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Abstract. We revisit quantum institutions as in [2] and solve some prob-
lems identified therein. Global, probabilistic and quantum exogenous enrich-
ments of logics are adapted to a new notion of global model. For simplicity
sake, all the constructions are presented in the realm of satisfaction systems,
which proves to be an appropriate framework for defining the new logics.
It also provides suitable constructions for studying the relationship between
these enrichments and compare them with the constructions of [2]. Never-
theless, all the constructions are shown to be easily extended to institutions.

1 Introduction

The exogenous approach to enriching logics has proved to be a powerful tool to
endow a logic with new reasoning primitives [13–16, 19, 20, 6]. A key feature of this
approach is that it allows to enrich a logic without changing its models. Hence, as
proposed in [13–15], a model of the enriched logic is defined as a set of models of the
original logic with eventually some additional structure. This was inspired by the
possible worlds semantics of modal logic [12] and has also been used, for instance,
in [19, 20, 6] for probabilistic logic.

In [13–15] a new logic was proposed for reasoning about quantum states. The
logic was designed around the key idea of adopting superpositions of classical models
as models of the quantum logic. This new approach to quantum logic semantics is
different from the mainstream approach [7, 5], as originally proposed by Birkhoff and
von Neuman [1], that focus on the lattice of closed subspaces of a Hilbert space.

In [2], the exogenous approach to enriching logics was brought into the realm of
institutions [8, 9]. In particular, theory of institutions helped to capture the precise
relationship between the different enrichments. Namely, that the global enrichment
was a conservative extension of the original logic and that probabilistic enrichment
was conservative extension of both the global enrichment and the original logic.
However, a similar result could not be established for the quantum enrichment. This
restriction was caused by a strong proviso requiring a one to one correspondence
between elements of the global model and the valuations they induced on the qubits.

Herein, we adopt a new notion of global model. Instead of considering global
models as sets of models from the original logic, we define global models as pairs
consisting of a set of points and a map assigning to each point a model of the orig-
inal logic. With this new notion we are able to avoid the proviso on the models
at the quantum level. And, we are able to prove that the quantum enrichment is,
under some (cardinality) restrictions, a conservative extension of the probabilistic
enrichment. Furthermore, we are also able to establish an unrestricted conservative-
ness result for the global enrichment. This new notion of global models does not
affect the entailment relation for the global and probabilistic enrichments, but, as
it would be expected, is stronger for the quantum enrichment. We have opted to
establish our results for logics presented by satisfaction systems and do the indexing
to signatures afterwards (see [21]), showing how to extend the enrichments to in-
stitutions, and illustrating for the quantum case. Once more, theory of institutions
proved to be useful tool for establishing the relationship between the several logics.



In Section 2, we introduce the basic concepts and set up the relevant logics,
presented by satisfaction systems, that will be used throughout the paper. In Section
3, we define the global enrichment of a logic and show that it is a conservative
extension of the original logic. In Section 4, we define the probabilistic enrichment
of a logic, and show that it is a conservative extension of both the global enrichment
and of the original logic. In Section 5, we define the quantum enrichment, show that
it is still a conservative extension a conservative extension of the global enrichment
and, under some assumptions, also of the probabilistic enrichment. All the above
enrichments are compared with those of [2]. In Section 6, we explain how to extend
the above constructions to institutions, which we illustrate for the quantum case.
We conclude with an outline for future work.

2 Preliminaries

We focus on logics presented by satisfaction systems. In this setting, we define the
usual notions of validity and entailment that we will use to study the relationship
between the several enrichments and to compare our constructions to those in [2].

Definition 1. A satisfaction system is a tuple S = 〈L,M, °〉 where L is a set (the
language), M is a class (of models) and °⊆M×L is a (satisfaction) relation.

We write m ° ϕ whenever 〈m,ϕ〉 ∈°, in which case we say the model m satisfies
the formula ϕ. Given a set of formulas Γ ⊆ L, we write m ° Γ whenever m ° γ for
every γ ∈ Γ . And, given a class M ⊆M, we write M ° ϕ if m ° ϕ, for all m ∈ M .

We say that Γ ⊆ L entails ϕ ∈ L, denoted by Γ ² ϕ, if, for every m ∈ M,
m ° ϕ whenever m ° Γ . We say that a formula ϕ is valid, denoted by ² ϕ, if ∅ ² ϕ.

For illustration, we present two satisfaction systems, one for classical proposi-
tional logic and another for propositional temporal logic.

Example 1. A satisfaction system Spl for propositional logic over a set Π (of propo-
sitional symbols) is as follows:

– Lpl is the usual propositional language over Π;
– Mpl is the set of all valuations over Π;
– °pl is the usual satisfaction relation for propositional logic.

A satisfaction system Sptl for propositional linear temporal logic over a set Π (of
propositional symbols) is as follows:

– Lptl is the least set such that Π ⊆ L; (¬ϕ), (ϕ1⇒ϕ2), (ϕ1Uϕ2) ∈ Lptl, whenever
ϕ,ϕ1, ϕ2 ∈ Lptl;

– Mptl is the set of maps m : N→ 2Π (the set of life cycles);
– °ptl is such that: m °ptl ϕ if m, k ° ϕ for every k ∈ N where:

• m, k °ptl π if π ∈ m(k);
• m, k °ptl (¬ψ) if m, k 6°ptl ψ;
• m, k °ptl (ψ1 ⇒ ψ2) if m, k 6°ptl ψ1 or m, k °ptl ψ2;
• m, k °ptl (ψ1 U ψ2) if there is k2 > k such that m, k2 °ptl ψ2 and for every

k < k1 < k2 we have m, k1 °ptl ψ1.

In the sequel, we will assume defined the usual abbreviations X (in the next state),
G (always in the future) and F (sometime in the future).

We now define arrows between satisfaction systems. These will enable us to
establish a precise relationship between the several proposed enrichments. We adapt
to satisfaction systems the notion of plain map between logics, as originally proposed
in [17]. But, in our case case, this map has been slightly modified by mapping models
to sets of models. In [10] there is a survey on the existing notions of arrow between
institutions, where plain maps are called comorphisms.



Definition 2. A satisfaction system map h : 〈L,M,°〉 → 〈L′,M′, °′〉 is a pair
〈h, h〉 where h : L → L′ and h : M′ → 2M are maps satisfying

m′ °′ h(ϕ) iff h(m′) ° ϕ. (?)

We refer to condition (?) as coherence condition. As in the general case, where
plain maps of logics preserve entailment, maps of satisfaction systems also preserve
entailment. With an additional requirement on the translation of models, we can
also ensure conservativeness, where by conservativeness we mean that 〈L′,M′, °′〉
is a conservative extension of 〈L,M, °〉 if there is a satisfaction system map h :
〈L,M, °〉 → 〈L′,M′, °′〉 such that Γ ² ϕ iff h(Γ ) ²′ h(ϕ).

Proposition 1. Let h : 〈L,M, °〉 → 〈L′,M′, °′〉 be a satisfaction system map. If
Γ ² ϕ then h(Γ ) ²′ h(ϕ).

If, additionally, for each m ∈ M there is m′ ∈ M′ such h(m′) = {m}, then
h(Γ ) ²′ h(ϕ) implies Γ ² ϕ.

Proof. Assume that m′ °′ h(Γ ). Then, by the coherence condition, h(m′) ° Γ . As
Γ ² ϕ, we get h(m′) ° ϕ and so, again using the coherence condition, m′ °′ h(ϕ).
Assume now that m ° Γ and let m′ ∈ M′ be such that h(m′) = {m}. Then
h(m′) ° Γ , and by the coherence condition, m′ °′ h(Γ ). Therefore, m′ °′ h(ϕ) and
so, by the coherence condition, h(m′) ° ϕ, that is, m ° ϕ. ut
Corollary 1. If the condition of Proposition 1 holds then 〈L′,M′,°′〉 is a conser-
vative extension of 〈L,M,°〉.

3 Global enrichment

We adopt a new, richer, notion of global model. Instead of considering models of the
enriched logic as sets of models of the original model, we take as enriched models
sets of points and assign to each of these points a model from the original logic.
This will not affect global and probabilistic enrichments of logics when compared
with [2] but will payoff for the quantum case. The resulting global enrichment is
proved to be a conservative extension of the original logic.

In the sequel, given a map f : A → B, we denote by f [A] the set {f(a) : a ∈ A}.
Definition 3. The global satisfaction system Sg = 〈Lg,Mg, °g〉 for the base sat-
isfaction system S = 〈L,M, °〉 is defined as follows:

– Lg is the least set such that:
• L ⊆ Lg;
• (¯ δ) ∈ Lg if δ ∈ Lg;
• (δ A δ′) ∈ Lg if δ, δ′ ∈ Lg;

– Mg is the class of all pairs 〈W, v〉 such that W is a non-empty set (of points)
and v : W →M is a map;

– for each M = 〈W, v〉, the relation °g is inductively defined as follows:
• M °g ϕ if v[W ] ° ϕ, for every ϕ ∈ L;
• M °g (¯ δ) if M 6°g δ;
• M °g (δ A δ′) if M 6°g δ or M °g δ′.

The global operators ¯ and A behave like propositional negation and implication,
respectively. But even when the base satisfaction system is propositional, the base
negation and the base implication do not collapse with their global counterparts.
We observe that if S is Spl then the following hold:

– {(¬ϕ)} ²g
pl (¯ϕ) whenever ϕ ∈ Lpl;



– {(ϕ1 ⇒ ϕ2)} ²g
pl (ϕ1 A ϕ2) whenever ϕ1, ϕ2 ∈ Lpl.

But, in general, the following do not hold:

– {(¯ ϕ)} ²g
pl (¬ϕ) whenever ϕ ∈ Lpl;

– {(ϕ1 A ϕ2)} ²g
pl (ϕ1 ⇒ ϕ2) whenever ϕ1, ϕ2 ∈ Lpl.

Proposition 2. The global satisfaction system Sg is a conservative extension of
the base satisfaction system S.

Proof. We define h : L → Lg as the inclusion and h(〈W, v〉) = v[W ]. It is easy to
see that h = 〈h, h〉 is a satisfaction system map. Furthermore, given m ∈M we can
define m′ = 〈{w}, v〉 with v(w) = m. Then h(m′) = {m}. ut

As we said before, the entailment at the global level is not affected by this new
notion of global model, when compared with that of [2]. We recall the global enrich-
ment of [2], adapting their constructions to satisfaction systems in a straightforward
way. Let Sg∗ = 〈Lg,Mg∗, °g∗〉 be the global satisfaction system such that:

– Mg∗ is the class of all non empty subsets of M;
– for each M ∈Mg∗, the relation °g∗ is inductively defined as follows:

• M °g∗ ϕ if M ° ϕ, for every ϕ ∈ L;
• M °g∗ (¯ δ) if M 6°g∗ δ;
• M °g∗ (δ A δ′) if M 6°g∗ δ or M °g∗ δ′.

Note that the language is the same in both Sg and Sg∗.

Proposition 3. Given a base satisfaction system S, we have ²g∗=²g.

Proof. On one hand, observe that given a global model M ∈Mg with M = 〈W, v〉
we can define M∗ ∈Mg∗ by v[W ] . Furthermore, M °g ϕ iff M∗ °g∗ ϕ.
On the other hand, given a global model M∗ ∈Mg∗ we define M ∈Mg by 〈M∗, id〉
where id is the identity on M∗. Again, M∗ °g∗ ϕ iff M °g ϕ. ut

4 Probabilistic enrichment

We define the probabilistic enrichment of a satisfaction system thus endowing the
original logic with probabilistic reasoning primitives. The main idea is to consider
as probabilistic models global models as defined above but assigning a certain prob-
ability to the points of that model. The language also needs to be enriched to
encompass probabilistic reasoning. In particular, we need to add terms that denote
probabilities. To this end, we assume fixed a set X of variables and we denote by R
the set of all computable real numbers. Like for the global case, we show that this
enrichment is a conservative extension of the global enrichment which implies that
it will also be a conservative extension of the original logic. Furthermore, we will
also show that the entailment for the probabilistic enrichment is the same as in [2].

Definition 4. The probabilistic satisfaction system Sp = 〈Lp,Mp, °p〉 for a base
satisfaction system S = 〈L,M,°〉 is defined as follows:

– Lp is the least set such that:
• L ⊆ Lp;
• t1 ≤ t2 ∈ Lp if t1, t2 ∈ T p;
• (¯ δ) ∈ Lp if δ ∈ Lp;
• (δ A δ′) ∈ Lp if δ, δ′ ∈ Lp;

where T p is the set (of probabilistic terms) inductively defined as follows:
• X, R ⊆ T p;



• (
∫

ϕ) ∈ T p if ϕ ∈ L;
• and is closed for the usual arithmetic operations;

– Mp is the class of triples 〈M,P, ρ〉 where:
• M = 〈W, v〉 ∈ Mg;
• P = 〈B, µ〉 is a probability space1 over W such that {w ∈ W : v(w) ° ϕ} ∈
B for every ϕ ∈ L;

• ρ : X → R is a variable assignment;
– for each S = 〈M, P, ρ〉, °p is inductively defined as follows:

• S °p ϕ if M °g ϕ for every ϕ ∈ L;
• S °p t1 ≤ t2 if [[t1]]S ≤ [[t2]]S ;
• S °p (¯ δ) if S 6°p δ;
• S °p (δ A δ′) if S 6°p δ or S °p δ′;

where the denotation of probabilistic terms [[·]]S : T p → R is defined as follows:
• [[x]]S = ρ(x), for x ∈ X;
• [[r]]S = r, for r ∈ R;
• [[(

∫
ϕ)]]S = µ({w ∈ W : v(w) ° ϕ}).

The term (
∫

ϕ) denotes the probability of ϕ, which is given by the probability map
µ applied to the set of points whose models satisfy ϕ. We are assuming that the set
of probabilistic terms includes also other terms resulting from the usual arithmetic
operations, that are interpreted as expected.

As an example, consider, for instance, that the base logic is propositional logic.
Then, in the probabilistic satisfaction system Sp

pl, the following assertions are true:

– {ϕ} ²p
pl ((

∫
ϕ) = 1);

– {(ϕ1 ⇒ ϕ2)} ²p
pl ((

∫
ϕ

1
) ≤ (

∫
ϕ

2
));

– ²p
pl ((

∫
(¬ϕ)) = (1− (

∫
ϕ))).

The first assertion states that if ϕ is true then it has probability one. The second
assertion states that implication leads to monotonicity. The last assertion states
that the probability of the negation is the complement of the probability of the
formula. Next, we probabilize the linear temporal logic introduced in Example 1
and use it to specify and verify a very simple case of a zero-knowledge protocol.

Example 2. Recall the satisfaction system Sptl of Example 1 and let Sp
ptl be its

probabilistic enrichment. The following assertions hold in Sp
ptl:

– ²p
ptl ((

∫
(G ϕ)) ≤ (

∫
(F ϕ)));

– ²p
ptl ((

∫
(ϕ U f)) = (

∫
(G ϕ)));

– ²p
ptl ((

∫
(t U ϕ)) = (

∫
(F ϕ))).

We now specify a zero-knowledge protocol using this logic. We adopt a rather intu-
itive example known as Ali Baba’s cave. Alice, the prover, wants to prove to Bob,
the verifier, that she knows the secret for opening the door of the cave but she does
not want to reveal it to Bob. Consider the situation as described in Figure 1. Alice
goes into chamber C and chooses to enter either through the left (L) or through
the right (R) without Bob knowing about which one. Afterward, Bob goes into the
chamber and asks Alice to exit through one of the doors. If Alice does not know
the secret then there is only a fifty percent chance of coming out according to Bob’s
request. Bob can repeat this process as many times as he wants until he is convinced
that she knows the secret but no matter how many times he repeats this process
he will never learn the secret himself. We assume that Alice is honest in the sense
that if she knows the secret then she will always comply with Bob’s request.
1 See [16] for details.
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Fig. 1. Ali Baba’s Cave.

We assume that the set of propositional symbols is

{el, er, ll, lr, al, ar, k, a}

with the following intended interpretation:

– el and er – Alice enters through L and Alice enters through R, respectively;
– al and ar – Bob asks Alice to exit through L and Bob asks Alice to exit through

R, respectively;
– ll and lr – Alice exits through L and Alice exits through R, respectively;
– k – Alice knows the secret;
– a – Bob accepts that Alice knows the secret.

Then, the protocol is specified by the following set Γ of axioms:

1. ((¬k)⇒ (el ⇒ (F ll))) and ((¬k)⇒ (er ⇒ (F lr)));
2. (k⇒ (al ⇒ (F ll))) and (k⇒ (ar ⇒ (F lr)));
3. (F(el ⊕ er));
4. ((el ∨ er)⇒ (F(al ⊕ ar)));
5. (el ⇒ (G¬(el ∧ er))) and (er ⇒ (G¬(el ∧ er)));
6. (ll ⇒ (G¬(ll ∧ lr))) and (lr ⇒ (G¬(ll ∧ lr)));
7. (al ⇒ (G¬(al ∧ ar))) and (ar ⇒ (G¬(al ∧ ar)));
8. (((al ∧ F ll) ∨ (ar ∧ F lr))⇔ a);
9. (

∫
(F el) = 1

2 ) and (
∫

(F er) = 1
2 );

10. ((F el) A ((
∫

(F al)) = 1
2 )) and ((F el) A ((

∫
(F ar)) = 1

2 ));
11. ((F er) A ((

∫
(F al)) = 1

2 )) and ((F e1) A ((
∫

(F ar)) = 1
2 )).

Axioms 1 states that if Alice does not know the secret she will have to come out
through the same side she entered. Axioms 2 express that Alice is honest. Axiom 3
is a technical one stating that Alice will eventually enter through exactly one side
(⊕ denotes exclusive or connective). Axiom 4 expresses that Bob will only make his
request after Alice entered through one of the sides. Axioms 5, 6 and 7 are again
technical ones expressing that each event occurs only once (in each round). Axiom
8 expresses the acceptance conditions. Axiom 9 states that Alice will enter through
either of the sides with equal probability. Axioms 10 and 11 state that after Alice
entered through one of the sides Bob will ask her to leave through either of the sides
with equal probability.

The desired properties of this class of protocols are soundness and completeness.
By soundness it is meant that Bob will reject the proof if Alice does not know the
secret. And by completeness it is meant that Bob will accept the proof if Alice
knows the secret. These properties are expressed by the following assertions:

soundness : ((¬k) A ((
∫

(F a)) < 1));
completeness : (k A ((

∫
(F a)) = 1)).



We now show that Γ ²p
ptl ((¬k) A ((

∫
(F a)) < 1)) and Γ ²p

ptl (k A ((
∫

(F a)) = 1)).
Let us start by looking at a model m from the base logic forgetting, for now, the
probability axioms. In order for m to satisfy the axioms the following must be true:

– Alice enters through one of the doors exactly once (axiom 3 and axioms 5);
– afterwards, Bob will ask Alice to exit through one of the doors (axiom 4 and

axiom 7);
– finally, Alice exits through one of the doors (axiom 1 and axiom 2).

There are eight possible combinations for ordering these events, some of which are
not possible. For instance, it is not possible for Alice to enter through the left door,
Bob asking her to leave through the left door and Alice leaving through the right
door, because if Alice knows the secret, then she must comply with Bob’s request,
and if she does not know the secret, she cannot go through the communication door,
hence she must also exit through the left door. By analyzing the other (possible)
cases, we observe that whenever Alice knows the secret Bob accepts it. If Alice does
not know the secret, Bob might accept it or not.

Let us now focus on the probabilistic axioms. A probabilistic model m will be
a triple 〈M, P, ρ〉 such that M = 〈W, v〉 is a global model. In order for m to satisfy
the above probabilistic axioms, the set of base models that have el and the set of
base models that have er must have probability 1

2 (axiom 9). For each of these sets,
the subset of base models that have al and the subset of base models that have ar

is again 1
2 . Hence, the probability of having el and al in the same base model is 1

4 .
Similarly for the other cases.

A probabilistic model satisfies (k A (
∫

(F a)) = 1) if all the models of the base
logic satisfy k then the probability of having a must be 1. This is clearly the case,
because, as we explained above, all the models that have k also have a.

Assume that there is a probabilistic model m that does not satisfy the formula
((¬k) A (

∫
(F a)) < 1). Then m satisfies (¬k) and m does not satisfy ((

∫
(F a)) < 1),

i.e., m satisfies ((
∫

(F a)) = 1). Then, it must be the case that in all the models of
the base logic in m we do not have k. By the above comments, not all of these base
models have a. Hence, we cannot have ((

∫
(F a)) = 1).

We now show that the probabilistic enrichment is a conservative extension of the
global one. It is straightforward to see that, by composition of the corresponding
maps, it will also be a conservative extension of the original logic.

Proposition 4. The probabilistic satisfaction system Sp is a conservative exten-
sion of the global satisfaction system Sg.

Proof. We define h : Lg → Lp as the inclusion and h(〈M, P, ρ〉) = {M}. It is
easy to see that 〈h, h〉 : Sg → Sp is a satisfaction system map. Furthermore, given
M = 〈W, v〉 ∈ Mg we can define S = 〈M, P, ρ〉 where P = 〈2W , µ〉 and µ is any
probability measure over 2W . Then h(S) = {M}. ut

Like for the global case, the entailment at the probabilistic level is not affected
by this new notion of global model, when compared with that of [2]. We recall
the probabilistic enrichment of [2], adapted once more to satisfaction systems. Let
Sp∗ = 〈Lp,Mp∗, °p∗〉 be the probabilistic satisfaction system such that:

– Mp∗ is the class of all triples 〈M,P, ρ〉 where M ∈ Mg∗, P is a probability
space over M such that {m ∈ M : m ° ϕ} ∈ B and ρ is an assignment;

– for each M ∈ Mp∗, the denotation of probabilistic terms and the relation °p∗

are inductively defined as expected. In particular:
• [[(

∫
ϕ)]]S = µ({m ∈ M : m ° ϕ}).

Proposition 5. Given a base satisfaction system S, we have ²p∗=²p.



Proof. On one hand, observe that given a probabilistic model S = 〈M,P, ρ〉 ∈ Mp

with M = 〈W, v〉 we can define S∗ = 〈M∗, P ∗, ρ〉 ∈ Mp∗ where M∗ is v[W ],
P ∗ = 〈B∗, µ∗〉 where B∗ is such that for each U ∈ B, v[U ] ∈ B∗ and µ∗(v[U ]) = µ(U).
Then, S °p ϕ iff S∗ °p∗ ϕ.
On the other hand, given a probabilistic model S∗ = 〈M∗, P ∗, ρ〉 ∈ Mp∗, we define
a probabilistic model S = 〈M, P, ρ〉 ∈ Mp where M = 〈M∗, id〉 with id as the
identity on M∗ and P = P ∗. Then S∗ °p∗ ϕ iff S °p ϕ. ut

5 Quantum enrichment

Finally, we present the exogenous quantum enrichment of a satisfaction system. We
keep in mind the original idea of considering quantum models as superpositions of
models of the original logic. But instead of considering superpositions of valuations
on qubits, we adopt as quantum models superpositions of points (from the global
models). This different approach to quantum models will enable us to define a
quantum enrichment that is a conservative extension of the global logic.

We start by introducing some concepts of quantum systems, without going into
too much detail (see [18] for a more detailed description).

The state of an isolated quantum system can be described by a unit vector in an
Hilbert space (associated with that system). A qubit is associated to a Hilbert space
of dimension two and the state of the qubit is a vector α0|0〉 + α1|1〉 where α0, α1

are complex numbers such that |α0|2 + |α1|2 = 1. The Hilbert space associated with
a quantum system composed of finitely many independent subsystems is the tensor
product of the component Hilbert systems.2

In the sequel, we will assume given a satisfaction system S = 〈L,M, °〉 and
its global enrichment Sg = 〈Lg,Mg,°g〉. We will also assume a fixed set of qubits
qB ⊆ L of the language of base satisfaction system and a finite partition R =
{Q1, . . . , Qn} of qB, where each Qi corresponds to an independent subsystem. We
will further use

⋃R to denote the set {⋃Qi∈R Qi : R ⊆ R}.
Given a global model M = 〈W, v〉 ∈ Mg and w ∈ W , VM,w is the valuation on

the qubits such that for each q ∈ qB,

VM,w(q) =
{

1 if v(w) ° q
0 otherwise

and we denote by V F
M,w the restriction of VM,w to a set of qubits F . Furthermore,

we extend this notion to W as follows: V F
M = {V F

M,w : w ∈ W} and we omit F when
F = qB.

Given A ⊆ F ⊆ qB, we denote by vF
A the valuation on the qubits of F defined

by:

vF
A(q) =

{
1 if q ∈ A
0 if q ∈ F \A

Given valuations Vi : Qji → 2, for i = 1, . . . , k and Qji ∈ R, we denote by
V1 . . . Vk the valuation over ∪k

i=1Qji such that V1 . . . Vk(q) = Vi(q) for q ∈ Qji . Note
that all the Qjis are disjunct because they are elements of the partition R.

In our case, for a global model 〈W, v〉 we consider as quantum model the super-
position of it points, W. Thus, given a set W we consider the free Hilbert space over
W , H(W ) (see [15]). A quantum state of a subsystem is a unit vector in H(W ). A
quantum state of the system is a family {|ψi〉}n

i=1 where each |ψi〉 is a quantum state
of the subsystem Qi. In the presence of a global model, we will only be interested
2 Recall that a Hilbert space is a complex vector space with inner product which is

complete for the induced norm. Each element is usually denoted, using the ket Dirac
notation, by |w〉. The tensor product of Hilbert spaces is denoted by ⊗.



in quantum states that are compatible with that global model, that is, the quantum
state must be a superposition of points whose models are in global model (note
that the state of the whole system is obtained by somehow gluing the states of the
subsystems). This is captured by the notion of structured state. A quantum state
{|ψi〉}n

i=1 is said to be structured over M = 〈W, v〉 and R if:

– for each w1, . . . , wn ∈ W , 〈w1 . . . wn| ⊗n
i=1 |ψi〉 =

∏n
i=1 〈wi|ψi〉 = 0 if

V Q1
M,w1

. . . V Qn

M,wn
6∈ VM ;

Finally, we refer to the measurements of physical quantities. In our case, only
logical projective measurements are relevant. In general, the result of making a log-
ical projective measurement of the system at a structured quantum state |ψ〉 is
fully described by the probability space 〈2W n

, µ|ψ〉〉 over Wn where µ|ψ〉(B) =∑
w1...wn∈B |〈w1 . . . wn|ψ〉|2.
In order to define the quantum enrichment, we need to add real terms, complex

terms and vector terms. To this end, we assume fixed set X of real variables, a set Y
of complex variables and a set Z of vector variables, in addition to the computable
real numbers R.

Definition 5. The quantum satisfaction system Sq = 〈Lq,Mq,°q〉 for a base
satisfaction system S = 〈L,M, °〉 is defined as follows:

– Lq is the least set such that:
• L ⊆ Lq;
• (t1 ≤ t2) ∈ Lq if t1, t2 ∈ T q

R;
• (u1 = u2) ∈ Lq if t1, t2 ∈ T q

C ;
• (a1 = a2) ∈ Lq if a1, a2 ∈ T q

V ;
• [F ] ∈ Lq if F ⊆ qB;
• (¯ δ) ∈ Lq if δ ∈ Lq;
• (δ A δ′) ∈ Lq if δ, δ′ ∈ Lq;

where T q
R, T q

C and T q
V (of quantum real, complex and vector terms) are defined

by mutual induction as follows:
• X,R ⊆ T q

R;
• (

∫
ϕ) ∈ T q

R if ϕ ∈ L;
• and is closed for the usual arithmetic operations, and real operations over

the complex and vectors;
and
• Y ⊆ T q

C ;
• and is closed for the usual arithmetic operations, and complex operations

over the reals and vectors;
and
• Z ⊆ T q

V ;
• |>〉FA ∈ T q

V if A ⊆ F ⊆ qB;
• and is closed for the usual operations on vectors, and vector operations over

the reals and the complex;
– Mq is the class of all tuples 〈M,R, |ψ〉, ν, ρ〉 where:

• M = 〈W, v〉 ∈ Mg;
• R = {Q1, . . . , Qn} is a finite partition of qB;
• |ψ〉 = {|ψi〉}n

i=1 is a structured state over M and R;
• ν = {νFA}A⊆F⊆qB is a family of vectors over H(W ) such that whenever

F ∈ ⋃R
νFA =

∑

{w:V F
M,w=vF

A}

∏

Qi⊆F

〈w|ψi〉|w〉;

• ρ : (X → R) + (Y → C) + (Z → H(W )) is an assignment on variables;
– for each U = 〈M,R, |ψ〉, νFA, ρ〉, °q is inductively defined as follows:



• U °q ϕ if M °g ϕ for every ϕ ∈ L;
• U °q (t1 ≤ t2) if [[t1]]UR ≤ [[t2]]UR;
• U °q (u1 = u2) if [[u1]]UC = [[u2]]UC ;
• U °q (a1 = a2) if [[a1]]UR ≤ [[a2]]UV ;
• U °q [F ] if F ∈ ⋃R;
• U °q (¯ δ) if U 6°q δ;
• U °q (δ A δ′) if U 6°q δ or U °q δ′;

where the denotations of quantum real terms [[·]]UR : T q
R → R, quantum complex

terms [[·]]UC : T q
R → C and quantum vector terms [[·]]UV : T q

V → H(W ) are defined
by mutual induction as follows:
• [[x]]UR = ρ(x) for every x ∈ X;
• [[r]]UR = r;
• [[

∫
ϕ]]UR = µ|ψ〉({w1 . . . wn ∈ Wn : v(w1)Q1 . . . v(wn)Qn ° ϕ});

and
• [[y]]UC = ρ(y) for every y ∈ Y ;

and
• [[z]]UV = ρ(z) for every z ∈ Z;
• [[|>〉FA]]UV = νFA;

The arithmetical operations (and others) are interpreted as usual. The formula
[F ] holds if the qubits in F form an independent subsystem. The term |>〉FA de-
notes, when it is meaningful, the amplitude of the valuation vF

A in the quantum
state |ψ〉. In our case, however, each valuation may be present in more than one
point (of W ) hence these terms denote vectors where each component of the vector
corresponds to a point w such that V F

M,w = vF
A .

We now illustrate the above construction. Consider, for instance, that the base
logic is propositional logic. Then, in the corresponding quantum satisfaction system
Sq

pl, the following assertions are true:

– ²q
pl [F1] A ([F2] A [F1 ∪ F2]);

– [F ] ²q
pl

∑
A⊆F |||>〉FA||2 = 1.

The first assertion states that the union of two independent subsystems is still an
independent subsystem. The second states that if [F ] is an independent subsystem
then the sum of the probabilities of all valuations must be 1.

Example 3. Consider the satisfaction system Sq
pl as defined above. With this, we

can define a logic for reasoning about quantum systems with Hoare like assertions
{ϕ}T{ψ} with the usual intended meaning: if the systems is in a state satisfying ϕ
then after doing the unitary transformation T the system evolves to a state satisfying
ψ. Note that this logic is used for illustration purposes and is not our goal to study
it herein (see [3, 4] where a Hoare-style calculus is presented for reasoning about
probabilistic and quantum imperative programs). We now use this logic to specify
a simplified quantum version of the the cryptographic algorithm one-time pad.

In the classical one-time pad, Alice wishes to send a bit-string m to Bob in
a secure way. To this end, both Alice and Bob share an encryption key k of the
same length of m. Alice encrypts m by bitwise xor m and k and sends the resulting
message to Bob. When Bob receives the message, he decrypts it by bitwise xor the
encoded message with k, recovering the original message m.

In the quantum version of the one-time pad (just for one qubit), Alice wants to
send a qubit q to Bob. This time, Alice and Bob share two classical bits (if Alice
wanted to send a message with n qubits they would have two share a key of 2n
classical bits, two for each qubit). Alice applies one of the four Pauli matrices to q
to encrypt the message3. The choice of the Pauli matrix is given by the value of the
3 See [18] for details on Pauli matrices.



two classical bits. She then sends the encrypted message to Bob who decrypts it by
applying the same Pauli matrix to the encrypted message. When the amplitudes of
the qubit are real, then only one classical bit is needed. For simplicity reasons, we
assume this case. In this case, Alice and Bob share a classical bit k. Alice encrypts
the message q as follows: if k is true then she applies the Pauli matrices X and
Z to q (if q is in the quantum state α|0〉 + β|1〉 afterward it will be in the state
β|0〉−α|1〉); if k is false then Alice does nothing to q. When Bob receives the message
he proceeds in a similar way: if k is true then he applies the Pauli matrices Z and
X; if k is false he does nothing. In any case, he recovers the original message.

We assume that the set of propositional symbols (in Spl) is {k, q} and that the
set of qubits qB is {q} where k is the key and q is the message.

In this case, there are only four possible valuations: v1(k) = v1(q) = 0, v2(k) =
0, v2(q) = 1, v3(k) = 1, v3(q) = 0 and v4(k) = v4(q) = 1. Hence, we can assume
without loss of generality that our global models are of the form 〈{w1, w2, w3, w4}, v〉
with v(wi) = vi. Hence, the quantum states of the system are of the form:

α1|w1〉+ α2|w2〉+ α3|w3〉+ α4|w4〉.
In particular, the amplitude term for the valuation that assigns 0 to q, |>〉q∅, will
always be of the form α1|w1〉 + α3|w3〉 and the amplitude term for the valuation
that assigns 1 to q, |>〉qq, will always be of the form α2|w2〉+ α4|w4〉. When Alice
encodes a message, she will flip these amplitudes, as expressed by axiom 2 below.

The protocol is specified by the following set Γ of axioms:

1. [q]
2. {|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉} encode

{(k A (|>〉q∅ = α2|w1〉+ α4|w3〉 u |>〉qq = −α1|w2〉 − α3|w4〉))u
((¬k) A (|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉))};

3. {|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉} decode

{(k A (|>〉q∅ = −α2|w1〉 − α4|w3〉 u |>〉qq = α1|w2〉+ α3|w4〉))u
((¬k) A (|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉))}.

Axiom 1 express the fact that the qubit is not entangled with any other. Axiom 2
states the effects of Alice encoding q, and was already explained above. Axiom 3 is
states the effects of Bob decrypting the message. The following soundness condition,
stating that Bob recovers the message sent by Alice, is entailed by the axioms in Γ :

{|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉}
encode; decode

{|>〉q∅ = α1|w1〉+ α3|w3〉 u |>〉qq = α2|w2〉+ α4|w4〉}.
We now state the relationship between the probabilistic satisfaction system and

the quantum satisfaction system of a given base satisfaction system. This result
requires that the global models be countable. For this, we consider a restricted
quantum satisfaction system Sq

r = 〈Lq,Mq
r,°q〉 where Mq

r is the class of quantum
models for which the global models are countable.

Proposition 6. The quantum satisfaction system Sq
r is a conservative extension

of the probabilistic satisfaction system Sp.

Proof. Let h : Lp → Lq be the inclusion and h(〈M,R, |ψ〉, ν, ρ〉) = {〈M ′, P, ρ|R〉}
where M ′ = 〈W ′, vQ1 . . . vQn〉, W ′ = {w1 . . . wn : 〈w1 . . . wn| ⊗n

i=1 |ψ〉 6= 0} , P =
〈2W n

, µ|ψ〉〉. Once again, it is easy to see that 〈h, h〉 is a satisfaction system map.
Furthermore, given S = 〈M, P, ρ〉 ∈ Mp we can define U = 〈M, {qB}, |ψ〉, ν, ρ′〉
where |ψ〉 =

∑
w∈W

√
µ(w)|w〉 and ρ′ is an assignment that extends ρ to the other

variables. Then, h(U) = {S} because µ(w) = µ|ψ〉(w).



We can establish a conservativeness result between the quantum satisfaction
system and its base satisfaction system without any restriction on the cardinality
of the global models.

Proposition 7. The quantum satisfaction system Sq is a conservative extension
of the global satisfaction system Sg.

Proof. We define h : Lg → Lq as the inclusion and h(〈M,R, |ψ〉, ν, ρ〉) = {M}. It is
easy to see that 〈h, h〉 is a satisfaction system map. Furthermore, given M ∈Mg we
can define U = 〈M, {qB}, |ψ〉, ν, ρ〉 where |ψ〉 is arbitrary, and then h(U) = {M}.

Again, we compare the entailment of our quantum enrichment with the one in
[2]. Let Sq∗ = 〈Lq∗,Mq∗,°q∗〉 be the quantum satisfaction system such that:

– Mq∗ is the class of all tuples 〈M,R, |ψ〉, ν, ρ〉 where:
• M ∈ Mg∗ such that for every m1,m2 ∈ M , if m1 6= m2 then V (m1) 6=

V (m2); 4

• R is a finite partition of qB;
• |ψ〉 is a structured state over V [M ] and R; 5

• νFA = 〈vF
A |⊗Qi⊆F |ψi〉 if F ∈ ⋃R and vF

A ∈ V (M)F and νFA = 0 otherwise;
• ρ is a variable assignment.

In this case, we show that the two entailments do not coincide. The reason for this
is the required injectivity condition between the models of the base satisfaction
system and the corresponding valuations on the qubits.

Proposition 8. Given a base satisfaction system S, ²q⊂²q∗.

Proof. Given a quantum model U∗ = 〈M∗,R, |ψ〉∗, ν∗, ρ〉 ∈ M∗ we can define
U = 〈M,R, |ψ〉, ν, ρ〉 ∈ M where M = 〈V [M∗], id〉 with id as the identity on V [M∗],
for each Qi ∈ R, |ψi〉 =

∑
v∈V [M∗] 〈vQi |ψ∗i 〉|v〉, and νFA is defined accordingly. Then

U∗ °q∗ ϕ iff U °q ϕ.

We now show that the converse does not hold. Recall the satisfaction system
Spl for propositional logic defined in Example 1, and assume that we have two
propositional symbols p, q such that p 6∈ qB and q ∈ qB. Furthermore, consider the
formula (pt (¬p)). This formula holds in a global model iff either p holds in all base
models of that global model or p does not hold in any base model of that global
model. Apparently, there is no reason for this formula to be entailed by q. But,
as we will show next, q ²q∗ (p t (¬p)) and q 6²q (p t (¬p)), thus proving that the
two entailments are not the same. We start by observing that there are only four
relevant valuations: v1(q) = v1(p) = 0, v2(q) = 0, v2(p) = 1, v3(q) = 1, v3(p) = 0 and
v4(q) = v4(p) = 1. In the case of Sq∗, due to the injectivity condition on the global
models, these cannot have simultaneously v1 and v2, nor v3 and v4 (no! te that, for
the valuations induced on the qubits, we have V (v1) = V (v2) and V (v3) = V (v4)).
Then, there are only eight possible global models: {v1}, {v2}, {v3}, {v4}, {v1, v3},
{v1, v4}, {v2, v3} and {v2, v4}. The first four clearly satisfy (pt (¬p)). The last four
do not satisfy q. Hence, q ²q∗ (p t (¬p)). In our case, there are no restrictions on
the global models. We can, in particular, have the global model 〈{w1, w2}, v〉 with
v(w1) = v3 and v(w2) = v4, which clearly satisfies q and does not satisfy (pt (¬p)).
Hence, q 6²q (p t (¬p)).

4 By V (m) we mean the valuation on qubits induced by a model of the base satisfaction
system m, which is defined in exactly the same manner as VM,w.

5 The notion of structured state is similar to ours.



6 Institutions

So far, we have only worked with satisfaction systems. In this section we explain
how to extend the previous constructions to institutions [8, 9].

We start by observing that satisfaction systems and maps of satisfaction system
constitute a category Sat, and that this category is a subcategory of the category
Trel of twisted relations [10]. Also in [10], it is proved that an institution can be
seen as functor from a category Sig of signatures to Trel. Herein, we focus on the
subcategory Sat. In the sequel, given an institution I : Sig → Sat we denote by
LΣ , MΣ and °Σ the language, the class of models and the satisfaction relation of
I(Σ), respectively.

Example 4. The institution for propositional logic Ipl : Set → Sat is defined as
follows:

– Ipl(Σ) is the satisfaction system Spl defined over the set of propositional symbols
Σ (as defined in Example 1);

– Given σ : Σ → Σ′, Ipl(σ) : Ipl(Σ) → Ipl(Σ′) is the map of satisfaction systems
〈σ, σ〉 : Spl → S ′pl such that σ : LΣ → LΣ′ is the extension of σ to the proposi-
tional formulas and σ : MΣ′ →MΣ associates each model in MΣ′ its σ-reduct
in MΣ . It is straightforward to prove the coherence condition.

The global enrichment and probabilistic enrichments of satisfaction systems can
be extended to institutions in a straightforward way. We now show how to extend the
quantum enrichment from satisfaction systems to institutions. Let I : Sig → Sat
be an institution and let qB : Sig → Set be a functor such that, for each signature
Σ, qB(Σ) ⊆ LΣ and, for every signature morphism σ : Σ → Σ′, qB(σ) = σ|qB(Σ)

and σ(qB(Σ)) = qB(Σ′).

Definition 6. The quantum institution Iq : Sig → Sat for the base institution
I : Sig → Sat is defined as follows:

– Iq(Σ) is the quantum satisfaction system for the base satisfaction system I(Σ);
– Iq(σ : Σ → Σ′) is the pair 〈σq, σq〉 defined as follows:

• σq : Lq
Σ → Lq

Σ′ is the extension of σ : LΣ → LΣ′ to the formulas of Lq
Σ ;

• σq : Mq
Σ′ →Mq

Σ is such that

σq(〈M ′,R′, |ψ′〉, ν′ ρ′〉) = 〈σg(M ′), σ−1(R′), |ψ′〉, ν, ρ′〉

where νFA = ν′σ(F )σ(A).
6

Note that it is necessary to show that Iq is indeed an institution.

Lemma 1. Given σ : Σ → Σ′, M ′ ∈ Mg
Σ′ , and a finite partition R′ of qB(Σ′),

then, for each F ′ ∈ ⋃R′,
V

σ−1(F ′)
σg(M ′),w = V F ′

M ′,w ◦ σ.

Proof. This is a direct consequence of the coherence condition for 〈σ, σ〉. ut

¿From this lemma, it follows that V F
σg(M ′),w = vF

A iff V
σ(F )
M ′,w = v

σ(F )
σ(A) .

Proposition 9. Iq : Sig → Sat is an institution.

6 We are assuming that the global institution Ig was already defined. In particular, we
assume that, for a signature morphism σ : Σ → Σ′, the image by σg of a global model
〈W ′, v′〉 is the global model 〈W ′, σ ◦ v′〉.



Proof. We start by showing that σq is well-defined. Given a model U ′ = 〈M ′,R′,
|ψ′〉, ν′, ρ′〉 observe that:

1. σg(M ′) ∈Mg
Σ ;

2. σ−1(R′) is a partition of qB(Σ), as a consequence of the conditions on qB;
3. |ψ′〉 is a structured state over σg(M ′) and σ−1(R′) because, by Lemma 1, vF

A ∈
V F

σg(M ′) iff v
σ(F )
σ(A) ∈ V

σ(F )
M ′ .

4. ν is suitable because, by Lemma 1, V F
σg(M ′),w = vF

A iff V
σ(F )
M ′,w = v

σ(F )
σ(A) .

Then, σq(U ′) is a model of Mq
Σ . All that remains to show is that the coherence

condition for 〈σq, σq〉 holds, which can be established by induction on formulas and
terms. The only interesting cases are the terms |>〉FA which was already established
when we proved that ν was well-defined, and (

∫
ϕ). We show that [[σq(

∫
ϕ)]]U

′
R =

[[
∫

ϕ]]σ
q(U ′)

R :

[[σq(
∫

ϕ)]]U
′

R = µ|ψ′〉({w1 . . . wn ∈ Wn : v′(w1)Q1 . . . v′(wn)Qn °Σ′ σ(ϕ)}) =

µ|ψ′〉({w1 . . . wn ∈ Wn : σ(v′(w1)Q1) . . . σ(v′(wn)Qn) °Σ ϕ}) = [[
∫

ϕ]]σ
q(U ′)

R .

With these conditions, it is straightforward to show that Iq is indeed a functor. ut

7 Conclusions

In [2], the institutions setting was used to assess how general where the global,
probabilistic and quantum enrichments of logics. However, adopting global models
as sets of models from the original logic raised some problems. Namely, the quantum
enrichment could not be defined as a conservative extension of the other logics.

Herein, we proposed a new notion of global model, by considering a set of points
and assigning to each point a model of the original logic. As it would be expected,
this new approach did not change the global and probabilistic enrichments. Namely,
both the entailments for global enrichment and for probabilistic enrichment were
proved to coincide with those of [2]. However, we were also able to define a quantum
enrichment that conservatively extended the original logic and its global enrichment.
And, under some cardinality assumptions, also the probabilistic enrichment.

We have opted for working with logics presented by satisfaction systems. This
allowed us to keep the constructions simpler but, at the same time, it also allowed
us to relate all the constructions via maps of satisfaction systems. Nevertheless, we
have also shown how to extend the constructions to institutions.

This new notion of global model has already triggered the study of how to ap-
ply exogenous enrichments to other logics. It will be worthwhile to study how to
extend the completeness results of [16, 15] logics, other than propositional logic. In
this direction, a quantum exogenous enrichment of first order logic is already being
investigated. Also under way is the analysis of quantum temporal logic that will
be relevant for specification and verification of quantum systems, namely for quan-
tum model checking. Finally, the logics obtained by these enrichments should be
compared with already existing similar logics. For instance, it will be an interesting
exercise to compare te probabilistic linear temporal logic with, for instance, [11].

8 Acknowledgments

This was partially supported by FCT and EU FEDER POCTI, namely via project
QuantLog POCI/MAT/55796/2004 Project of CLC.

The authors would like to thanks Amı́lcar Sernadas for his helpful suggestions.
They would also like to thank Paulo Mateus and Carlos Caleiro for their availability
for discussion throughout the development of this work.



References

1. G. Birkoff and J. von Neuman. The logic of quantum mechanics. Annals of Mathe-
matics, 37(4):823–843, 1936.

2. C. Caleiro, P. Mateus, A. Sernadas, and C. Sernadas. Quantum institutions. In
K. Futatsugi, J.-P. Jouannaud, and J. Meseguer, editors, Algebra, Meaning, and Com-
putation – Essays Dedicated to Joseph Goguen, volume 4060 of LNCS, pages 50–64.
Springer-Verlag, 2006.

3. R. Chadha, P. Mateus, and A. Sernadas. Reasoning about quantum imperative pro-
grams. Electronic Notes in Theoretical Computer Science, 158:19–40, 2006.

4. R. Chadha, P. Mateus, and A. Sernadas. Reasoning about states of probabilistic
sequential programs. In Computer Science Logic 2006 (CSL06), Lecture Notes in
Computer Science. Springer-Verlag, in print.

5. M. L. D. Chiara, R. Giutini, and R. Greechie. Reasoning in Quantum Theory. Kluwer
Academic Publishers, 2004.

6. R. Fagin, J. Y. Halpern, and N. Meggido. A logic for reasoning about probabilities.
Information and Computation, 87(1-2):78–128, 1987.

7. D. J. Foulis. A half-century of quantum logic. In Quantum Structures and the nature
of Reality, volume 7 of Einstein Meets Magritte, pages 1–36. Kluwer Acad. Publ., 1999.

8. J. Goguen and R. Burstall. A study in the foundations of programming methodology:
specification, institutions, charters and parchments. In Category Theory and Computer
Programming, volume 240 of LNCS, pages 313–333. Springer, 1986.

9. J. Goguen and R. Burstall. Institutions: abstract model theory for specification and
programming. Journal of the ACM, 39(1):95–146, 1992.

10. J. Goguen and G. Rosu. Institution morphisms. Formal Aspects of Computing, 13(3-
5):274–307, 2002. Special issue in honor of the retirement of Rod Burstall.

11. H. Hasson and B. Jonsson. A logic for reasoning about time and probability. Formal
Aspects of Computing, 6:512–535, 1994.

12. S. Kripke. Semantical analysis of modal logic. I. Normal modal propositional calculi.
Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, 9:67–96, 1963.

13. P. Mateus and A. Sernadas. Exogenous quantum logic. In W. A. C. et al, editor,
Proceedings of CombLog’04, Workshop on Combination of Logics: Theory and Ap-
plications, pages 141–149. Departamento de Matemática, Instituto Superior Técnico,
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