we are assuming that

h(t) =r h(t'), we have that o
ealea(h(t),h(ty), ..., h(tm)),a1,...,an) = ealca(h(t’), h(t1), ..., h(tm)),a1,- .., an).
This is equivalent to the fact that

ea(h(c(t,ty, ... tm))sar, ... an) = €ea(hlc(t' ty,. .. tm)), a1, .. a,).

So, we can conclude that h(c(t,tq,...,t,)) =r h(c(t, t1, ..., t,)).
0

Consider given a subsignature I' of ¥. We now introduce the main notion of
['-behaviorally algebraizable logic.

Definition 3.1.3. (I'-behaviorally algebraizable logic)

A many-sorted logic £ = (X,F) is I'-behaviorally algebraizable if there exists a class
K of X°-algebras, a set O(€) C Comph™ ({€}) of ¢-equations and a set A(€y, &) C
Tr »({&1,&2}) of formulas such that, for every T'U {t} C Ly(X) and for every set
O U {t; = to} of p-equations,

i) Tkt iff O[T] Fyy, O);

i) @ Fgy, t At iff A[D] F Aty t);
iii) £ - A[O()];
iv) &~ & ==, OIAEL&)];

Following the standard notation of AAL, © is called the set of defining equa-
tions, A the set of equivalence formulas, and K a behaviorally equivalent algebraic
semantics for £. Note that this definition is parameterized by the choice of the
subsignature I' of ¥. We say that a logic £ = (X,F) is behaviorally algebraizable if
there exists a subsignature I' of 3 such that £ is I'-behaviorally algebraizable.

If the set of defining equations and of equivalence formulas are finite we say that
L is finitely I'-behaviorally algebraizable. As in standard AAL, conditions i) and iv)
jointly imply 47) and iii), and vice-versa.

The following theorem, depicted in Fig. [3.1] is a characterization of behaviorally
algebraizable logic using maps of logics.
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Theorem 3.1.4. Let L = (X, F) be a many-sorted logic and T' a subsignature of ¥.

Then, L is I'-behaviorally algebraizable iff there exists a class K of ¥°-algebras and
a strong representation (0, 7) of L in BEqnS'", such that 0 is given by a ©(€) C
CompS™ ({€}) of ¢-equations and T is given by a set A&, &) C Tr »({&1,€2}) of
formulas.

Proof. The result follows from the fact that conditions i), i), iii) and iv) of the
definition of I'-behaviorally algebraizable logic are equivalent to the fact that the

pair (0, 7) defined, respectively, by ©(§) and A(&,&2), is a strong representation.
]

Strong representation Many-sorted behavioral
logic over K

Many-sorted logic £

Figure 3.1: Behaviorally algebraizable logic

Consider given a I'-behaviorally algebraizable logic £ = (X,F) and let A(&, &)
be the set of equivalence formulas. Consider the set CCalz : ¢] C Cx[r : ¢]
defined as follows: ¢ € CCxlx : ¢] iff for every ¢, € Ly(X), we have that
Ap, ) F Ac]y], c[v]). We call CCalx:¢] the set of congruent contexts for A.

Proposition 3.1.5. Let £ = (X,F) be a many-sorted logic and I a subsignature of

Y. Suppose that L is I'-behaviorally algebraizable logic with ©(&) a set of defining
equations, A(&1, &) a set of equivalence formulas and K a T'-behaviorally equivalent
algebraic semantics. Then Cr ylx:¢] C CCplx:¢|. Moreover, every ¢ € CCalz: @]

} , KT
is congruent with respect to Fyp, .

Proof. Using Lemma we can conclude that, for every ¢ € Cr g[x: ¢|, we have
that & ~ & Izg’br;w clé1] = c[&]. Using now the properties of the set of equivalence
formulas, we can easily conclude that A(&, &) F A(c[é], c[&)]). So, Crglz: @] C
CCalz: 9.

Now let ¢ € CCalx : ¢|. So, we have that A(&1,&) B A(e[&], ¢[&a]). Using
properties i) and iv) of the set of defining equations we can conclude that & =~
& 'Zg})r;w clé1] = c[&]. So, ¢ is congruent with respect to #g’ghv.

O
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It is well-known for behavioral logic [Ros00] that, when a context is behaviorally
congruent, we can always add it to the set of admissible contexts without changing
the behavioral consequence. Therefore, although we can have Cr, C CCa, the
behavioral consequence is the same as if we had chosen the whole CCx as the set
of contexts.

We now focus on trying to answer a natural question that arises at this point:
what are the limits of this new definition of algebraizability? We will see later on
that the notion of behaviorally algebraizable logic extends the standard notion of
algebraizable logic. Still, this is at least as important as knowing whether the notion
is so broad that everything becomes behaviorally algebraizable with an appropriate
choice of I'. In this direction, we end this section by studying some necessary
conditions for a logic to be behaviorally algebraizable. They will help us to show
that the limits of applicability of the notion are very reasonable and not as broad
as it might seem.

In [PW74] Prucnal and Wroénski introduce the standard notion of equivalen-
tial logic. Equivalence systems generalize the well-known phenomenon of classical
propositional calculus where the equivalence of formulas can be expressed by the
equivalence symbol < i.e., for each theory T, ({1,&) € Q(T) it T+ & < &. We
extend the notion of equivalential logic to our behavioral setting.

Definition 3.1.6. A many-sorted logic £ = (X,F) is I'-behaviorally equivalen-
tial if there exists a set A(&1,&) C Tr4({&,&}) of formulas such that for every
¢7¢757S017"‘7§0n7¢17"‘)¢n S LZ(X>

(R) F A, ¢);

(S) Alp,¥) = A, 9);

(T) Alp,¥), A, 6) = Alyp, 0);
(MP) A(p, ), 0 = ¢

) A

(SOIJ ¢1)7 cee 7A(<pn7¢n) - A(C[gplv SR QOTLL 0[1/11, s 7wn])
for every c: ¢" — ¢ € Derr 4.

(RPy

In this case, A is called a I'-behavioral equivalence set for L. Recall that a congru-
ence is an equivalence relation that is compatible with all operations. Note that the
main difference between this behavioral version of equivalentiality and the standard
notion is that in the former the set A is no longer assumed to define a congruence.
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Instead, it is only assumed to preserve the operations of the subsignature I'. We say
that a logic £ = (X,F) is behaviorally equuivalential if there exists a subsignature
I' of 3 such that £ is I'-behaviorally equivalential. In the following proposition we
present a first necessary condition for behavioral algebraizability. The result extends
a well-known standard result of AAL.

Proposition 3.1.7. Let L = (X,F) be a many-sorted logic and T a subsignature of
Y. If L is T'-behaviorally algebraizable then it is I'-behaviorally equivalential.

Proof. Suppose L is behaviorally algebraizable with ©(&), A(&;, &), I'and K. Using
the properties of O(§) and A(&y, &) it is easy to prove that A(&;, &) satisfies (R), (S)
and (T). For (MP), note that, since L is algebraizable, A(p, 1), ¢ I 1 is equivalent
to ¢ ~ 1,0(p) #g’lgw ©(v). But this last condition follows from the fact that

O(&) € Compi ™ ({£}). Condition (RPy) follows easily from the the fact that, given
t1 &ty € Eqs +(X) and ¢ € CL[z:s], we have that t; ~ ty #g’g,w clt1] = clta].
[

From the notion of behaviorally equivalential logic we can isolate a simpler nec-
essary condition for behavioral algebraization.

Definition 3.1.8. A many-sorted logic £ = (X, F) has an equivalence set (of for-

mulas) if there exists a set A C Lx(&,&;) of formulas that satisfies the following
conditions:

(R) = Alp, ¢);
(S) A, ) = A, ¢);
(T)  Alp, ), A(¥,0) F A, d);
(MP) Alp, p), ¢ =

Note that we dropped the condition that A should be congruent for all operations
of some subsignature I' of X.

The following result is an immediate consequence of Proposition [3.1.7 and it is
also a necessary condition for a logic to be behaviorally algebraizable.

Corollary 3.1.9. Let £ = (X,F) be a many-sorted logic. If L is I'-behaviorally

algebraizable for some subsignature I' of ¥, then it has an equivalence set.
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In some sense, to be behaviorally algebraizable a logic must be at least expressive
enough to enable the definition of an equivalence by means of a set of formulas in
two variables. This is a natural requirement since a logic that does not have any
equivalence set cannot represent within itself any kind of behavioral equivalence, and
so, it must fail to be behaviorally algebraizable. One such example is the inf-sup
fragment of classical propositional logic, where no equivalence set can be defined.
This logic is a well-known example of a non-protoalgebraic logic.

We can give another necessary condition for a logic to be behaviorally algebraiz-
able. Although it is a weaker condition, it is an important one since it is related
with the notion of protoalgebraic logic.

Recall, from Theorem that in AAL a standard characterization of pro-
toalgebraic logic can be given by the existence of a set A(&1, &) C Ly (X) of formulas
with two distinguished variables of sort ¢, and possibly parametric variables, sat-
isfying = A(&,€) (reflexivity) and &, A(&r, &) F & (detachment). In [Mar04] this
characterization of protoalgebraicity is proved for many-sorted logics. So, as an
immediate consequence of Proposition [3.1.7] we have the following result.

Corollary 3.1.10. Let L = (X,F) be a many-sorted logic. If L is behaviorally

algebraizable then it is many-sorted protoalgebraic.

This result let us conclude that our generalized notion of algebraizable logic is
not too broad. A behaviorally algebraizable logic necessarily belongs to what is
considered the largest class of logics amenable to the tools of AAL: the class of
protoalgebraic logics.

3.2 The behavioral Leibniz hierarchy

One of the goals of AAL is to discover general criteria for a class of algebras (or for a
class of mathematical objects closely related to algebra, such as logical matrices) to
be the algebraic counterpart of a logic, and to develop the methods for obtaining it.
Another important goal of AAL is a classification of logics based on the properties of
their algebraic counterparts. Ideally, when it is known that a given logic belongs to a
particular group in the classification, one has general theorems providing important
information about its properties. Following these goals, we propose in this section
a behavioral generalization of some of the standard notions and results of AAL.
This is basically a systematic continuation of the effort that was already started in
the previous section. Our main aim is to draw a behavioral Leibniz hierarchy that
generalizes part of the standard Leibniz hierarchy.
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Until now we have focused on generalizing the notion of algebraizable logic. To
further support our methodology, we now show how to extend other standard notions
and results of AAL to the behavioral setting. Recall that one of the main tools of
AAL is the Leibniz operator. It can help to build a hierarchy of classes of logics
using its properties. The behavioral hierarchy is depicted in Fig. [3.2] We use it as
a roadmap for the remainder of the section.

algebraizable
equivalential alg:{)eraali}z;ble
behaviorally
algebraizable
. .
behaviorally be}:;g;;ﬁf; y
equivalential algebraizable

protoalgebraic

Figure 3.2: A view of the behavioral Leibniz hierarchy.

First of all, we need to introduce the behavioral variant of the notion of Leibniz
operator. This behavioral version is based on a generalization of the notion of con-
gruence: the notion of I'-congruence, for a subsignature I' of the original signature.

Definition 3.2.1. Consider given a signature ¥ = (S, F') and a subsignature I" of

Y. A T'-congruence over a Y-algebra A is an equivalence relation # over A such
that, for every (ai,b1) € Os,,...,{an,by) € 05, and f : s1...5, — s € [', we have
that:

<fA(G1, e ,an),fA(bl, e ,bn)> € 95.

We denote the set of all I'-congruences over a Y-algebra A by Con¥(A). The
difference between a I'-congruence and a congruence over A is that a ['-congruence
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is assumed to satisfy the congruence property just for contexts generated from the
subsignature I'. The contexts outside I' do not necessarily satisfy the congruence
property. Clearly, a congruence is just a »-congruence in our setting, that is, we
just have to take I' = 3.

A T'y-congruence over a Y-algebra A is a ¢—reduct ¢ of a I'-congruence over A,
that is, an equivalence relation 6 over Ay such that, if (a,b1) € 0, ..., (an, b,) € 0
and f: ¢" — ¢ € Derp gng, then

(falai,...,a,), fa(br,...,b,)) € 6.

The set of all T'y-congruences of A is denoted by Cony ,(A). As we will see in
the sequel, the importance of I'y-congruences reflects the distinguished role that the
sort ¢ plays in our theory.

The next lemma is a generalization for I'-congruences of a well-known result for
congruences [BS81, [MT92].

Lemma 3.2.2. Given a signature ¥ and a subsignature T of ¥, ConZ(A) is a

complete sublattice of Equ™(A), the complete lattice of equivalences on A.

Proof. We only need to prove that Con¥(A) is closed under the supremum (join)
and the infimum (meet) of Equ¥(A). To verify that Con¥E(A) is closed under ar-
bitrary intersections is straightforward. For arbitrary joins in Conf(A) suppose
a; € ConE(A) for i € I. Then, if f:s,...s, — s € [' is a [-operation and

(ay, b)) € (\/ W srs s (A, by) € (\/ ))s,

where \/ is the join of Equ*(A), then it follows that one can find i, ..., 4, € I such
that
(a;,b;) € (g0 ...0q,)s, 0<i<n.

An easy argument then suffices to show that

(fla,...,an), f(br,...,bn)) € (qvjyo...00q;)s.

Therefore \/,.; @; is a I'-congruence on A.

]

It is easy to see that Conf ,(A) is a complete sublattice of Equ™¢(As). The
fact that every theory of |:f2‘ 71511} is a I'-congruence over T'x(X) is an easy exercise and
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generalizes the well-known relation between F and Cong(Ts(X)). A I'-congruence
¢ over a Y-algebra A is compatible with a set & C Ay if for every aj,ay € Ay, if
(ar,as) € 0y and a; € ® then ay € .

Recall that the Leibniz congruence is the largest congruence compatible with
a given L-theory. The following lemma asserts the existence of the largest I'-
congruence over Tx(X) compatible with a given L£-theory T', thus generalizing the
standard existence result.

Lemma 3.2.3. Let L = (X, F) be a many-sorted logic and T" a subsignature of X.
For each T € Thy, there is a largest I'-congruence compatible with T'.

Proof. Let T' € Th, and consider the binary relation ®r over Tx(X) such that, for
every s € S, we have that (t1,ty) € (Pp), iff for every c(x:s,21:81,...,2,:8,) €
Cs, plz 5] and every uy € Ty, (X), ..., up € Ty, (X) we have that

clty,ug, ... u,] €T it clto,ur, ... u,] €T.

It is easy to conclude that ®; is a I'-congruence compatible with 7. We now
prove that it is indeed the largest one.

Let o be a I'-congruence over Tx(X) compatible with 7. We aim to prove
that « C ®p. Consider (t1,t2) € g, for some s € S. Since « is a I-congruence
we can conclude that, for every c(z:s,21:51,..., 25 : 5,) € C5 y[x : 5] and every
u € Ty g (X),...,u, € Ts 5, (X) we have that (c[ty,us, ..., up|,cta, ur, ..., u,l) €
ay. Using now the fact that o is compatible with 7', we can conclude that
clti, ug, ... up| € T iff ctao, uq, ..., u,] € T. So, we have that (t1,ts) € $r.

O

Now that we have proved that, given a L-theory T', the largest I'-congruence
compatible with T exists, we can use this result to extend the notion of Leibniz
operator to this behavioral setting.

Definition 3.2.4. Let £ = (3,F) be a many-sorted logic and I" a subsignature of

Y. The behavioral Leibniz operator on the term algebra, is

Qb Thy —  ConE(Ts(X))

T — largest I'-congruence over Ts(X) compatible with 7T

As before, this definition is parametrized by the choice of I'. Note that in the
proof of Lemma one can find an useful characterization of Q%".
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The behavioral Leibniz operator plays a central role in our approach. As we will
see, some important classes of logics can be characterized by its properties. As a
first example, we use the behavioral Leibniz operator to define a behavioral version
of the notion of protoalgebraic logic. Consider given a subsignature I" of . We now
introduce the main notion of I'-behaviorally protoalgebraic logic.

Definition 3.2.5. A many-sorted logic £ = (X, ) is I'-behaviorally protoalgebraic
if, for every T' € Th, and @, 1) € Ly(X), we have that

if (p, 1) € QM(T) then T, 4 and T, I .

Again, this definition is parametrized by the choice of I'. When this choice is
important we say that a logic is I'-behaviorally protoalgebraic. In what follows, if
I" is clear from the context then it can be omitted. We say that a logic £ = (3,F)
is behaviorally protoalgebraic if there exists a subsignature I' of ¥ such that £ is
I-behaviorally protoalgebraic.

Our aim now is to prove some equivalent characterizations of the notion of be-
haviorally protoalgebraic logic. These equivalent characterizations are behavioral
versions of the standard results for protoalgebraic logics. Some of them are useful
to show that the standard and the behavioral notions of protoalgebraic logic coin-
cide. Before the main characterization result, we need to introduce some preliminary
notions and results.

Consider given a many-sorted logic £ = (X,F) and a subsignature I of 3. Let
0¢,—¢, be the substitution over ¥ that substitutes & with &, that is, og, ¢, 6(§2) =
&1, and leaves the remaining variables unchanged. Using this substitution we can
introduce the set

L’ .
T£1,£2 = {gp < LF(X) ok O¢r—¢ (90)}

Intuitively, T, é 52 is the set of all formulas ¢ that become a theorem when every
occurrence of & in ¢ is substituted by &. When the logic £ is clear from the
context, we write just Tgl &, instead of T, é 52

The non-behavioral unsorted analogue of Tg1 & 1s used by Herrmann in [Her96]
as a fundamental tool in the development of his theory. In our framework Tgl &
is also an important tool and, in particular, it can be used to give an alternative
characterization of the notion of behavioral protoalgebraicity. Before we prove the
following lemma that asserts some simple but very useful properties of Tg &

Lemma 3.2.6. Let £ = (X, F) be a many-sorted logic and T" a subsignature of ¥.
Then,
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i) if o is a substitution over I' such that o¢,_¢, (0&1) = 0¢,—¢, (0&2) then T§F17§2 s
closed under o, that is, U[Tg7€2] - Tg@ ;

i) (§1,6) € WH((T¢, ¢,)");

iii) assuming that L is I'-behaviorally protoalgebmzc then A(§1,§2) C Lr({&1,&))
is a T-behavioral equivalence for L iff A C T} ., and A" = (T, )"

Proof. i) Let o be a substitution such that o¢,_.¢, (0&1) = 0¢,—¢, (0&2) and let ¢ €

T¢ ¢, By definition of T/, . we have that - o¢, ¢, 0. We note that

Ogr—61(0(0g—610)) = Oey—e, (0)
which can be proved by an easy induction on the complexity of formulas. By
structurality, F o(0¢,—¢, ) and therefore we have also that & o¢, ¢, (0(0g—e, ).
So, we can conclude that - o¢,_¢ (0p) by the above equality. This means that
op €T ¢,

i) Let c(z : ¢x1 : s1,...,%, 1 S,) € Cyylz : ¢] be a I'-context,
w € Tyu(X),...,u, € Ty, (X) and & a variable. Note that

052H§1( (&1 U1y ..y up)) = 0gymg (c(&o,ur, ... uy)).  Therefore c(&y,ug,...,u,) €
(T, &))" iff (&, ul, .. un) € (T )" So, using Lemma we can conclude that
) €

(&1, &) € WM((TE )"

i1i) Assume first that A(&, &) is a F—behavioral equivalence for £. Using (R)
we can conclude that A C T} . . So, (A) C (T & )". For the other inclusion
let us prove that A F TF . Let ¢ € T that is, F 0¢—e,0. We have that

A(&,&) F Alog,—g e, go) usmg (RPr). Usmg now (MP) we can conclude that

A(fbfé) F .

Suppose now that A C T} . and A" = (T} ). We aim to prove that A(&;, &)
satisfies conditions (R), (S), (T) and (RPr) in Deﬁmtlonof I-behavioral equiv-
alence set. Property (R) follows from the fact that A C Tph&. We now prove the
single replacement property,

(SRRt)  A(61.&) F Alp(&), (&) for every p(€) € Lr(X) and € variable.

Consider the substitution o such that o4(&) = (&) and 04(&) = 9&s). It is
easy to see that og, ¢ (0&1) = 0¢,—¢, (0€2). So we can use 7) to conclude that

Alp(&), p(&2)) = oA(€1,&) CTE ¢,
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Finally we have that A(&1, &) F A(p(&), ¢(&2)) since (A(&r, &)™ = (Tgpl,gz)h

To prove (MP) recall that £ is I'-behaviorally protoalgebraic. This implies that
&, T¢ ¢, b &, and so we have that & € ({&}UT, )" Since A™ = (T}, ,)" we can
conclude that & € ({&} U A(&, &))"

To prove (S) we use (SRPr) with ¢ as A(§,&). So we have that

A1, 62) F A(A(GL &), AS, &)

Using now (MP) and (R) we can conclude that A(&,&) F A&, &).

Let us now prove (T). We use (SRPr) with ¢ as §(&,§), for every 0(&1,&) €
A(&,&).  Then we have, for every 0(£1,&) € A(&,&), that A(&,&) F
A(0(&1,&2),0(&1,&3)). So, using (MP) we can conclude that A(&y, &), A(&s, &3) F
A&, &)

Finally, (RPr) follows in the usual way from (T) and (SRPr).

O

The following notion of behavioral protoequivalence system of formulas is the
basis of a characterization of behavioral protoalgebraicity. It generalizes the concept
of (many-sorted) protoequivalence system given in [Mar04]. In the single-sorted case
it generalizes the notion of protoequivalence system [CzeOl] where no parametric
variables are assumed.

Definition 3.2.7. Let £ = (3,F) be a many-sorted logic and I' a subsignature of
Y. Aaset A(&,8&,2) € Lr({&1,&,2}) where z = (21 : 51,22 S9,...) is a set of
parametric variables with sort different from ¢ and at most one variable of each sort
is said a ["-protoequivalence system for L if it satisfies the following conditions:

(R) F A€, 2);

(MP) &, A({&1,€2)) I &2

The following notion of parametrized equivalence system may seem, at first sight,
very similar to the above notion of protoequivalence system. Besides assuming the
replacement condition (RP), the major difference is the restriction on the parametric
variables. This notion is also a basis of a characterization of behavioral protoalge-
braicity.
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Definition 3.2.8. Let £ = (X, F) be a many-sorted logic and I" a subsignature of

Y. A aset A(§,8,2) € Lr(X) where z = (21:81, 22: 89,...) is a set of parametric
variables is said a parametrized I'-equivalence system for L if it satisfies the following
conditions:

(R) F A&, 2);
(MP) &1, A((61,62)) = &

(SRPr) A((&1,&)) - A((cléi], cléa])),  for every c € C5 ,[€:9).

The following theorem is a behavioral version of well-known characterizations of
the notion of protoalgebraic logic [Cze01].

Theorem 3.2.9. Let L = (X, F) be a many-sorted logic and I" a subsignature of ¥.

Then, the following conditions are equivalent:
i) L is T'-behaviorally protoalgebraic;
i) O™ is monotone;
iii) 51,T§F1’§2 F &
iv) there exists a I'-protoequivalence system for L;
v) there exists a parametrized I'-equivalence system for L.

Proof. 1) =1ii): Assume L is I'-protoalgebraic. Let T}, Ty C Th, such that 77 C Ts.
We need to prove that Q¥*(T) is compatible with 7. For this purpose, let ¢ € T
and (p,1p) € QY (Ty). Therefore T1,¢ 4k 1), Ty by I-protoalgebraizability. Since
Ty C T, we have that Ty, ¢ -+ ¥, T,. So, since ¢ € T, and T, is a theory, we
can conclude that 1 € Ty. Now that we have proved that Q¥ (T}) is compatible
with Ty, we can conclude that Q"(Ty) C Qf%(T3) since QP"(T5) is the largest
I'-congruence compatible with T5.

i1) = iii): By Lemma we have that (&1, &) € QPU((T¢ ,)7). Since Q"

is monotone we have (£1,&) € QU(({&} UTE ¢,)7), and by compatibility we can
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conclude that & € ({1} U T, 52)'_7 that is, flaTgrl,gQ E &

iti) = w): Take A(&,&) = UTgFL& where o is a substitution such that
045(&1) = & and 0¢(€) = & for every € # & and, for every s # ¢, o4(z) = xg
for every x € X,, where z is a fixed variable of sort s. So, the conditions over
the variables are verified. To verify (R) and (MP) note first that, since o is a
substitution over I' and ¢, ¢, (0&1) = 0¢,.¢, (0&2) we have, using Lemma [3.2.6] that
0Tt ¢, € Tt ¢, S0, (R) is satisfied. In turn, (MP) follows from éii) and structurality.

iv) = 1): Suppose that there exists a I'-protoequivalence set A(&1,&s, z) for L.
Let ¢,1 € Ly(X) and let T be a theory of £ such that (p,v) € Q(T). So,
for every §(£1,&) € A(&, &), we have that (6(p,10),0(¢p, ) € QUM (T). So, by
compatibility and using (R) we have that A(p,v¢) C T. So using (MP) we have
that T, o F 1. In the same way we have that T, ¢ = ¢. So T, ¢ 4+ ¢, T

iwi) = v): Take A(&,&) = Tf . Condition (R) is an immediate con-
sequence of the definition of T5 & and (MP) is an immediate consequence of
i1). For condition (SRPr), let ¢ € Cf  [¢:¢]. Now consider the substitution o
over ¥ such that o4(&) = ¢[&] and J¢(£2) = c[&]. It is easy to verify that
Oeyer (0(&1)) = 0gyme,(0(&2)), and using Lemma we can conclude that

Alcléil. cléa)) = 0T¢, ¢, € Ti, ¢, = A1, €2)- So, A((6, &) F A((cl&], cléa]))-

v) = i): Suppose that there exists a parametrized [-equivalence system
A(&,&,2) for L. Let ¢,1) € Ly(X) and let T be a theory of £ such that (p, ) €
Q?};( ) SO> for every 6(517 52) S A(€17 52)7 we have that <5<907 w)7 5(@7 (p)) S Qbhv( )
So, by compatibility and using (R) we have that A(y, 1) C T. So, using (MP) we

have that T', ¢ I 9. In the same way we have that T,y F p. So T, p -, T.
O

The standard notion of protoequivalence system for a protoalgebraic logic does
not have parameter variables. The need for this extra assumption in our result
arises from the use of many-sorted languages, as it was already observed in [Mar04].
Indeed, in the single-sorted case, the I'-protoequivalence system of Theorem [3.2.9
can be taken without parameter variables.

The following result is an immediate consequence of Theorem [3.2.9]

Corollary 3.2.10. Let £ = (3,F) be a many-sorted logic and T a subsignature of ¥..

Then L is I'-behaviorally protoalgebraic whenever it is I'-behaviorally equivalential.
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More interestingly, condition iv) of Theorem also allows us to conclude that
if a logic is behaviorally protoalgebraic then it is also protoalgebraic in the standard
sense. This is an important fact since it means that all our behavioral hierarchy
is contained in the class of protoalgebraic logics, the class of logics that is widely
considered to be largest class amenable to the tools of AAL.

After focusing on the notion of behaviorally protoalgebraic logic, we turn our
attention to other classes of logics in the Leibniz hierarchy. One such example is
the behavioral version of the notion of weakly algebraizable logic. Consider given a
subsignature I' of ¥. We now introduce the main notion of I'-behaviorally weakly
algebraizable logic.

Definition 3.2.11. A many-sorted logic £ = (X,F) is I'-behaviorally weakly alge-

braizable if there exists a class K of Y%-algebras, a set O(¢,z) € Comps™ (X) of
¢-equations and a set A(&;, &, w) C Lr({&1, &, w}) of formulas such that, for every
T U{p} C Lx(X) and for every set ® U {¢1 =~ 2} of ¢-equations:

i) Tk ¢ iff O{T)] Exym, O((9));
ii) ® 'Zg,brhv o1~ @2 it A[(P)] F A({p1, 92));
iii) & 4= A[O(E)))];

i) & ~ & = |=§},Fhv O[(A((&1,2)))];

The difference between the notion of behaviorally weakly algebraizable logic and
the notion of behaviorally algebraizable logic is the fact that, in the former, both
the set of equivalence formulas and the set of defining equations have parametric
variables. Recall that if (&, w) € Ly({{,w}) is a formula then ¢((£)) denotes the
set {¢(&,y) : ~ possible instantiation of w}. In what follows, if I is clear from the
context then it can be omitted. We say that a logic £ = (3, F) is behaviorally weakly
algebraizable if there exists a subsignature I' of ¥ such that £ is I'-behaviorally
weakly algebraizable. The fact that conditions ¢) and #ii) are jointly equivalent to
conditions i7) and iv) is easily proved as in the case of behaviorally algebraizable

logic.

Proposition 3.2.12. Let £ = (X,F) be a many-sorted signature and I' a subsig-
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nature of ¥. Suppose that L is I'-behaviorally weakly algebraizable with A(&y, &2, w)
the set of equivalence formulas. Then A(&,&,w) is a parametrized T'-equivalence
system for L.

Proof. Let K be the I'-behavioral equivalent algebraic semantics and let
O, z2) C C’ompg’r(X ) be the respective set of defining equations.

Condition (R) follows easily from the fact that lzg”brhv ¢ ~ ¢ For (MP), note
that, since £ is I'-behaviorally weakly algebraizable, A({p, 1)), ¢ I ¢ is equivalent

to
o~ 1, 0(() Fyin, O((1)).
But the last condition follows from the fact that ©((€)) C Compa" ({£}).

For condition (SRPr) let ce Cf 4[&:¢). The condition A((&1,&)) F

A({c[&1], c&s])) follows easily from the the fact that & ~ & lzg’ghv clé1] = [
and from condition #i) in the definition of I'-behaviorally weakly algebraizable.
O

As an immediate consequence of Proposition [3.2.12] we have the following result.

Corollary 3.2.13. Let £ = (3,F) be a many-sorted logic and I' a subsignature of
Y. If L is I'-behaviorally weakly algebraizable then it is I'-behaviorally protoalgebraic.

The next result presents an important characterization of the Leibniz I'-
congruence in the cases where the logic is I'-behaviorally weakly algebraizable.

Theorem 3.2.14. Let L = (3, F) be a many-sorted logic and T' a subsignature of

Y. Suppose that A(&1,&2,2) C Lr({&1, &, 2}) is a parametrized T'-equivalence system
for L. Then, for every ¢,v € Lx(X) we have that

(0, 0) e ™(T) iff A(w,¥) ST

Proof. First let (p,v) € Q"(T). Then, by compatibility, we have that A({y,v)) C
T iff A({p,)) CT. Since A(&y, &) satisfies (R) we can conclude that A({p,¢)) C
T.

On the other direction, suppose that A({(p,v)) C T. So, using (RP), we have,
for every ¢ € Cy ,[€] that A({c[¢], c[¢])) € T. Using (MP) we can conclude that
clgl € T iff ¢[¢)] € T. So, we have that (p, 1) € Q(T).

[
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In our behavioral setting we can generalize the standard characterization of
weakly algebraizable logics using the Leibniz operator.

Theorem 3.2.15. Let L = (X,F) be a many-sorted signature and I' a subsigna-

ture of . Then L is I'-behaviorally weakly algebraizable iff Qbh” 18 monotone and
mjective.

Proof. Flrst assume that £ is I-behaviorally weakly algebraizable with ©(¢,z) C
C'ompE (X) the set of defining equations and A(&;, &, w) C Lr({&1, &, w}) the set
of equivalence formulas. Using Corollary we have that £ is I'-behaviorally
protoalgebraic and using Theorem we can conclude that Qbhg is monotone.

To prove that it is also injective let Ty, Ty € Thy such that QP (T1) = O (Ty).
Now consider the following sequence of equivalent sentences:

peT, it ALOU) CT
iff ©((g)) C Q' (T1) using Theorem
iff ©((p)) C Q(T3) using Theorem
iff - A[O({#)))] € T2

iff Y e Tg.
So, T1 = T5, showing that Q’fh; is injective.

Let us now assume that Qbhg is monotone and injective. Using Theorem m
we know that £ is [-behaviorally protoalgebraic. So, there exists a parametrized
[-equivalence system A(y, &, w) C Lp(X).

Now take

K = {Tgo(Xo) T e Thﬁ}

/(Qllz‘hv (T))°
a class of 3%-algebras. We aim to prove that £ is I'-behaviorally weakly algebraizable
with K a I'-behaviorally equivalent algebraic semantics.

Using Theorem [3.2.14] and taking into account that the definition of K, it is an
easy exercise to prove that, for every set ® of ¢-equations and ¢,9 € Ly(X), we
have

© gy, e v T A[D)] A, 4).

We now prove £ 4 A[(O((£)))] for some set O(E, z) of ¢p-equations with the
variable £ and parametric variables 2.
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Let Ty = {¢}" and take O(§) = Q" (T¢). We show that & 4 A[(Q{"9(T))], or
equivalently that Ty = (A[(Q™(T¢)]))". For that, consider the following sequence
of equivalent sentences:

(p,1) € Q((ANQPLTNDT) it A{p, 1)) € (AL (Te))])"
it A[QPS(Te))] F Ap, ¥))
i QY (Te) By, @ &

i () € (T,

So, QY(Te) = QP ((A[(QY(T¢))])"). By injectivity of Q" we have that
Te = (A (Te))])"-
0

In Section [3.1] we have introduced the notion of behaviorally equivalential logic.
In the next proposition we group two interesting properties regarding behaviorally
equivalential logics and the behavioral Leibniz operator. The first one generalizes the
close connection between a set of equivalence formulas and the Leibniz congruence.
The second condition generalizes the well-known criterion for equivalentiality due
to Herrmann [Her96].

Proposition 3.2.16. Let £ = (3,F) a many-sorted logic and T' a subsignature of
Y. Let A(&1,&) C Lr({&1,&}) a set of formulas. Then,

i) if A(&1, &) is a T-behavioral equivalence set for L then, for every T € Thy and
0, € Ly(X), we have that

(p,0) e (T) iff Alp,v) CT.

i1) Herrmann’s Test: suppose L is I'-behaviorally protoalgebraic. Then, A(&1, &) C
Lr({&1,&}) is a T-behavioral equivalence set for L iff A(&, &) € T, ., and

it satisfies (&1,&) € Qlf]?;(ﬁ(fl,&)%);

Proof. i) First let (p,4) € Qp"(T). Then, by compatibility, we have that A(y, 1) C
T iff A(p,¢) CT. Since A satisfies (R) we can conclude that A(p,¢) C T.
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On the other direction, suppose that A(p,v) € T. So, for every ¢ € Cy, 4[¢]
we have that A(clg], c[¢)]) € T. So, using (MP) we can conclude that c[p] € T iff
c[¢)] € T. So, we have that (p,1) € Q9(T).

it) Suppose first that A(&,&) is a I'-behavioral equivalence for L£. Since
F A(&, &) we have that A € T} . . By Lemma we have that (A(£1, &))" =

(TS, &) Again by Lemma we have that (£,&) € QYY((TL.)) =
Q%?;(A(ﬁhfz)k)- Now suppose that A(&;, &) © Tgrl@ and (&1, &2) € QII)“}};<A(£1; &)").
Then A(&1,&) € (T, .,) - To prove the reverse inclusion, let ¢ € T¢ ..
By definition of Tg& we have that ©(£1,&). So o(&1,&) € A(&,&)".  Since
(1,&) € QE(A(&1,6)") we have by compatibility that ¢(§1,&) € A(&r,&)" iff
0(&1,€) € A(&,8). So, ¢(&1,&) € A(&,&)T. So, we have that (Tgrl’,&)F -
A(&1,&)" and we can conclude that (T¢, )" = A(&,&2)". By Lemma@ we have
that A is a I'-behavioral equivalence.

O

We now show that the notion of behavioral equivalentiality can also be charac-
terized by properties of the behavioral Leibniz operator. This result also generalizes
a well-known standard result of AAL.

Theorem 3.2.17. Let L = (3, F) be a many-sorted logic and T' a subsignature of
Y. Assuming that L is I'-standard, then the following are equivalent:

i) L is I'-behaviorally equivalential;
i) Q" is monotone and commutes with inverse substitutions;

i1) % is monotone and oQp(T) € Q% ((0T)"), for all substitutions and L-
theories T'.

Proof. 1) = ii): Suppose that £ is I'-behaviorally equivalential and let A(&;, &) be
a I-behavioral equivalence set for £. Using Corollary [3.2.10] we have that, since
L is I'-behaviorally equivalential, then it is also I'-behaviorally protoalgebraic.
By Theorem we can conclude that QY is monotone. To prove that QP
commutes with inverse substitutions, consider some T € T'h, and a substitution o.
Now, we have the following sequence of equivalent sentences:
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<t1,t2> € OilQlI)!};(T) iff <0't17 O'tg> € Q%?;(T)
iff A(O‘tl, O'tg) Q T
iff O'A(tl, tg) Q T
iff Aty ty) Co T
iff (t1,t2) € W (07'T).

ii) = 4ii): Let T € Th, and let o be a substitution over X. Let Ty = (oT')".
It is obvious that T C o~ 'Tj and therefore Qp"(T) C O™ (o~'T;). Since QY
commutes with inverse substitutions we have that QY% (c™'Ty) = o~ 'Q%(Tp).
Thus, Q9(T) C o' Q' (Tp). This yields o (T) € Q((0T)").

i11) = i): Assume condition #ii). By Proposition L is equivalential pro-
vided some A(&1,&) C Ly({iy, &}) satisfies A € T} ., and (§1,6) € Q((A)".
Recall that since £ is I'-standard there exists a closed term over I' for each sort
s € S. Let o be a substitution such that o4(&) = & and 04(€)) = & for every
¢ € X, and, for every s € S and every x € X, o4(z) = t, where ¢ is a closed term
of sort 5. Now take A(&1,&) = 0Ty . So, A C Lr({£1,6}). Since ¢, ¢, (061) =
Oy, (0&2), by Lemma , we have that A = O'Tgl;’& C Tgl@. We know that
(&1,&) € Qlfh};((Tg&)F) by Lemma . So, (0&,0&s) € JQ%},L;((T&&)F). By hy-
pothesis, (£1,&) € QYU((0T] ,)"). So, (€1,&) € QM((TE ¢,)7). By Proposition

3.2.16| we can conclude that A is a I'-behavioral equivalence.
L]

At this point it is important to recall that quotient algebras are an essential
ingredient of AAL. However, in our framework, we cannot perform quotients di-
rectly since we are now working with I'-congruences instead of congruences. This is
precisely where algebras over the extended signature >° play a key role. Towards
the main theorem of this section, the characterization of behavioral algebraizability
using properties of the behavioral Leibniz operator, we see how can we use algebras
over the extended signature to simulate the quotient construction.

Given a I'-congruence 6 over Tx(X) we are able to construct from it a congru-
ence over TS (X®) that keeps the relevant information of the original I'-congruence.
Consider the relation 6° = {62} scg0 over T%(X®) such that:

o 07 = {{o(p),0()) : (w9} € O} U{(L,8) : T € Tron(X)}5
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e 02 is the identity relation over Txo (X°) for every s # v.

It is an easy exercise to verify that 6° is indeed a congruence on T%(X°).

It is now possible to establish the characterization of behavioral algebraizability
using the behavioral Leibniz operator. The result generalizes the well-known stan-
dard result [Her96]. The proof closely follows the the one presented by Herrmann
in [Her96]. The techniques used therein are easier to adapt to the behavioral setting
than, for example, those used in the proof given by Blok and Pigozzi [BP89).

Theorem 3.2.18. Let L = (3,F) be a I'-standard many-sorted logic, where I" is

a subsignature of . Then, L is I'-behaviorally algebraizable iff Qlff”; s injective,
monotone and commutes with inverse substitutions.

Proof. First assume that £ is I'-behaviorally algebraizable. So, it is equivalential,
and therefore Q’fh:; is monotone and commutes with inverse substitutions. To prove
that it is also injective let T, T, € The such that QP (Ty) = QP (Ty). Now
consider the following sequence of equivalent sentences:

peTy iff AO(p) CTh
it O() C (1)
iff O(p) C (T)
iff A[O(p)] C Ty
ift peT.

So, T1 = T5, showing that Qbh” is injective.

Assume now that Qbhg is 1nJectlve monotone and commutes with inverse substi-
tutions. So, by Theorem m 7| £ is I-behaviorally equivalential. Let A(&, &) be
an equivalence for L.

— o

Let K = {Tgo (X )/(Q%hv(T))o
3.2.16| and taking into account the definition of K, it is an easy exercise to prove
that, for every set ® of ¢-equations and ¢, € Lyx(X), we have

: T € Thr} be a class of ¥.%-algebras. Using Lemma

P hg,{,w prp iff  A[®]F Aty ty).

Let us now prove that £ 4+ A[O(&)] for some set ©(&) C Egs 4({{}) of ¢-equations.
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Let T; = {¢}" and take a substitution o such that o4(¢') = £ for every
¢ € X, and, for every s € S and s # ¢, we have that o,(x) = t, where ¢,
is a closed term of sort s. Take ©(f) = o (Te). So, () C Egs({¢}).
Since o(A(QM(Te))) = A(c™(Te)) = A(O(E)), it suffices to show that
£ 4= A[Q(Te)], or equivalently that Ty = (A[Qp"(T¢)])". For that, consider the
following sequence of equivalent sentences:

(p.0) € QEU(ARI(TINT) i Alp,) S (A[(TE)])"
iff  (AQFS(T]) - Ale, v)
iff  QP(Te) Py, ¢ < ¥
i () € (T,

So, QY (Te) = QY ((A[QY(Te)])"). By injectivity of Q2 we have that

Te = (A[Qrg(Te))"

3.3 Intrinsic and sufficient characterizations

At a first glance, the definition of behaviorally algebraizable logic may seem im-
pure, since it depends on the a priori existence of a behavioral equivalent algebraic
semantics. The characterization of behavioral algebraizability using the behavioral
Leibniz operator already shows that this is, in fact, an intrinsic property of a logic.
We now provide a second intrinsic characterization of behavioral algebraizability
and, as a corollary, we are able to obtain an useful sufficient condition.

We have seen that I'-behavioral equivalentiality is a necessary condition for a
many-sorted logic to be I'-behaviorally algebraizable. The following theorem shows
that we get a necessary and sufficient condition for I'-behavioral algebraizability,
just by adding some natural assumption.

Theorem 3.3.1. Let L = (X,F) be a many-sorted logic and I a subsignature of

Y.. Then we have that L is I'-behaviorally algebraizable iff it is I'-behaviorally equiv-
alential with T'-behavioral equivalence set A(&1,&2) and there exists a set ©(€) C
Eqgs 4({¢}) of p-equations such that & 4+ A[O(E)].
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Proof. Suppose first that £ is I'-behaviorally algebraizable. Then, using Proposition
[3.1.7] we have that £ is [-behaviorally equivalential. The existence of the set ©(¢) of
¢-equations such that £ 4+ A[©(€)] is immediate from the definition of behaviorally
algebraizable.

On the other direction, suppose that £ is I'-behaviorally equivalential and that
there exists a set ©(§) C Egx 4(§) of ¢-equations such that & 4+ A[O(£)]. For each
theory T' € Th, we define a binary relation Qa(7") over Lx(X) such that

(Qa(T)) = {{p1,02) : Algpr,2) ST}

By Proposition we have that Qa(T) = QP(T) for every T € Thy.

We now prove that Qa : Thy — Cong(Tx(X)) is monotone, injective and
commutes with inverse substitutions.

Let T1,Ty € Thy such that Ty C T,. Suppose that (¢1,¢2) € Qa(71). Then
A(p1,p2) C Ty. Since T7 C Ty we have that A(pq,p2) € Ty and so (p1, @) €
Qa(Ty). Thus QA is monotone.

Suppose that Qa(Tz) = Qa(T1) and let ¢ € Ty. Then, using the fact that
¢ 1= A[O(yp)], we have that A[O(¢)] C T and therefore (0(p),e(v)) € Qa(Th)
for every 6 =~ ¢ € ©. Thus (0(¢),e(p)) € Qa(Ty) for every § ~ € € O and so
A[B(p)] € Ty and ¢ € T, using the fact that ¢ - A[O(p)]. This shows that
Ty C T3, and by symmetry we have that 77 = Ts. Thus 24 is injective.

Let o be a substitution over . Then we have the following sequence of
equivalent sentences:

(01, 02) € (Qa(a7'T)) iff  Apr,p9) Co™'T
if  oA(p1, ) CT
iff Aopy,00)) CT
iff  (op1,002) € (Qa(T))
iff (g1, 00) € 07 H(QA(T)).

So Qa(c7T) = o7 'QA(T), that is, Qa commutes with inverse substitutions.
Since QA = Q%hz we can apply Theorem [3.2.18|to conclude that L is ['-behaviorally
algebraizable. Note that Theorem i3.2.18 has the assumption that £ is I'-standard.
This assumption is only used in the construction of the equivalence set A, to guar-
antee that A has no parametric variables of sorts different from ¢. In this case, since
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we are assuming the existence of a set A with no parametric variables, we do not
need to assume that £ is ['-standard.
O

As a corollary, we can give a useful sufficient condition for a logic to be behav-
iorally algebraizable. The result extends a well-known standard sufficient condition
of AAL |[BPS&9].

Corollary 3.3.2. Let L = (X,F) be a many-sorted logic and T a subsignature of

Y. A sufficient condition for L to be I'-behaviorally algebraizable is that it is I'-
behaviorally equivalential with T'-behavioral equivalence set A(&1,&;) satisfying also:

(G) &, A, &).

In this case A(&1,&) and O(E) = {€ = e(§,€) : e € A} are, respectively, the
equivalence formulas and defining equations for L.

Proof. Since A[O(E)] = A[§,A(,€)], and using (G) we have that £ A(E,€) F
A[B(&)]. Since A(,€) is a L-theorem we can conclude that £ F A[O(&)]. More-
over, A[O(&)] F £ is a consequence of (MP), using again the fact that A(£,€) is a
L-theorem. Since all conditions of Theorem hold, we can conclude that £ is

[-behaviorally algebraizable.
O

3.4 Remarks

We conclude with a brief summary of the achievements of this chapter. We have
introduced and studied a novel generalization of the standard tools of AAL obtained
by using many-sorted behavioral logic in the role traditionally played by unsorted
equational logic. Continuing the effort done in the previous chapter, we set up the
framework for our many-sorted behavioral approach. The extension of the signa-
ture allowed to define a behavioral consequence relation over formulas. We then
introduced the central notion of I'-behaviorally algebraizable logic, where I' is a
subsignature of the original signature of the logic. As we referred several times, the
approach is parametrized by the choice of the subsignature I' of the original signa-
ture. Some necessary conditions for a logic to be behaviorally algebraizable were
introduced, namely some involving the notion of behaviorally equivalential logic and
the notion of set of equivalence formulas. When introducing a novel notion one as
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to study its limits. Indeed, we proved that the novel notion of behaviorally alge-
braizable logic is not as broad as it becomes trivial by proving that it is in the class
of standard protoalgebraic logics. This class is considered the largest class of logics
amenable to the standard methods of AAL. We then introduced a behavioral notion
of the Leibniz operator. This was obtained by substitution the role of congruences by
['-congruences, where I' is a subsignature of the original signature. A I'-congruence
is an equivalence relation compatible with the operations in the subsignature I'.
We then engaged on a generalization of Leibniz hierarchy. We introduced behav-
ioral versions of the notion of protoalgebraic logic and of weakly algebraizable logic,
along with several of their characterization results. Characterization results for the
class of behaviorally algebraizable and behaviorally equivalential logics were also
obtained. We ended the chapter with some intrinsic and sufficient conditions for
a logic to be behaviorally algebraizable. These are very useful in practice to show
that a given logic is behavioral algebraizable.



Chapter 4

BAAL - Semantical considerations

We now continue the effort towards the generalization of the standard notions and
results of AAL to the behavioral setting, now in a semantical perspective. We start
by characterizing the class of algebras that our behavioral approach canonically
associates with a given behaviorally algebraizable logic. We prove that a unicity
result with respect to the algebraic counterpart of a behaviorally algebraizable logic
can be obtained. We prove also a result that allows to produce the axiomatization of
the algebraic counterpart of a behaviorally algebraizable logic £ from the deductive
system of L. Matrix semantics is the standard tool for semantical investigations
in AAL [Cze01]. The generalization of this tool to the behavioral setting is not
straightforward and can lead to two different approaches. We start by exploring the
most natural approach, the one centered on the standard notion of logical matrix.
We generalize some of the results of the theory of logical matrices, ultimately aiming
at bridging results, relating metalogical properties of a logic with algebraic properties
of its associated class of algebras. We introduce a class Algr of algebras generalizing
the standard class Alg of algebraic reducts of reduced matrices. Moreover, we prove
that, in the case of a behaviorally algebraizable logic £, the class Algr(L) coincides
with the largest behaviorally equivalent algebraic semantics. Given a logic £ which is
algebraizable in the standard sense and it also I'-behaviorally algebraizable for some
subsignature I' of the original signature, we study then the relationship between the
classes Algr(L) and Alg(L). We establish relations between the classes of equations
and quasi-equations satisfied by these two classes of algebras. We then develop
the second approach to the generalization of the standard notion of logical matrix.
This approach is strongly connected with the theory of valuation semantics [dCB94].
We introduce an algebraic version of valuation, the notion of I'-valuation, and we
prove a completeness theorem with respect to the class Modr(L) of all T-valuation

89



90 Chapter 4. BAAL - Semantical considerations

models. We prove also a result relating a metalogical property of a logic £ and an
algebraic property of Modr(L). We end by showing how to extract a class Mg of
[-valuations that is complete with respect to £, from the algebraic counterpart K
of a I’-behaviorally algebraizable logic L.

The chapter is organized as follows. In Section 1 we study the class of algebras
canonically associated with a given behaviorally algebraizable logic. Section 2 then
focuses on a first generalization of the standard notion of logical matrix, that closely
follows the standard theory. In Section 3 we study the relationship between the
standard class of algebras associated with a logic and the class of algebras that
our framework associates with the logic. Then, in section 4, we develop a second
generalization of the standard notion of logical matrix, strongly connected with
valuation semantics. We conclude, in Section 5, with some remarks.

4.1 Behaviorally equivalent algebraic semantics

An important goal when AAL is applied to the study of a particular logic, is to
discover the class of algebras that are canonically associated with that logic. The
strong connection between a logic and its associated class of algebras can be very
useful for metalogical investigation and also helps to give a more clear insight about
the logic. Two good examples are the strong connections between IPL (Intuitionistic
Propositional Logic) and CPL (Classical Propositional Logic) with, respectively, the
class of Heyting algebras and the class of Boolean algebras.

In this section we study the class of algebras canonically associated with a given
behaviorally algebraizable logic. Issues like uniqueness and axiomatization of the
algebraic counterpart are also discussed. At the end we show that under some mild
conditions it is possible to define operations in the new sort v. These can be seen
as the representation in v of the congruent operations of sort ¢, thus promoting
to some extent the behavioral reasoning to plain-old equational reasoning on the
visible sort.

Recall that in AAL a logic is algebraizable in the standard sense, or equivalen-
tial in the standard sense, in an essentially unique way. This property derives from
the fact that the equivalence set of an algebraizable logic £ represents within £
the relation of equality in the algebraic models of £. The distinct feature of the
equality relation is that it is a congruence relation, that is, an equivalence relation
preserved by all primitive operations. Therefore, it should be clear that we cannot
expect this kind of uniqueness within our behavioral framework. In fact, there is
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no guarantee that a logic cannot be behaviorally algebraizable with a different (an
possibly non-comparable) choice of equivalence sets, giving rise to different behav-
ioral algebraizations. Since uniqueness fails, we start this section by studying the
relationship between existing equivalence sets within the same logic.

In the sequel, consider fixed a many-sorted signature ¥ and a many-sorted logic
L = (X,F). Recall that an equivalence set for £ is a set A(&;,&) C Ly({&1,&}) of
formulas that satisfies the following conditions:

(R) = Alp, ¢);
(S) A, ) = A, @);
(T)  Alp, ), A(¥,0) F A, d);
(MP) Alp, ), ¢ =

Given an equivalence set A(£, &) and a theory T' € Th,, we can define a binary
relation Ca(7T) over Ly (X) as follows:

Clearly, since A satisfies conditions (R), (S) and (T), we have that Ca(T) is in-
deed an equivalence relation over Ly (X). Condition (MP) implies that, additionally,
Ca(T) is compatible with 7.

For every T' € Thy, let Equ(T) C Equry(x) be a set of equivalences over Ly (X)
defined by:

Eque(T) = {CaA(T) : A(&1,&2) is an equivalence set of L}.

Intuitively, Equ(T) can be seen as the set of equivalences over Ly (X) that can
be defined by a set of formulas with two variables over the deductive consequence
of L. Clearly, inclusion defines a partial order on Fqu,(T). We can see that

OAl (T) g CAQ (T) iff T? A2(§1a 52) - Al (517 62)
and that, in particular,
CAI (T) = CAQ(T) lff T,A1<€1,£2) _“_ T, A2(£1752)-

Proposition 4.1.1. Let £ = (X,F) be a many-sorted logic. For every T € Th, we
have that (Equz(T), C) constitutes a complete lattice.
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Proof. Let T € Thy. Let us verify that the infimum of a set {Ca,(T) : i € I} is
Ca+(T) where A*(&1,&2) = U,e; Ai(&1,&2). First we need to verify that Ca-(T) is a
lower bound of {Cx,(T) : ¢ € I} and then we have to verify that it is the greatest
one.

Let (p,1) € Ca-(T). Then we have that 7' F (J,.; Ai(p,7). In particular, for
each i € I, we have that T'+ A;(p, ). So, we have that (o, ) € Ca,(T). We can
conclude that Ca«(T") C Ca,(T) for every i € I, and so Ca+(T) is a lower bound of
{CAl(T) 11 € I}

To prove that Ca+(T) is indeed the greatest lower bound of {Ca,(T) : i € I}, let
Ca(T) € Eque(T) such that Ca(T) € Ca,(T) for every ¢ € I. Then we have that
Ai(&1,&) F A&, &) for every i € 1, and so | J,c; Ai(&1,&2) F A(&,&2). We can then
conclude that Ca(T") C Ca-(T).

[

We already gave some clues why we cannot aim at full uniqueness in the be-
havioral algebraization process. One of the main reasons is that the behavioral
algebraization process is parametrized by the choice of the subsignature I'. Never-
theless, it is interesting that, once I' is fixed, we can prove a uniqueness result with
the same flavor as the standard one proved in [BP89].

Theorem 4.1.2. Let L = (X,F) be a many-sorted logic and T a subsignature of

Y. Suppose that L is T'-behaviorally algebraizable logic and let K and K’ be two
[-behaviorally equivalent algebraic semantics for L such that A(&1,&2) and O(§) are
the equivalence formulas and defining equations for K, and similarly A’(&1, &) and

©'(&) for K'. Then we have that:

KI' _ _K'T .
t ':E,bhv = ':E,bhw

)
) A(&,&) == A/<€1;€2);
iii) () =5 pn, ©'(€)-

Proof. We first prove condition i), that is, we prove that A(&,&) "+ A'(&,&).
Note that A'(&1,&) @ ¢* — ¢ € Derrg. So, since A is a I-behavioral equivalence
set for £, we have that A(&y, &) B A(A(&, &), AN (&,&)). Using (MP) and the
fact that - A’(&1, &), we can conclude that A(&;,&) B A'(&,&). Moreover, using
a symmetric argument we obtain A(&;, &) 4 A'(&y, &).

11

To prove condition ) we use the fact that A(&,&) 4 A'(&,&) and that K
and K’ are two ['-behaviorally equivalent algebraic semantics for £. In fact, for any
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VU{p~ 1} C Egsn(X), we have the following equivalent conditions:
UEgy, e i {A(61,0) 01~ 6 € U A, 1))
ifft  {A(d1,02) 1 01 = € U F Al(p, 1)
WS 0 A .

To establish condition 7ii) we use again the fact that A(&;, &) "+ A'(&, &) and
that K and K’ are two I'-behaviorally equivalent algebraic semantics for £. In fact,
we have the following equivalent conditions:

O(8) Al=gim, ©(6) f A[B(E)] 4 A[O'(€)]
ifft — A[B(¢)] H- AO'(E)]
it &€&
Since this last condition is true in every logic, we can conclude that

O() =l=sim, ©'(€).
O

Theorem [4.1.2] allows us to conclude that, as in the standard result, given a
I'-behaviorally algebraizable logic £ we can consider the largest I'-behaviorally
equivalent algebraic semantics, denoted by KL. But contrarily to the case of
standard AAL, in our approach K} is not the class of algebras that should be
canonically associated with £. Indeed, as we will see, it is a subclass of K that
will allow us to generalize the stnadard results of AAL.

Consider now the particular case where a many-sorted logic £ = (X, ) is finitary
and finitely I'-behaviorally algebraizable for some subsignature I' of ¥. An imme-
diate consequence of Theorem is that, if K and K’ are two I'-behaviorally
equivalent algebraic semantics for £, then K and K’ must I'-behaviorally satisfy the
same quasi-equations. So, K and K’ generate the same I’-hidden quasivariety and
this I'-hidden quasivariety is also a I'-behaviorally equivalent algebraic semantics for
L. Therefore, we can talk about the equivalent I'-hidden quasivariety semantics of a
finitary and finitely I'-behaviorally algebraizable logic. It is interesting to note that,
similarly to what Blok and Pigozzi propose for finitary and finitely algebraizable
propositional logics [BP89|, we can construct a basis for the quasi-equations of the
unique equivalent I'-hidden quasivariety semantics given an axiomatization of L.
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Theorem 4.1.3. Let L = (X,F) be a finitary many-sorted logic given by a deductive
system composed of a set Ax of axioms and a set It of inference rules, and consider
I' a subsignature of X2. Assume that L is finitely I'-behaviorally algebraizable with
defining equations ©(&) and equivalence formulas A(&1,&2). Then, the unique equiv-
alent I'-hidden quasivariety semantics for L is aziomatized by the following equations
and quasi-equations:

i) ©(p), for every theorem ¢ of L;

ir) O[A(E,€)];
iii) O(th) A ... AO®) — O(p) for every (i, ... n, @) € Ir;
w) O[A(G, &) — &~ &.

Proof. Let H be the I'-hidden quasivariety defined by conditions ) - iv). We show
that H is the equivalent I'-hidden quasivariety semantics of L.
Equation 7i) and quasi-equation iv) together are equivalent to

&1~ & ==8m, OIAG, &)

To prove that
Thy iff O[] Fyy, Op)

let us rewrite this condition in a more useful way:
TEHe iff pev

where

U = {4 € Ly(X) : O[T] gy, O}

From condition ) we have that Az C ¥ and by condition #ii) we can conclude
that U is closed under the inference rules of L. So, ¥ is a theory of £. Since T'C ®
we can conclude that if T ¢ then ¢ € .

To show the converse, assume that ¢ € W. Let K be the ['-hidden equivalent
quasivariety semantics for £, which exists by hypothesis. Then K necessarily satis-
fies conditions )-iv) and so K C H. Therefore O[T |=§’br,w O(p) and, using the fact
that K is a behaviorally equivalent algebraic semantics for £, we can conclude that
Tk .

O
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It might seem unnatural that, although the language of a many-sorted logic
L = (3,F) is over the signature ¥, we associate to £ a class of algebras over the
extended signature »°. This is, nevertheless, a key point of our approach since it
is this precise technical detail that allows us to have behavioral reasoning over the
whole ¥ and, in particular, over the formulas.

Since the logic £ is over the signature ¥ we do not have full control on the new
sort v, in the sense that, given a >°-algebra A, the set A, might contain more
information than what is needed for defining the consequence lzg’br,w. Therefore,
in some sense, the largest I'-behaviorally equivalent algebraic semantics of a
[-behaviorally algebraizable logic £, K%, contains more algebras than the ones we
would like to canonically associate with £. We will see how we can extract from
K. the class of algebras we are interested in canonically associate with the logic L.

First of all, recall that in the construction of an extended signature ¥° from a
many-sorted signature Y, we just added a new sort v and an operation o : ¢ — v. No
operation on the new sort v was defined . We now see that, given a 3°-algebra A and
under some mild conditions, some connectives in the visible sort v arise naturally
from the connectives in the sort ¢.

Let A be a ¥%algebra such that oa is surjective and let f : ¢" — ¢ € Ders 4.
Assume that A satisfies the visible quasi-equation

o(&1) = o(§))& ... &o(&,) = 0(&,) = o(f(&1 - &) = o(f(&L, - €0))-

This quasi-equation expresses the fact that fo behaves well with respect to operation
o, and in this case we say that f is a congruent connective on A. We can define a
n-ary operation f*:v"™ — v over A such that, for every ay,...,a, € Ay,

faloa(ay),...,oa(an)) = oa(falay,. .., ay)).

It is easy to see that this operation is well-defined since we are assuming that oa is
surjective and that A satisfies the above visible quasi-equation.

Let ¥ be a many-sorted signature and I' a subsignature of . Given an ‘-
algebra A recall that =  denotes the I'-behavioral equivalence relation over A.
From A we can define a »°-algebra A* in the following way:
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o oa-(a) = [al=,.

Lemma 4.1.4. Given a ¥°-algebra A, an assignment h over A and ty,ty € Tx +(X),

we have that

Ahlpty ~ty iff A% RIFpt = t.

Proof. First of all, recall that every experiment € € Ex[x:s] is of the form o(c(x:s))
where c(z:s) € Cg’ [ :s]. Consider now the following sequence of equivalent condi-

tions:

A, h |“_1" tl ~ tQ iff

iff

ift

ift

ift

iff

iff

h(t;) =r h(tz) on A

for every c(z:s,x1:81,...,2n:8,) € C§ 4[x: 5]
and (a,...,a,) € A X ... x Ag,
OA(CA(h(tl)a agy ... 7an)) = OA(CA(h(t2)7 agy ... aan))

for every c(x:s,21:51,...,2p:5,) € Cg 42 5]
and (aj,...,a,) € Ay, X ... X Ag,
ca(h(t),ar,...,a,) =r ca(h(ta), a1, ..., an)

for every c(x:s,21:81,...,2p:8,) € Cg, 421 5]
and (a,...,an) € As; X ... X A,
[ca(h(ty), a1, ... an)]=p = [ca(h(ts), a1, ..., an)]|=r

for every c(z:s,z1:81,...,2n:5,) € C§ 4[x: 5]
and (a,...,a,) € Ag, X ... X Ay,
OA* (CA* (h(tl)a ai, .- - 7an)) = OA~ (CA* (h’(t2>7 aiy - - - 7an))
h(tl) =r h(tQ) on A*

A* Rt &t
0

Given a class K of X°-algebras we can apply the above construction to every
algebra in K, thus obtaining

K" ={A": AcK}).
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Proposition 4.1.5. Let £ = (X,F) be a many-sorted logic and I a subsignature of

3. Suppose that L is I'-behaviorally algebraizable and K is a I'-behaviorally equiva-
lent algebraic semantics for L. Then we have that

: KT K*I .
i) ':z,bhu = ':E,bhv ’
i1) K* is also a '-behaviorally equivalent algebraic semantics for L.

Proof. First of all, we note that condition 4i) is an immediate consequence of
condition 7). To prove condition i) consider the following sequence of equiva-
lent sentences, that is a consequence of the definition of K* and Lemma [4.1.4}

y KT ~ ifF for every A € K and h assignment over A we have that
sohe 11 R T2 1
’ A, hllFp t; = ty whenever A, hllFp vy &= ry for every ry = ry € ¥

for every A € K and h assignment over A we have that
A* hllFp @ = 1 whenever A*, h llFp v1 & v, for every v; = v, € ¥

iff WES, t At
O

Let £ = (X,F) be a many-sorted logic and T" a subsignature of ¥.. Suppose that
L is [-behaviorally algebraizable and let K% be its largest ['-behaviorally equivalent
algebraic semantics. We can apply the above x-construction to K} and obtain a
class (K})* of X°-algebras. By definition of K} and by Proposition we have
that (KL)* is a subclass of K.. The class (KL)* is the class of Y°-algebras we
canonically associate to L.

The following lemma presents an important property of the class (K7)*. Tt states
that, using operation o, the behavioral reasoning over formulas can be reduced to
pure equational reasoning.

Lemma 4.1.6. For every A € (K})*, h an assignment over A and o1, ps € Ly (X),

we have that
A hlFr o1 =@y iff A hIFo(pr) = o(ps).

Proof. First of all note that, since A € (K7)*, there exists B € K} such that
A =B~
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The fact that A h lIFr p1 =~ ¢y implies AJh IF o(p1) =~ o(ps) is a trivial
consequence of o(£) being an experiment.

Suppose now that A h IF o(¢1) =~ o(ps2). This means that oa(h(p1)) =
oa(h(p2)), and by definition of B* we have that h(y1) =r h(p2) in B. So,
we have that B, h llFp ¢1 =~ @9, and using Lemma [4.1.4] we can conclude that
A hllFp o1 = .

[

The following lemma asserts that, for every algebra belonging to (KL)*, the
connectives of I' are all congruent.

Lemma 4.1.7. Let L = (X,F) be a many-sorted logic and T' a subsignature of .

Suppose that L is I'-behaviorally algebraizable. Then, every operation f : ¢" — ¢ € T’
is congruent in every member of (K7)*.

Proof. Just for sake of notation take K = (K7)* in this proof. We have to show
that, for every f: ¢" — ¢ € I', the quasi-equation

o(&1) = o(§))& ... &o(&,) ~ o(&) — o(f(&, -+ &) = o(f(&F,- .., &)
is satisfied in every algebra of K. By Lemma this is equivalent to prove that
SRy, FE . 8)~ f(E,. ... &)

From Lemma we have, for every c(z:s,x1:81,...,%m:sm) € Cy 4[€] and
(1, om) € (Lu(X))™, that

p = ¢ ':g:;;w C(QO, $1; - 790771) ~ C(%%» e 7§0m)

So, in particular, we have that

&~ Fa, fEL&, .. &)~ [(E.6....6)),

and we have also that

&~ & Frp [, 6, &) = FIE.6 ... &),
Applying this idea for every 1 < i < n, we obtain

&~ & e, fE.6, . €08 6 &) R FE.6 . 8,8 e &),
We then apply Transitivity (T) and obtain

Qe &R, fE.... &)~ f(&,... &)
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Lemma implies that we can define, for every algebra A in (K7)* and for
every operation f : ¢" — ¢ in I, its visible counterpart fR : A? — A, on A. Thus,
for every Y°-algebra in (KL)*, we can consider, without loss of generality, that the
algebra A is endowed with the operations on the sort v that arise in this way from
congruent operations on the sort ¢.

4.2 Matrix semantics

Matrix semantics is one of the important standard tools used for semantical investi-
gation in AAL and a lot of fruitful and enlightening results already established. We
point to Wojcicki’s 1988 book [W6j88] and Czelakowski’s book [Cze(l] as sources
for the large body of research on this topic.

In this section we introduce and study a possible generalization of the notion of
matrix semantics. This generalization is the natural one, closely following the path
of research of the theory of logical matrices. We show that some important results
from standard theory of AAL regarding matrix semantics generalize smoothly to
our behavioral setting.

In the sequel we consider fixed a many-sorted signature ¥ and a subsignature I'
of X.
Definition 4.2.1. A (many-sorted logical) matriz over ¥ is a tuple M = (A, D)
where A is a ¥-algebra and D C Ay is the set of designated values.

An assignment over M is, as usual, a homomorphism A : Tx(X) — A. Given a
matrix M = (A, D) over X, we can define a consequence relation over ¥, denoted
by ka4, such that, for every T'U {¢} C Ly (X), we have that Tk, ¢ iff for every
assignment h over M we have that

h(p) € D whenever h(y) € D for every ¢ € T.

Definition 4.2.2. Let £ = (X, ) be a many-sorted logic and M = (A, D) a matrix

over ¥.. The matrix M is a model of L if = C -4, that is, for every TU{¢} C Lx(X),
we have that T, ¢ whenever T