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Resumo: A deducéo e a semantica etiquetada para légicas de base primeira ordem séo
desenvolvidas tendo em conta a fibrilacdo. Um teorema de correccao para sistemas 1égicos
etiquetados é provado e sao definidos os critérios para um sistema etiquetado ser apre-
sentacao de uma légica. De seguida identificam-se os conjuntos candnicos e os conjuntos
apropriados de formulas etiquetadas, e prova-se que estruturas candnicas se baseadas em
conjuntos candnicos sao bem definidas e se baseadas em conjuntos apropriados satisfazem
as regras do sistema. Mostra-se também que um sistema etiquetado rico é completo assim
como sistemas cheios e apropriados. Define-se de seguida a classe dos sistemas ligados e
estudam-se duas suas subclasses: os sistemas com negacao classica, local ou nao local, e os
sistemas com localidade. Mostra-se que os sistemas com negacao classica sao apropriados
bem como os sistemas com localidade que satisfazem uma restri¢ao adicional. Os resulta-
dos sao analisados, e ilustrados com exemplos variados. De seguida, define-se a fibrilagao e
estuda-se a preservagao da correcgao, consequéncia, consequéncia semantica e completude.
A terminar estuda-se a fibrilacdo de sistemas logicos etiquetados para, a logica modal de
primeira ordem e um fragmento positivo da légica basica da relevancia, e prova-se a sua
correccao e completude com base nos resultados de preservacao.
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Fibring Labelled First-order Based Logics

Abstract: Labelled deduction and semantics for first-order based logics are developed,
taking into account fibring. A soundness theorem is established and the criteria for a
labelled logic system to be a labelled presentation of a logic are defined. After that,
canonical sets and appropriate sets are defined and it is proved that canonical structures
are well-defined whenever based on canonical sets, and satisfy all the rules of the underly-
ing deduction system whenever based on appropriate sets. General completeness theorems
for rich labelled logic systems, and full and appropriate labelled logic systems, are estab-
lished. Connected logic systems are introduced and two subclasses identified: systems
with a classical negation, local or non-local, and systems with locality. It is shown that
systems with a classical negation are appropriate as well as systems with locality satis-
fying an additional restriction. These results are discussed and illustrated with sound
and complete labelled logic systems for first-order modal logic, relevance logic and some
positive fragments of them. Then, fibring is defined, and preservation of soundness, en-
tailment, consequence, and completeness, are studied. Finally, labelled logic systems for
first-order modal logic and a fragment of basic relevance logic are fibred, and relying on
the preservation results, their soundness and completeness are shown.

Keywords: Fibring; Labelled Deduction Systems; Completeness; First-Order based Log-
ics; Relevant Logics; Modal Logics.
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Chapter 1

Introduction

Combination of logics is a very important research topic both from a theoretical point of
view and from a practical point of view, [13, 14, 30, 47, 24]. From a theoretical point of view
because (i) there are logics that can be seen as a combination of other simpler logics, (ii)
it allows to build new logics from some known ones, [75, 37, 31, 26, 24, 6, 74, 54, 71, 35].
The point (i) is important since, if the technique of combination used has transference
results associated, we can establish properties about the logic seen as the combination
of the others just by relying on properties of the component logics. The point (ii) is
important since we can invent new logics, either with interesting properties or with good
proof theoretic attributes or simply driven by the curiosity about the combination. From
a practical point of view combination of logics has very important applications on software
engineering, artificial intelligence and computational linguistics, [36, 16, 15, 57, 40, 23].

In this dissertation we study the fibring technique of combining logics when applied to
labelled first-order based logics.

1.1 Context

The core of the work presented in this thesis was developed in the scope of the project
FibLog, a project of the Center for Logic and Computation, led by Professor Amilcar
Sernadas, on fibring and other constructions for combining logics, with applications to the
development of mixed logics, such as logics of hybrid systems and logics of authentication.

The techniques used throughout the thesis rely and are greatly influenced by the work
of the Center for Logic and Computation, formerly Logic and Computation Group.

1.2 Roots

The pillars of this thesis are fibring, first-order based logics and labelled deduction.

Fibring Fibring is a special kind of combination of logics, introduced by Gabbay [44,
42, 45, 29|, and further investigated by the FibLog project team led by Sernadas [61,
80, 75, 72, 74, 73, 25, 27]. Among the results obtained in our group we can refer the
categorial characterization of fibring of propositional based logics endowed with Hilbert
style deduction systems [72], the non-truth functional semantics of fibring of propositional
based logics endowed with Hilbert style deduction systems [25], the study of preservation
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2 CHAPTER 1. INTRODUCTION

of completeness and soundness by fibring of logics endowed with Hilbert style deduction
systems, both first-order based [74] and propositional based [80], and in the fibring of
propositional based logics endowed with labelled deduction [61].

But what is fibring? Before describing fibring, we note that by the fibring of labelled
first-order based, 1fob, logics we mean the collection of all Ifob logic systems resulting from
the fibring of the suitable pairs of Ifob logic systems for each logic. So the important notion
is the notion of fibring of lfob logic systems. In the following, without loss of generality,
we consider the fibring of lfob logics simply as the fibring of a suitable pair of their lfob
logic systems, whenever from that single case, it is straightforward to infer the fibring of
all the other suitable pairs of lIfob logic systems for that logics. Back to the description of
fibring, we can say, in a very informal way, that the fibring of any logic systems £; and
Lo is a logic system £ having as its language the complete mixture of the languages of £;
and Lo. For the deduction part of £, it is necessary that £; and Lo are endowed with the
same type of deduction components. If this is the case then the deduction part of L is
obtained by the use of the sets of inference rules of £1 and Ls. Note that it is important
that both deduction systems be schematic, in order for any formula be possibly (if allowed
by the provisos) considered in the rules of the other logic system. With respect to the
semantics of L, it is essential that £1 and L5 have the same type of semantic structures.
If this is the case then each model of £ is such that its £ part, i.e., the model without the
denotations of the connectives from Lo, constitute a model in £1, and similarly for Ls.

Note that, as is evident from the previous paragraph, fibring has been studied only in
the context of what we call, the deductively homogeneous scenario, since we are considering
only logic systems endowed with deduction systems of a similar kind. In fact, it has not
yet been carried out the study of the fibring of logic systems presented by heterogeneous
deduction systems, for example, the fibring of a logic system presented by tableaux with a
logic system endowed by a Hilbert style deduction system. Semantically, for fibring to be
defined in a class of logic systems, it is necessary that, for any logic system in that class,
it is possible to abstract all the properties of a model to a type of interpretation structure
common to all logic systems in that class. Note that, for each logic system, the entailment
relation based on the class of interpretation structures must be equal to the entailment
relation based on the usual models. Fibring is then defined over these structures. Hence,
also semantically, we define fibring only in a homogeneous scenario. In fact, the study of
the fibring of logics endowed with heterogeneous semantics has not yet been carried out.

Other techniques of combination of logics based on fibring have been and are being
developed. We refer here to our work in modulated fibring [75]. In simple terms it differs
from fibring on the fact that the relation between the truth values of the components and
of the fibring is not the identity but an adjunction. This general technique of combination
avoids in a large number of situations the collapse of the combination in one of the sys-
tems that are being combined. For instance, in particular, it allows to combine classical
logic and intuitionistic logic without a collapse. Note that the fibring of classical logic and
intuitionistic logic collapses in classical logic, as was observed by Gabbay in [44]. This
problem was open in the literature during some time, until Luis Farinas del Cerro and
Andreas Herzig proposed a non-collapsing combination of that logic systems [31].

First-order based logics The class of first-order based logics is a wide class of logics
encompassing first-order logic, first-order modal logic, first-order temporal logic, first-
order relevance logic, inter alia, [39, 1, 48, 56, 12, 41, 49, 52, 78]. Moreover, in some of
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the logics, there are a variety of options concerning its semantics. These options may
involve the quantifiers (for instance if their domain of quantification is constant, varying,
increasing or decreasing), identity (whether it is present or is not present), terms and
predicates (flexible or rigid), among others. For example, for first-order modal logic,
multiple systems and variants were proposed due to this variety of options, see [48, 51, 39]
for an extensive discussion.

Results on labelled first-order based logics appear in [79, 10, 70, 5]. In [79], Vigano
defines proof systems based on labelled natural deduction for a large class of first-order
modal logics namely with varying, increasing, decreasing or constant domains. Sound-
ness, completeness and normalization are proved for that logics, and it is established an
encoding of that systems in Isabelle. In [70] the author presents labelled natural deduction
systems for several predicate modal logics and proves their soundness and completeness.

Labelled deduction The idea behind labelled deduction is to provide more information
to the deduction level in the form of labels, in order to obtain deduction systems with
better characteristics, [43, 79, 8, 62, 9, 76, 10, 55, 11]. For instance, the usual non-labelled
approaches for presenting modal and relevance logics by natural deduction systems do not
completely satisfy the criteria for a good encoding in a Logical Framework, see [79, 22,
32, 38], but the labelled natural deduction systems for these logics are well suited for that
encoding [79].

In a logic system endowed with labelled deduction, the basic unit of reasoning is
the pair label:formula. Moreover, the consequence relation is defined over labelled schema
formulae. Note that the label can carry a lot of different information ranging from semantic
information like worlds or truth-values, to proof-theoretic information, or to more practical
information such as agents in a community, nodes of a net, resources, among others.

Labelled deduction, besides being used to characterize the type of deduction component
of a logic system, may also be used to denote a methodology. That methodology provides
a general, uniform, modular and natural way, of obtaining labelled deduction systems
and semantics for a family of logics satisfying some specific conditions, [43, 28, 79, 20].
The labelled deduction systems obtained in this way are usually Gentzen style deduction
systems such as natural deduction systems, sequent systems and tableaux systems, [8, 9,
10, 11, 28, 43, 61, 79]. For instance in [9] and [69], different modal logics were obtained
simply by adjoining to the labelled natural deduction system for the base modal logic
K, the properties of the relation that characterizes the specific modal logic in question.
Observe that the labelled methodology has the advantage of being applied to a wide class
of logics and, the advantage that in general the deduction systems obtained from it are
intuitive and natural to understand.

The idea of incorporating semantic information in a logic system traces back to the
pioneer work of Prior [60] in late 1960’s, where the difficulties of incorporating semantic
entities in tense logic are discussed. These entities are a new sort of atomic symbol, like
propositional variables, that may appear inside formulae. Semantically they have the value
true precisely at one point in a frame.

Labelled deduction was also analyzed by Gabbay as a methodology both for the the-
oretical study of logics and for the development of logical systems suitable for the needs
of specific applications [43]. This proposal was the starting point for a wide research pro-
gramme encompassing the development of labelled systems for modal logic [61, 76, 9, 69],
temporal logic [46], sub-structural logics [28, 21], quantified modal logics [79, 70, 5, 10], as
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well as, the general development of labelled deduction system for non-classical logics [11].
Recently the approach was generalized by the investigation of deduction systems labelled
by truth values for propositional based logics [62, 76, 55, 7].

Closely related to labelled deduction systems are hybrid logic systems [4, 3, 18, 17, 19],
which follow the work of Prior [60], and so are characterized by the presence of a special
type of atomic formulae, the nominals, which must be true at exactly one world in any
model, that are treated as proposition variables.

1.3 Aims

The main aims of this thesis are

e the definition of labelled deduction and labelled semantics for first-order based logics,
taking into account fibring, extending our previous work on labelled deduction for
propositional based logics [61], and getting inspiration from a similar work for the
semantics of non-labelled first-order based logics [74],

e the study of the fibring of labelled first-order based logics,

e the study of preservation results for soundness, completeness, entailment and conse-
quence, for the fibring of labelled first-order based logic systems.

1.4 Overview

This thesis is organized in seven chapters.

In Chapter 1 we introduce the dissertation and briefly describe how it is organized.
Moreover we made a general overview of its roots and of its aims. We conclude the chap-
ter by presenting a claim of contributions of this dissertation.

In Chapter 2 we develop the labelled deduction and labelled semantics for first-order
based logics. Labelled semantics gets inspiration from a similar work for non-labelled logic
systems, [74]. Labelled deduction substantially re-formulates our previous work on labelled
deduction for propositional based logics [61], and extends it to the first-order based case.

We start the chapter by defining what can be the signature and the language of a
lfob logic system. Note that the signature allows the specification of label functions, and
that there are some connectives common to the language of any labelled first-order based
logic system. After that we begin the definition of the semantic framework. We introduce
interpretation structures with the purpose of representing the information of the models of
labelled first-order based logic systems in a form common to all logic systems in that class,
and more adequate for fibring. We then define what is a labelled interpretation system
for a Ifob logic system and, concluding the section, we define satisfaction and entailment.

The deduction part begins with the definition of provisos, substitutions and rules.
Since we consider schematic rules, due to fibring, we need substitutions in order to replace
the schema variables by admissible formulae or terms. Moreover, rules can be constrained,
i.e., there are rules that can only be applied to formulae or terms satisfying some condition,
or in certain cases dependent of the conditions of the deduction. So, we need provisos.
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Provisos represent conditions on substitutions, and so, are maps on substitutions that
indicate if a substitution should be accepted or not. We identify and define two types of
provisos: the formula provisos and the deduction provisos. After that we define what is
a deduction system. Note that there are rules common to any lfob deduction system. In
the sequel we define deduction and the associated consequence operator. We prove that it
is extensive, monotonic and idempotent. Additionally we show also that the consequence
operator is closed for substitutions. Ending the deduction section we define what is a
derived rule and we prove that if there is a proof that uses derived rules then we can
also construct a proof for the same deduction without derived rules. After that, 1fob logic
systems are defined and a soundness theorem established. Finally, ending the chapter, we
establish the criteria for a lfob logic system to be a labelled presentation for a certain logic.

In Chapter 3 we study sufficient conditions for completeness. We prove that rich 1fob
logic systems are complete, and as a corollary that full and appropriate 1fob logic systems
are complete. A lfob logic system is full when it has all the structures that satisfy its
rules, and is appropriate whenever every consistent set can be extended to an appropri-
ate set consistent with respect to the same formula. The importance of the extension
to an appropriate set is due to the fact that, independently of the lfob logic system, the
canonical structure over an appropriate set satisfy the rules of that system. Note that in
a more specific system the appropriateness condition may be equivalent to more specific
and known conditions, for example over maximal consistent sets. Moreover observe that
the canonical structure is always well defined over an appropriate set since we prove that
this is the case for canonical sets, and since appropriate sets are canonical by definition.
After obtaining these results we present three counter-examples showing that not all 1fob
logic systems are appropriate.

In Chapter 4 we investigate under which conditions a lfob logic system is appropriate,
motivated by the completeness results of Chapter 3. We restrict our study to a general
class of Ifob logic systems, that we call connected 1fob logic systems. We identify and study
a subclass of connected Ifob logic systems having a classical negation, local or non-local,
and prove that they are appropriate. We then study other conditions not implying the
presence of any kind of negation, that could be useful to obtain appropriateness results.
As a result we identify the class of connected lfob logic systems with locality. We prove
that connected 1lfob logic systems with locality and without disjunction and implication
are appropriate. Note that those appropriate systems may have connectives like universal
and existential, constrained or not, quantifiers and modalities, conjunction and any kind
of negation, although that negation play no role in the construction. The restriction to
logics without disjunction and implication came from the fact that we were not able to
prove the appropriateness conditions for the rules —; and Ag. Nevertheless, observe that
it does not imply that there is not a construction of an appropriate set satisfying those
rules, in the context of a connected lfob deduction system with locality. Only that we
were not able to do it. One path that may allow, using our construction, to build an
appropriate set, not relying on any kind of negation, satisfying the appropriate conditions
for implication and disjunction, is the consideration of more general forms of the rules, or
even of the connectives, see Remark 4.4.8. This is a very interesting topic that we intend
to pursue in the future and that may move us closer to hybrid logic. For now we concen-
trate in the study of the fibring of first-order based logics endowed with labelled deduction.
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In Chapter 5 we illustrate the results obtained in the previous chapters by presenting
Ifob logic systems for first-order modal logic with decreasing domains, for the A fragment
of first-order modal logic T, for the relevance logic R and for the A-=- fragment of basic
relevance logic B. For each of these examples we show that the 1fob logic system proposed
is sound, complete and is indeed a labelled presentation for that logic.

In Chapter 6 we define the fibring of a suitable pair of lfob logic systems. After fibring
has been introduced we study preservation results. We show that soundness is preserved
by fibring of suitable Ifob logic systems, and we show also the preservation of completeness
under some conditions. Moreover we show that entailment and consequence are preserved
by fibring. Finally, ending the chapter, we illustrate the results obtained by studying the
fibring of Ifob logic systems for first-order modal logic with decreasing domains and the
A-= fragment of basic relevance logic B. We show first that they constitute a suitable
pair and then, relying on the preservation results, we show that the fibring is sound and
complete, capitalizing on the fact that the components are sound and complete.

In Chapter 7 we make some final remarks and outline the guidelines for related future
work.

1.5 Claim of contributions
The contributions obtained in the scope of this thesis that we would like to stress are:

e the development of labelled deduction for first-order based logics, taking into account
fibring, extending our previous work on labelled deduction for propositional based
logics [61] after substantial re-formulation,

e the definition of a labelled semantics for first-order based logics, taking into account
fibring, by getting inspiration from a similar work for the semantics of non-labelled
first-order based logics [74],

e the establishment of general completeness theorems involving rich Ifob logic systems
and full and appropriate lfob logic systems, and identification of the properties of
canonical sets and appropriate sets,

e the identification and study of the class of connected lfob logic systems and of two
subclasses of it: the class of connected lfob logic systems with a classical negation,
local or non-local, and the class of connected lfob logic systems with locality, and
the establishment of appropriateness results,

e the development of sound and complete labelled presentations for first-order modal
logic with decreasing domains, A fragment of first-order modal logic T, relevance
logic R, and A-= fragment of basic relevance logic B,

e the definition of fibring of lfob logic systems and the study of preservation issues for
soundness, completeness, entailment and consequence, with the achievement of nice
completeness preservation results.



Chapter 2

Language, Semantics and
Deduction

In this chapter, we propose a semantics and a deduction framework for presenting labelled
first-order based logics.

The labelled semantics framework we propose gets inspiration from a similar work
for non-labelled first-order based logic systems [74]. Besides the differences between our
approach and the approach in [74], motivated by the semantic treatment of labels, we
would like to stress the following distinct points. In [74], the interpretation of a modal
connective in a point, for a tuple of truth values, depends only on the information in those
truth values associated to the assignment at that point. In our approach, the interpretation
of a modal connective in a point, for a tuple of truth values, depends on all the information
of the truth values. Another distinct point is that we abstract from a usual model for the
logic, a class of semantic structures, and in [74] it is only a structure. This is because there
are cases where several structures should be associated with a usual model. For instance,
we may want to associate to a model for modal logic, the class of all the structures differing
only on the set of individuals, but having the same modal structure.

The labelled deduction we develop for first-order based logics substantially re-formulate
our previous work on labelled deduction for propositional based ones [61], and extends it
to the first-order based case. Differently from [61], where judgements were considered
the basic unit of reasoning, we center our labelled approach in labelled schema formulae.
Moreover, we use provisos. We identified two types of provisos, formulae provisos and
deduction provisos. Formulae provisos express the restrictions over formulae, present in
the application of a rule. Deduction provisos are used to define the constraint related to
the deduction that may appear in a rule, like for instance that some variables are fresh. In
general all the treatment of deduction was re-formulated leading to a clear and intuitive
notion of deduction.

There is some work reported in the literature on labelled deduction and semantics for
first-order based logic. In [10, 79] the authors gave labelled proof systems for a large class
of first-order modal logics. In [70] the author presents labelled natural deduction systems
for several first-order modal logics. In this dissertation we develop a labelled deduction
theory suitable for fibring that makes explicit many notions underlying those works, that
generalizes some aspects of those works, and that are different from them also in many
aspects. For instance, differing from the mentioned works, we (a) consider schematic rules,

7
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(b) represent constraints in the rules by provisos, and (c) consider also general semantic
structures, besides the usual models. A generalization of those works that we would like to
stress is the possibility of our lfob logic systems to have n-ary quantifiers and modalities,
that may additionally be constrained. Finally as an example of an issue that we make
explicit we mention the definition of derived rule, and the proof that what we deduce with
derived rules can be deduced in that system without them.

The chapter is organized as follows: we start by defining what can be the signature
and the language of a lfob logic system and then we develop the labelled semantics and
deduction framework to represent lfob logic systems. Then we prove a soundness theorem
and finally, we define when a lfob logic system is a labelled presentation for a certain logic.
Along the chapter we use first-order modal logic with decreasing domains to illustrate our
concepts and results.

2.1 Language

We assume given once and for all five disjoint denumerable sets: X (the set of (quan-
tification) variables), Z; (the set of term schema variables), Z4 (the set of finite set of
assumptions schema variables), Z; (the set of label schema variables) and Z¢ (the set of
formula schema variables). We also assume as fixed the equality symbol =, the same world
symbol =, the same assignment symbol =, and the global equality symbol =,. Through-
out this thesis we will denote the elements of X by wariables except when there may be
ambiguity, and we denote by schema variable a element of Zy UZ;UZ; UZ; when it is not
relevant to distinguish the kind of schema variable.

In the following we will use, either by itself or sub-scripted or super-scripted, the Greek
letter v to refer to label schema variables, the Greek letter £ to refer to formula schema
variables, the Greek letter 8 to refer to term schema variables, and the Greek letter ¢ to
refer to a finite set of assumptions schema variables.

Definition 2.1.1 A [fob signature ¥ is a tuple (F', S, F, P,C,Q, O) where:

o [l = {Fli}keﬂ\f is a family of sets (of label function symbols),

S = {8k}, v+ is a family of sets (of relation symbols),

F = {Fp.},cqv is a family of sets (of function symbols),

P = {Pg},cqv is a family of sets (of predicate symbols),

C = {Ci} e is a family of sets (of connectives),

Q = {Qk}, v+ is a family of sets (of quantifiers connectives),

O = {0k}, v+ s a family of sets (of modalities connectives).

In the following we denote by 1Sig the class of all lfob signatures. Given a lfob sig-
nature Y, we can establish the family of sets of generators used in the definition of the
lfob language over . We provide additionally a set F of label schema variables repre-
senting an enrichment of the lfob signature with new label schema variables. Note that,
in the following, when defining the sets of generators, we assume that all unions are of
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disjoints sets. Let S denote the set {¢,7,, 0}, where ¢, 7, ¢ and p are the (meta) sorts
of labels, terms, formulae, and labelled formulae, respectively. So, we define the family
G = {Ggs}ses ses of sets of generators as follows:

e G, =FUZUE,

o Gy, = F, for k>0,

o G, =FyUXUZE,,

o G, = Fy, for k>0,

o Gry={=tUR,

e G ry = Py, for k not in {0, 2},
o Gy =PyUCHUEy,

® Guiy=CrU{q: | qisin Qp and z is in X} U Oy, for k > 0,
o Gusg = (1)

¢ Gurirg = {=4}

o Gy, ={=u,=a}UDS5,

e Gr, = Sy, for k not in {0, 2},
e all other sets are empty.

Consider the S-sorted free algebra induced by G. We denote by Ti.p (2, Z;) the carrier
of sort ¢ and will refer to its elements as label schema terms, by T'(3, X, =;) the carrier of
sort 7 and refer to its elements as schema terms, by L (2, X, 2, Z¢) the carrier of sort
¢ and refer to its elements as schema formulae, and by Lg(3, X,Z;,Z;,Zf) the carrier
of sort ¢ and refer to its elements as labelled schema formulae. Furthermore, we denote
by T'(3, X), Lt (2, X), and Lg(3, X, =), respectively, the sets of schema terms, schema
formulae and labelled schema formulae written without formula and term schema variables
and refer to its elements by terms, formulae and labelled formulae, respectively. Note that
labelled formulae may have label schema variables. We denote a labelled formula without
label schema variables by labelled non-schema formula. Moreover, we denote by Tiap(X)
the set of label schema terms that do not have label schema variables and refer to its
elements by label terms.

In the sequel, we denote by relation or by relation symbol, besides the elements of Sy
for k > 1, also =, or =,. In the following, either by itself or sub-scripted or sup-scripted,
we will use the letter v to refer to label (schema) terms, the letter ¢ to refer to (schema)
terms, the letters ¢, v or ¢ to refer to (schema) formulae, the letters I' or @ to refer to
sets of (schema) formulae, the letters ¢ or n to refer to labelled (schema) formulae and
the letter U to refer to sets of labelled (schema) formulae.

In order to simplify the presentation, and when there is no ambiguity, we may denote
by Tiab, E the set Tiab, £(2, =), by T the set T(X, X, ), by Liop, the set Lih (X, X, Z, Ef),
and by Lg the set Lg(X, X, =, 5, Zf). We omit the subscript £ when it is the (.



10 CHAPTER 2. LANGUAGE, SEMANTICS AND DEDUCTION

In the following we refer to (schema) terms without quantification variables by ground
(schema) terms, to (schema) formulae with all quantification variables bounded by closed
(schema) formulae, to labelled (schema) formulae built using the constructors in S U {=,
,=at by relational (schema) formulae, to a labelled (schema) formula which is not a
relational (schema) formula by labelled non-relational (schema) formula, and to the pairs
composed by a label (schema) term and a (schema) term by labelled (schema) terms.

Example 2.1.2 Signature for first-order modal logic with decreasing domains. Consider
the signature Ypomap defined as follows:

o [l =0 for k>0,

So={Ro}U{=;|z € X}, and Sy =0 for k >3 and k =1,

(F, P) is a first-order alphabet, and ¢ is in Py,

Co={Ll}, Cy ={-}, Co ={A}, and Cy, =0 for k > 3,

Q1 ={V}, O ={0O}, and Q = O =0 for k > 2.

In the context of the Ifob signature for first-order modal logic with decreasing domains, the
labelled schema formula v:t # ¢’ is defined as the abbreviation of v:=(t = t'), vip1 — @2
as the abbreviation of v:=(p1 A —3), v:3,¢ as the abbreviation of v:=V, -, and v:Q¢ as
the abbreviation of v:=—-yp. We decided to consider in the signature the connectives A
and — because it is our intention to fibre first-order modal logic with decreasing domains
with the A-= fragment of basic relevance logic B, introduced in Example 5.4.1, sharing
the connective A.

2.2 Semantics

We start the section by introducing semantic structures for lfob logic systems, based
on [74], where is given a semantics for first-order based logic endowed with Hilbert systems.
These structures have the purpose of interpreting and give a meaning to the syntactic
entities of any Ifob logic system, in a form adequate for fibring. Note that the fact that 1fob
logic systems have a homogeneous semantics is very important for fibring. Nevertheless,
we have always to guarantee that the typical semantics for the logic and the semantics
we provide are equivalent, i.e., they define an equivalent entailment. After that we define
what is a labelled interpretation system for a lfob logic system and, conclude the section
by defining satisfaction and entailment.

Definition 2.2.1 A ifob structure over a lfob signature ¥ is a tuple (U, A, W, o, w, D, &, B,
[.]) with the following components

e U is a non-empty set, (of points),
e A is a non-empty set, (of assignments),
e W is a non-empty set, (of worlds),

e D is a non-empty set, (of individuals),
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e a:U — A,
o w:U—-W,
e & contained in DY is a set, (of individual concepts),

B contained in 2V is a set, (of truth values),
e [.] is the interpretation map, defined by the following clauses

— [z] is {[z]a}aca Where [z], is in D, for each z in X,

— [f]is {[f]w}wew where [f]s, : D¥ — D, for each f in Fy,

— [p] is {[Plw }wew where [pl,, : D¥ — 2, for each p in P,

— [ is {[lwa }wew.aca Where [clua : (Bwa)® — Buwa, for each ¢ in Cy,

— [gz]) is {[qz]w }wew Where [gz]w : (Bw)* — By, for each ¢ in Q) and z in X,
— [o] : Bk — B, for each o in O,

— [fY: U* = U, for each f'in Flé,

= |

7] is contained in U¥, for each r in Sy,

B, ={bnU,|beB} and U, ={uelU]|au)=a}
B, ={bnU,|beB} and Uy ={uvelU]|w(u)=uw}
Buo ={bNUpa|beB} and  Upe =U,NU,

e the sets & and B considered above and the interpretation map [.] are assumed to be
such that the following functions are well defined

— T = &by 2(u) = [7]aq),

— J&F > &by fler,. .. en)(w) = [floq(er(u), ..., ex(u)),

—p:EF = Bby ple, ..., ex) () = [Pl (e1(u), - .., ex(u)),

— =: 8% 5 Bby Z(e,e2)(u) = 1iff e1(u) = ea(u),

— €:B" = Bby by, ..., bk) (1) = [duw@)aw) 01 NUswaw): - - - bk NUuwalu)) (1),
— @ : B" = B by @by, ..., bx) (1) = [ga)uqu) (01 N Usguy, - - > bk N Upuy) (w),

—0:BF = Bbyob,...,b) = [0](b1,...,0y).

In the following we denote a Ifob structure over a lfob signature X simply by ¥ structure
and represent the class of all ¥ structures by 1Str(X).

Definition 2.2.2 A Ifob interpretation system is a tuple (X, M,~) where X is a lfob sig-

nature, M is a class (of models) and * is a map that associates to each element of M a
non-empty class of ¥ structures.

With the purpose of illustrating the concepts introduced so far, we now present a
labelled semantics for first-order modal logic with decreasing domains, inspired by [10, 79,
49, 12, 48, 39, 51].
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Example 2.2.3 First-order modal logic with decreasing domains Ifob interpretation sys-
tem. Consider the lfob interpretation system (X, M,*), denoted by Zpomap, where ¥ is
Yromap defined in Example 2.1.2, and M is the class of all tuples of the form

(W, RD,Da—F,—P>
where
e D and W are non-empty sets,
e Rp is contained in W x W,
o s a family {*Fk,W}kelN,weW where 7Fk,w : F, —» D* - D,

o " is a family {*PkaW}kEW wew Where ,Pkﬂu : P, — D* — 2, such that

P

— €1.u,(d) =1 implies eP

1,’11]1

(d) = 1 if wi RHwo, for any wi,wz in W and d in D,

and * maps each relational model (W, RS, D, _F, _P) denoted by m, to a singleton with
the structure induced by m, denoted by s, i.e., the structure (U, A, W, o,w, D, E, B, [.])
where

¢« A=DX, U=WxA4, o(wa)=a w(wa)=uw,
e £is DY, Bis2Y,
and
o [2]a = a(z) for = in X,
o [flo=fF, for fin Fy,
o [plw = pf,, for pin Py,
[Lwuya(u)(w) =0,
* [Tlo@a(u)(b)(u) = 1iff b(u) =
[Nty (b1, b2) (1) = 1 iff by () = 1 and by(u) = 1,
[Ro] = {{u, u1) [ a(u) = a(u) and w(u) Rew(u1)},

)
o [O)(b)(u) =1 iff for all uy, if (u,u1) is in [Rp] then u; is in b,
)

=] = {{u,u1) | w(u) = w(uy), and a(u) and a(uy) are x co-equivalent},

[Va]wo(uy (0)(u) = 1 iff for all uy, if (u,u1) € [=,] and a(u1)(x) € [e]y,(u,) then ug € b.

In order to give a denotation, a meaning, for schema variables, in the context of a 1fob
structure, we need an additional operator that we call schema assignments. Moreover,
we will need to define the concept of schema assignments be co-equivalent, in order to
semantically capture the deductive notion of fresh schema variables.
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Definition 2.2.4 A schema assignment « over the ¥ structure (U, A, W, a,w, D, €, B, [.])
denoted by s and over a additional set of label schema variables F, is a tuple (o, ay, ay)
where

e y:Z;UE — U,
.OétlEt—>g,
e ay: =y — B.

Definition 2.2.5 Schema assignments o and o’ over a X structure s and an additional
set of label schema variables E, are T co-equivalent, where Y is contained in =; U E, iff

e voy =vag for vin (5,UE)\ T.

So, we are now ready to define the interpretation of a label schema term, a schema
term and a schema formula, in the context of a lfob structure and of a schema assignment
over that structure.

Definition 2.2.6 Given a ¥ structure (U, A, W, «,w, D, &, B,[.]) denoted by s, and a
schema assignment « over s and F, we define the maps

o [.]7 from Tiap, g to U, inductively by

— V)& = ay(v), for v in E;U E, and

e oIS = D e, for £ F
e [.]7° from T to &, inductively by

— [=]° ==, for x in X,

— [01%° = (), for 6 in Z,

~

[ I = FADT - T6D7), for £ in B,

TS
o )

~ N A~ o~

o [[]]25 from Lg to B, inductively, in the same way as [.].°, using o, =, p, ¢, ¢, and
07

and taking into account [.]7°.

In the sequel, when there is no ambiguity, we denote by [.], the maps [.]*, [.]2* and [.]%*,
as well as the tuple ([.J%, [.17%, [.]2).

Finally, we define when a labelled schema formula is satisfied by a lfob structure and
a schema assignment.

Definition 2.2.7 Given a ¥ structure (U, A, W, «,w, D, &, B,[.]) denoted by s, and a
schema assignment « over s and F we define the relation I+ as follows

o s,al- v iff [¢] ([v]7,) =1 for a label schema term v and a schema formula ¢,

o s,albrvp. oo iff (Jui]l, ..., [ve]l)€lr] for label schema terms vy, . .., vy and r € Sk,
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o s,alk v =, v iff w([v1]) = w([v2]?,) for label schema terms v; and va,
o s,al-v; =4 v iff o[v1])) = a([v2];) for label schema terms vy and vy,

o s, lF vitty =g vait Mff [t1]7 ([v1]2) = [t2]: ([v2];) for label schema terms vy and vs,
and schema terms t1 and to.

Definition 2.2.8 Given a lfob interpretation system (3, M,*) the entailment relation E
over sets of labelled schema formulae and labelled schema formulae, is defined as follows

UEn iff s,alF¥  implies s,alFn
for any X structure s in 7, model m in M, and schema assignment a over s.

We say a labelled schema formula is valid whenever it is entailed by the empty set of
labelled schema formulae. With the purpose of illustrating the concepts of interpreta-
tion, satisfaction, entailment, and validity, we now show that the labelled schema formula
vV — ¢ where ¢’ is obtained by substituting all the free occurrences of x in ¢ by a term
t, and such that no variable in ¢ is captured by a quantifier, is not valid in our semantics
for first-order modal logic with decreasing domains, given in Example 2.2.3. This happens
since in this case the universal quantification only guarantees that a formula holds for
terms existing at that world. Recall that the connective — is defined as an abbreviation,
i.e., vip1 — 2 is the abbreviation of v:=(p1 A —2).

Example 2.2.9 The labelled schema formula v:V.po — ¢ where ¢’ is obtained by sub-
stituting all the free occurrences of x in ¢ by a term t, and such that no variable in
t is captured by a quantifier, is not valid in Zpomap. Consider a model m equal to
(W, R, D, ,F, ,P> in Zromap such that

o Wis {w},

o R is {(w,w)},

e Dis {d},

. ef »(d) =0,

. pf’ »(d) =0.
Let s,,, denote the structure induced by m, as defined in Zpomap, © & point in s, and «
a schema assignment over s,,. Then,

[p()]e" (w1) =1

for all uy such that w(u) = w(uy), a(uy) is = co-equivalent with a(u) and a(ui)(x) is in
efw(ul). To see why this happens note that i. U is a singleton with the pair (w, 1) where

1 is the only element in D¥, and so u is (w, 1), and ii. eﬁw

in those conditions, which means it is vacuously true. So,

[Vop()[o" (w) = 1.
Nevertheless [p(z)]™ (u) = 0 since pf (@) = 0. Therefore we can conclude that [V,p(z) —

p(z)]m (u) = 0, Le., s, o I v:Vyp(z) — p(z), as we wanted to show.

(d) = 0, and so there is no u;

Similarly to the preceding example we can show that the Converse Barcan formula
v:[V, — Ve is not valid in Zromap. This happens because Zromap has decreasing
domains.
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2.3 Deduction

We start by defining provisos, substitutions and rules. Since we consider schematic rules,
due to fibring, we need substitutions in order to replace the schema variables by admissible
formulae or terms. Moreover, rules can be constrained, i.e., there are rules that can only
be applied to formulae or terms satisfying some condition, or in certain cases dependent
of the conditions of the deduction. So, we need provisos. Provisos represent conditions on
substitutions, and so, are maps on substitutions that indicate if a substitution should be
accepted or not. We identify and define two types of provisos: the formula provisos and
the deduction provisos. After that we define what is a deduction system. Note that there
are rules common to any lfob logic system. In the sequel we define deduction and the
associated consequence operator. We prove that it is extensive, monotonic and idempo-
tent. Additionally we show also that the consequence operator is closed for substitutions.
Ending the deduction section we rigorously define what is a derived rule and we prove
that if there is a proof that uses derived rules then we can also construct a proof for the
same deduction without derived rules.

2.3.1 Provisos and rules

We start by defining what is a schema substitution and what is a substitution. Those op-
erators are used to provide instantiations, when doing a deduction, of the labelled schema
formulae that appear in the rules of the Ifob deduction system. Schema substitutions differ
from substitutions in the fact that the result may have formula or term schema variables.

Definition 2.3.1 A ¥ schema substitution o over E and within Lg/, where E and E’ are
additional sets of label schema variables, is a tuple (o, 04,0, 0,) where

e 0, : 5 UE — Tap s
e gy : 24— T,
® 07 :Zf — Lo,
® 05: 25— pfinLlp.
A 3 substitution p over E and within L is a tuple (p, ps, pg, ps) where
o p: 5 UE — Ty pr,
e 5 - T(%,X),
e pf i Ef — L%, X),
® ps:Zs — @inlpr.

In the following we will denote the set of 3 schema substitutions over E and within L g/, for
additional sets of label schema variables F and E’, by sSub(X, F; E’), and by Sub(X, E; E')
the set of ¥ substitutions over E and within Lg/. We will omit the subscripts [,, f, s in
substitutions and schema substitutions, as well as the reference to the signature and to
the additional sets of label schema variables, when no ambiguity arises.
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Remark 2.3.2 In the sequel, given a schema substitution ¢ we denote by oy the com-
ponents of o with non-labelled results, i.e., the pair (o, o). Similarly for substitutions.

Definition 2.3.3 The ¥ schema substitutions o and ¢’ over E and within Lg and Lg»
respectively, are T co-equivalent, for a set T contained in =; U F, iff

® O-t:U;,v
® of =07},
e vo; =vo) for vin (5;UE)\ T.

We define the notion of co-equivalence for substitutions in the same way as we did for
schema substitutions.

Remark 2.3.4 In the sequel we refer to the map Isv : pg,Lg — Z;UFE defined inductively
as follows: 1sv(()) = 0 and Isv({n}UW) = Isv,(n)Ulsv(¥) where Isv, : Ly — Z;UE is a map
defined by case analysis as follows: 1sv,(n) is Isv,(v) whenever 7 is the labelled schema
formula v:g, lsv,(n) is lsv,(v1) U ... Ulsv,(vg) whenever 7 is the labelled schema formula
rovy...v, and 7 is a relation with arity k, and lsv,(n) is Isv,(v1) Ulsv,(v2) whenever 7 is
vi:t1 =4 va:ta. Finally the map lsv, : Tiap,p — Z; U E is inductively defined as follows:
Isv,(v) = {v} for any v in Z, U E, lsv,(f!) = 0 for f! € F}, and Isv,(fl(v1,...,0)) =
Isv,(v1) U...Ulsv,(vz), for any f!in F,i and k> 1.

When defining the rules of deduction of a lfob logic system, it is possible that a rule
only applies either if some condition on the deduction is satisfied or if a labelled schema
formula satisfies some condition depending of its form. Formula provisos and deduction
provisos are the (rigorous) way we found to express those conditions. Formula provisos
for conditions involving labelled schema formulae, and deduction provisos for conditions
involving the deduction.

Definition 2.3.5 A ¥ formula proviso is a map that given any pair composed of a X
term substitution and a X formula substitution, returns a value in 2. A formula proviso
7 is a family {7y }seisig where

e 7y is a X formula proviso,

o ms(pn1) = msv(pf,) Whenever 0p; = 0p; and {py = {p'; for any ¥ substitution p and
Y substitution p’.

This last condition keeps the coherence of the components of the formula provisos which
is of particular importance to fibring. The intuition is that the evaluation of substitutions
by a formula proviso only depends on the values the substitutions gave. With the purpose
of illustrating formula provisos we now show the definition of the basic formula provisos 0
and 1. So, for every lfob signature > and substitution p over X we set, obviously,

Ox(pn1) to O and 15(pn1) to 1.

In the following, when there is no ambiguity, we will denote a ¥ formula proviso 7y, simply
by m. We define the X formula proviso (woy;) by

(Fanl)(pnl) =1 iff 71—(O'HIIOHI) =1
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for any ¥ formula proviso 7, % schema substitution o, and ¥ substitution p, and define
the ¥ formula proviso 7 * 7’ by

(mx7')(p) =1 iff 7(pm) =1 and 7'(pn) =1
for any ¥ formula provisos m and 7/, and ¥ substitution p. We say
<z
iff 7(pn1) < 7' (pn1), for any 3 formula provisos m and 7/, and X substitution p.

Remark 2.3.6 Note that, for any ¥ formula provisos m and 7/, and ¥ schema sub-
stitution o, we have that ((m * 7')op) is (won) * (7'om) since ((7m * 7" )on)(pm) = 1
iff (m* 7")(ompm) = 1 iff 7(ompm) = 1 and 7'(oppn) = 1 iff (mon)(pm) = 1 and
(') (pn) = 1 iff ((wop) * (7'on1))(pu1) = 1, for any X substitution p.

Observe also that, for any X formula proviso m, and ¥ schema substitutions o and o/,

((row)oy) is (m(owoy,)) since we have ((wom)oy)(pn) = (Tom)(oypm) = 7(on (o} on)) =

7((on107;)pn1) = (m(on10L,;))(pn1), for any ¥ substitution p.

If (moy) is the ¥ formula proviso 1 then ((woni)ol;) is also the ¥ formula proviso 1, for
any X formula proviso m, and ¥ schema substitutions o and ¢’. To see this observe that
((mom)aly) (pn1) = (mom) (o) pm1) = 1, for any ¥ substitution p.

Finally note that if o and o’ are ¥ schema substitutions with oy = 0y and oy = o’ then
for any ¥ formula proviso 7 we have that (7o) = (7ol,).

When there is ambiguity, we will use explicitly the words formula proviso and value to
distinguish between the (X) formula proviso 1 and the value 1. Similarly for the (X)
formula proviso or value 0.

Definition 2.3.7 A X deduction proviso within Ly is a map that given any 3 schema sub-
stitution within L g returns a value in 2. A deduction proviso m is a family {ms; £} neisig, Eeset
such that

e 7. is a ¥ deduction proviso within Lg,

o m5;5(0) = 7y, pr(0') whenever Jos = oy, oy = 0oy, Loy = (o’ and vo; = voy for
any X schema substitution o and ¥’ schema substitution o”.

Remark 2.3.8 To illustrate also deduction provisos we now show the definition of the
deduction proviso fresh(Y, (9, ¥,n)) denoted by fresh deduction proviso or simply fresh
proviso. So, for any lfob signature % and set E of label schema variables we define
fresh(Y, (¥, ¥, n))x.g(0) = 1 iff

e vo is a label schema variable not in (Isv(¥ U {n}) \ {v})o, for any v in T,

e Yonlsv(do \ Yo) = 0.

In the following, when there is no ambiguity, we will denote a ¥ deduction proviso 7s.g
within Lg simply by 7.
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Definition 2.3.9 A rule is a tuple ({(J1, W1,m), ..., (O, Vi, m)}, 0, Py, Pg), written

Uy /Uy /g

7 r; Pp; Py
defined over a lfob signature ¥, where ¢1,...,9; are in Z5, ¥q,..., ¥y are finite sets of
labelled schema formulae, 71, ..., 7 and 7 are labelled schema formulae, and Py and P; are

finite sets of formula and deduction provisos, respectively, such that if fresh(Y", (¢, ¥, n'}))
is in P;, then

o (U, U ) is equal to (5, ¥;,n;), for some jin 1,...,k;

e Isv(n) is contained in lsv(¥ U {n'})\ T";

o T Nilsv(W;U{n})=0,fori=1,... k, i+#j;

e T is non-empty and is properly contained in lsv(¥" U {n'}).

In the following, Py and P; are omitted if they are the empty set. Moreover, the 1
formula proviso in Py and in Py is not presented, the schema variables 91, ..., 7}, are also
omitted, ¥; for ¢ in {1,...,k} is omitted whenever it is the empty set and in general we
omit brackets when presenting sets and omit delimiters when presenting tuples. In the
sequel, for each rule ({(V1,¥1,m), ..., (U, Yk, k) }, 0, Py, Py), we denote by fresh variables
the label schema variables present in the union of all sets T for all deduction provisos
fresh(Y, (¥, ¥;,7n;)) in Py. Note that  has no fresh variables.

2.3.2 Deduction

So, we are now able to introduce labelled first-order based deduction systems.

Definition 2.3.10 A [fob deduction system is a tuple (X, R) where X is a lfob signature
and R is a set of rules containing

vV=,v _ v=,v VvV =,1" _
=ws —wt =
v=,1 v=," v=,v v
V=,v _ vV V=, v
=as =at =
V=gV v=y1" V=, U o7
v =40 _ v =40 V0 =,0"0" _
—————— 9Ys ~9t — gy
V0 =, v:0 v =, V":0" v =, v:0
g g g
vl =0 v:f =4 v:0'
hd :E :I
v =4 v:0' v =0
0. — ! 0. — —
vith =07 ... vilp=400, v=,v

g
vif (01, ,0k) =4 V' f (0], ..., 0,) !
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vioy =g V0 ... vl =400, vip(0r,....0k) v=uv V=,V .

&g

9p .
/. / / ep — /.
Vip(6h,...,6) vix =4 Vx

for every z in X, k in INg, p in P, and f in F}, and such that for each rule r in R only
fresh provisos are in the deduction provisos of r.

Note that for each rule ({(J1,V1,m),..., (V% Vi, k) }, 1, Py, Py) in a lfob deduction
system, if k£ is 0 then Py, is the empty set.

Observe also that the rules presented in Definition 2.3.10 are part of the rules of any
lfob deduction system and that basically, they characterize the symbols common to all 1fob
signatures, as should be expected. So, for instance, the rules impose that the relations =,
=,, and =, are equivalence relations, and they impose also that when labels are related
by some of that relations, then some kinds of information are inherited from one label to
another.

From now on, when there is no ambiguity, and when there is no need to stress the fact
that we are working with lfob deduction systems, and in order to lighten the presentation,
we may omit the designation first-order based when referring to a lfob deduction system.
In order to illustrate this concept we now present a lfob deduction system for first-order
modal logic with decreasing domains.

Example 2.3.11 First-order modal logic with decreasing domains Ifob deduction system.
Consider the lfob deduction system (Xromdp, R), in the sequel denoted by Dromdp, where
Y roMmdD is the signature introduced in Example 2.1.2, and R, besides the rules specified
in Definition 2.3.10 common to all lfob deduction systems, contains

V&, v vi&i N vi&iN& o
v:€r Néo N v:€ NE vy g
viE /v L Vg vi§ _ vi=g /v L
Vi€ 7 Vil g v e

v=,V Vie(x)/V:E

Vor; fresh(v/, (%, {v =, v,V :ie(2)},V:E))

ZRMS
viVe€ v jigu’ V'ie(x) Vom ’W Ve ¢ ags
vRoy Vie(x) D
vie(x)
M Op; fresh(v/, (91, {vRov'}, V:€)) M Ui

v:€ V'
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— — r—
vROoV' vVRoyy v=,vV wn=,v V=1 gen
Ro,1.2 RO
— a 7 / a
V=q UV V' Rovy
/ ! P
V= U V=Vl V=V Vi=al; V =1 gen
7 —rwh? r— =rw
V=plV vV = 1/1
—
V=,V

B R =pg1.2; vardif(z, 0)
vif =4 V"

v =, vV, V=4 v/ VE"

exh; fresh(v/, (91,{v1 =, V',V =4 o}, v":£"))

V//:g//
v=,1 I//EIV//:t V=,v _
= = =zs
v=, V" v=, v v=,V
v=,1 vty =g V01 ... vl =410k v:€ )
7//'5 gmonzw; p—ngI’le (67 017 ey ek)

for any x in X, any k greater or equal to 0, and where the provisos & < &j, vardif(z, 6),
and p-gmon__(&,01,...,0;) are such that

o vardif(z, 0)s,ouap (Pn1) = 1 iff Op; is a variable different of x,

o p-gmon__(&,01,...,0k)Spoman (Pn1) = 1 iff {py is a formula whose free variables are
alpta s 70kpt7

o ¢ UG o (pn1) = 1 iff {'py is obtained by replacing the free occurrences of = in
£py by a term 0p;, equal to a variable whenever some free x in {py is in the scope of
a modality, such that no variable in 6p; is captured by a quantifier.

So, we can now define the key concept of deduction of a labelled schema formula in Lg
from a given set of labelled schema formulae contained in L constrained by a ¥ formula
proviso.

Definition 2.3.12 In the context of a lfob deduction system (X, R) and given an addi-
tional set F of label schema variables, a labelled schema formula 7 in Lg is deduced from
a set W of labelled schema formulae contained in Lg, constrained by a ¥ formula proviso
Tr?

VbEsrEm ™
iff there is a sequence (91, Uq,m),..., (N, Vp, m,) where nq,...,n, are labelled schema
formulae in Lg, ¥q,..., ¥, are sets of labelled schema formulae contained in Lg, 71, ...,
m, are X formula provisos, and for each i =1,...,n

e cither ¥U; = {n;} and m; is 1;
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e or there are rule ({(97, V9, m), ..., (I, Wi, mp) b, ', Pp, Py), ¥ schema substitution
o within Lg, and 41, ...,4 in {1,...,7 — 1}, with

— m5.5(0) is 1 for each 7' in P},

— ni; = ;o and ¥;; = J0 for each j =1,...,k,
— \I/i:\l’il\\I/,IO'U...U\I/ik\\IJ%O',

—ni =10,

/
T TG = Ty kR Ty K ke (m0m1),
such that n, isn, ¥, C ¥V and 7 < 7.

A sequence satisfying the conditions in Definition 2.3.12, will be called a deduction
sequence. A deduction sequence is said to be sober iff no proper subsequence is a deduction
sequence for the same inference. Obviously, from any deduction sequence we can always
obtain a sober one by removing superfluous steps. Due to this facility, in the sequel we
will use intensively sober deduction sequences because it facilitates, makes simpler and
easier to understand, the proofs involving deduction sequences. In the following, when
there is no ambiguity, we will omit the reference to the lfob deduction system in Fp g,
and will represent by ¥ g n the fact that n in Lg is deducible from ¥ contained in Lg
with proviso 1.

With the purpose of illustrating deductions we now show that vix = y,v =, V' +
V:0z = y holds in the context of Dpomap, introduced in Example 2.3.11. So, observe
that,

1 vir =1y {vix =y} 1 asp

2 v=,V {v=4 vV} 1 asp

3 V'R {V'Rov"} 1 asp

4 V=4 V" {V'Rav"} 1 Rope 3

5 v=q V' {v=4V,VRoV"} 1 =, 2,4
6 viw =4 V" {v=a VvV ,VRV"} 1 = 5

7 vy =4 "y {v=4V,VR"} 1 =a 5

8 vix =g VY {vix =y} 1 =g 1

9 vix =4 "y {vix =y, v =, V',V RV} 1 =g¢ 8,7
10 V'ae=jva {v=4V,VRoV"} 1 =y, 6
11 Ve =gy {vie=y,v =V, VRo"} 1 =g¢ 10,9
12 Va=y {vix =y, v =, V',V R} 1 =7 11
13 Vidz=y {vix =y,v =4 V'} 1 O 12

is a deduction sequence for that deduction. In order to illustrate a deduction constrained
by formula provisos we now show that v:V,p, v =, v/ F v':¢; p-gmon__ (Y, 610,...,0,0)
holds in Dromap. So, here is a sober deduction sequence for that deduction:

1 vV {v:¥ep} 1 asp
2 v=,V {v=,v} 1 asp
3 VN0 {v¥ep,v =, V'} p-gmon__(Vyp,010,...,0,0) gmon’;w 1,2
4 V=gV 0 1 =z
5 Vip {v¥ep,v =, V'} p-gmon__(V,p,010,...,0,0) Ver 3,4.
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Now, based on the notion of deduction introduced in Definition 2.3.12, we prove that
F g is a consequence operator, i.e., an operator on sets of labelled schema formulae that is
extensive, monotonic, idempotent and closed under substitutions.

Proposition 2.3.13 If w is a sober deduction sequence for ¥ g n; 7 then w is a sober
deduction sequence for ¥/, ¥ -p g n; 7', for any

e sets F and E’ of label schema variables,

sets ¥ and ¥’ contained in Lg and Lg, g respectively,

labelled schema formula n in Lg,

e X provisos m and 7’ with 7’ < 7.

Proposition 2.3.14 If @ is a sober deduction sequence for ¥ kg 7 ending in (n, ¥/, 1),
then there is a sober deduction sequence with the same length as w for Yo g no ending
in (no, ¥” 1) where ¥’ C ¥o, for any

e sets F and E’ of label schema variables,

set W of labelled schema formulae contained in Lg,

labelled schema formula n in Lg,
e > schema substitution ¢ over E within Lg,

in the context of a lfob deduction system (3, R).

Proof We start by briefly sketching the proof. The idea is to construct a deduction
sequence for Yo g no based on a deduction sequence for ¥ g 7, with the same rules
applied, and where the schema substitutions are obtained by composing the schema sub-
stitutions used along the deduction for ¥ g n with this new schema substitution o. So,
the proof follows by induction on the length of a sober deduction sequence for ¥ g 7.
We now start the proof.

Base. Let o be a ¥ schema substitution over E within Lz and suppose (n,¥1,1) is a
sober deduction sequence for ¥ g 7. So, consider two cases.

- Fither Wy is {n} and so, it is straightforward to see that (no, ¥;0,1) is a sober deduction
sequence for Yo g no;

- Or there are a rule ((), 7/, P]’c, P}), named 7, and a ¥ schema substitution ¢’ such that
n'o’ isn, ¥1 = 0 and (7§0!,) is the ¥ proviso 1 for each 7’ in P}. So, for each 7 in PJ’c,
(7% (07 ,on1)) is also the 1 formula proviso, see Remark 2.3.6. Note that, by Definition 2.3.9,
P} is 0, because k = 0. Hence, (no, ¥10,1) is a sober deduction sequence for o g no,
by rule r and ¥ schema substitution o o ¢’ within L.

The induction hypothesis is as follows: if w is a sober deduction sequence with length less
than or equal to n for ¥ -5 n ending in (n, ¥, 1), then there is a sober deduction sequence
with the same length as w for Wo kg no ending in (no, ¥”, 1) where U” is contained in
Vg, for any sets E and E’ of label schema variables, set ¥ with labelled schema formulae
contained in Lg, labelled schema formula 7 in Ly, and ¥ schema substitution o over E
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within LE’ .

Step. Let E and E’ be any sets of label schema variables, ¥ a set with labelled schema
formulae contained in Lg, n a labelled schema formula in Lg, and o a ¥ schema sub-
stitution over E within Lg/. Suppose there is a sober deduction sequence named w,
with length n + 1, ending in (n,V¥,4+1,1), for ¥ Fr n. Then, there are ¥ schema
substitution ¢’ within Lg, rule ({(9}, ¥, n1),..., (V) k,nk)},n/,P]’c,Pc’l>, named r, and
il,...,ik in {1,. n} with n;; = n;o’, ¥;; = 0’ and m; = 1 for each j = 1,...,k,
U, =, \\Illa U...uW;, \ W', (rgoy,) = 1, for each 7" in P4, and 7y, p(0') = 1, for
each 7’ in P, and n = 77’0’.

Denote by T;- the set T if the deduction proviso fresh(Y, (19;», \Il;., né)) is in P/, or 0, oth-
erwise, for each j =1,...,k.

Consider a ¥ schema substitution a] over F within Lg, T o’ co-equivalent to o, such
that, v'0’0” is a label schema variable not in (Isv(¥} U {n;}) \ {v'})o’a] for each v/ in T
and T’ o'’ Nlsv(Vio' \ Via')o = 0.

It is p0881ble to consider a schema substitution O';/ satisfying the above mentioned condi-
tions because T’o’ are a set of label schema variables, the sets ¥0’ \ W.o’ and ¥ are
finite, and v'0’ is not in (Isv(W} U {n’}) \ {+'})o’ for each v/ in Y, since my(0’) =1 for

each ' in P;.

Denote by @, the sober deduction subsequence of @, ending in (}0’, 90", 1) for 90" g
17;0’, for each j = 1,..., k. Thus, by induction hypothesis, for each j = 1,...,k, there is a
sober deduction sequence, named w7, of the same length as @;, ending in <77§ ’ of, Vi, 1),

! // /)
for 0’0 kg mj0'0;.

Consider the Y schema substitution " within Ly, kT’ co-equivalent to o’c such
that 907" is U] and vo™ is vo's” for any v in Y and j =1,...,k

Note that, 1/10’” is ¢o'a”, for each ¢ in W U {nj} and J 1n {1 Jk}. This is shown by

case analysis on 1. Suppose P is viy. Then Yo' is va" o Wthh is vo""yo'o] since 0"

is co- equlvalent to o'd”. Now we show by induction on the structure of a label schema
/i

term v that ve'”’ is vo ;.

- v 1s a label schema variable in T;-. Then, by definition of ¢, v is va’ag’,
- v s a label schema variable not in T;. Then v is not in Ui:L_,.kTé because, v is in lsv(¥’.U
{n}}), and by Definition 2.3.9, for each I = 1,..., &k, T)NUj=1 __ and izlsv(¥; U {ni}) = 0.

So, by definition of ¢”’, vo" is vo’c, which is va’ J;I since o7 is Tga co-equivalent to o,
and vo’ is not in Yo" because v'o” is not in (Isv(¥;U{n’})\{v'})o’ (recall that m5,(0") = 1
for each 7’ in P)), and vo’ is in it, for each v’ in 7.

- v is F}. Then va” is v which is vo'o”

95
-wv s fY(vi,...,vp). Then fl(vy,...,vp)0™ is fl(vio”, ... ,vpe"") which is, by induction
hypothesis, fl(vla’a” . vka’a”) and so is f!(vy,... vk)a’ag’

- For the other possible cases of 1 the proof follows similarly.

Now we show that the sequence @, ..., @}, (no”, ¥\ ¥ic”U.. .UV \ ¥ 0", 1), named
@ is a sober deduction sequence with the same length as @ for Yo g no such that
U\ We” U.. . UW)\ ¥.0" is contained in ¥, 4q0, by rule 7 and ¥ schema substitution

o' within Lg/. To see this note that
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- njo™ is nio’'o], as showed above.

- 950" is WY, by definition of 0.

/ "

- n'c" 4s no. To show this note that, n'c
Isv(n') N Uj:17..,7ij = () by Definition 2.3.9.

- W\ e"U. L UWY\ Wo" is contained in W, 10 which is (19’10’ \Pio)oU... U0\
Ui0')o, and so in Wo. This happens since, for each j =1,...,k,
(i) w7\ Wo™ is contained in ¥;0'0”f \ Wio'o”, since W] is contained in ;0’0 and W’o"

is \Il’ ! ” , as showed above,

(ii) 19’ ” 7\ Wio'o? is contained in (V0" \ Wio')o” because if ¢ is in 90" and ¢o’ is not
in W) a’ ” then P i 1s not in Vo', as desured and

(iii) (19; ’\\I/; o)af is (V] ’\\I/’ o’)a, by definition of ¢, since Yo' N (V0" \ Wio') =
because 7'(¢’) =1, for each n’ in P};

- (mgop)) = 1 for each «' in P§. To show this, let 7’ be in P}. Note that (mgo07,) is 1. Then,
(75 (o o)) is also 1, see Remark 2.3.6. Thus (n&0l]) = 1 since, (7% (0'0)n) = (75071)
"

because 0" = (0'0); and o}’ = (0'0), see Remark 2.3.6.

- Ty (0") =1 for each 7" in P;. Suppose 7' is fresh(Y7}, (95, ¥}, 7;)). Then,

— V'¢"" is a label schema variable for each v/ in T;.. To show this, let ¢/ be in T;. So,
v'o", by definition of 0", is v'0’0”, which, by definition of ¢ and o, is a label schema
variable.

Vo™ is not in (Isv(W) U {n’}) \ {¢'})o” for each v/ in Y}. Let v/ be in Y}. Then /0",
by definition of ¢, is 1/’ o'o’, which, taking into account the definition of o7, is not in
(Isv(¥% U {n;}) \ {¥'})o’a}. So, the result follows because (Isv(¥} U {n;}) \ {v'})o™
contained in (Isv(¥} U {nj}) \{¥'})o’a]. To see this let " be