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Abstract

Sufficient conditions for propositional based logics to enjoy cut elimination are es-
tablished. These conditions are satisfied by a wide class of logics encompassing among
others classical and intuitionistic logic, modal logic S4, and classical and intuitionistic
linear logic and some of their fragments. The class of logics is characterized by the
type of rules and provisos used in their sequent calculi. The conditions can be checked
in finite time and define relations between the rules and the provisos so that the cal-
culus can enjoy cut elimination. A general proof of cut elimination is presented for
any calculus satisfying those conditions.
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1 Introduction

Cut elimination has been studied for a wide variety of logics, but most of the times in
a case by case basis [7, 4, 2, 3]. There is no general characterization of the properties a
sequent calculus should satisfy in order to enjoy cut elimination, with the noble exception
of display logic [3, 9, 16].

Herein conditions for logics in a certain class to enjoy cut elimination are investigated
and a general proof of cut elimination is presented for the logics satisfying that conditions.
These conditions can be checked in finite time and are satisfied by a wide variety of logics
including among others classical and intuitionistic logic, modal logic S4, and classical and
intuitionistic linear logic and some of its fragments. Proving cut elimination for a class
of logics has several advantages: i) bring to clarity relationships between the rules and
the provisos in the calculi, or between other aspects of the calculi, that guarantee cut
elimination, ii) a unique general proof of cut elimination for any logic in that class, and
iii) cut elimination is proved for logics not already known whether enjoy cut elimination.

Another interesting aspect made clear by this work is the relation between the presence
of structural rules, the multiplicative and the additive character of the introduction rules
for a connective, and the number of premises that are used in the cut elimination process
when the cut formula is introduced by that rules.

In Section 2, the notions necessary to the definition of the sequent calculi considered
in our study are introduced. In section 3, sufficient conditions for a calculus to enjoy cut
elimination are presented. The general proof showing that any calculus satisfying those
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conditions enjoys cut elimination is presented in Section 4. Finally in Section 5, the main
aspects of this work are reviewed and future directions of investigation are outlined.

2 Sequent calculi

A general proof of cut elimination is provided in Section 4 for any calculus satisfying a
certain collection of conditions. In order to define that conditions it is necessary to refer
to common aspects of the calculi. So, in this section, it is defined in a general form notions
like rule, proviso, sequent calculus, deduction, in order for them to apply to several calculi.

A signature C is a family {Ck : k ∈ N} where each Ck is a countable set of connectives
of arity k. All the sets are assumed to be pairwise disjoint. We assume given once and
for all two denumerable sets: the set {ξi : i ∈ N} of formula meta-variables, and the set
{Γi : i ∈ N} of multiset meta-variables. Meta-variables will be only used in rules and in
provisos, and their role is to indicate the places where a formula or a multiset of formulas,
can and should appear when using that rule or proviso in a deduction. The language of
formulas over a signature and the sets of meta-variables is inductively defined in the usual
way. A sequent is a pair 〈Ψ, ∆〉, written Ψ → ∆ where Ψ and ∆ are finite multisets of
formulas. A proviso π is a map that given a substitution of the meta-variables returns 1
or 0, meaning that the substitution satisfies or does not satisfy the proviso. For instance
the proviso Γ is • closed, where • is a connective, is satisfied by any substitution that
assigns to Γ a multiset of formulas having as the main connective •. A rule is a triple
〈{s1, . . . , sp}, s, π〉 written s1...sp

s /π where s and s1, . . . , sp are sequents and π is a proviso.
A sequent calculus C is a pair 〈C,R〉 where C is a signature and R is a finite set of rules.
The deduction of a sequent s from a set S of sequents in the context of a sequent calculus
C, written S `C s is defined in the usual way as a labelled tree, see [15].

In the sequel, boolean combinations of the following provisos will be considered: |Γ| ≤
a, denoted by cardinality proviso, where Γ is a multiset meta-variable and a is a natural,
and the proviso Γ is • closed, denoted by • closure proviso, where Γ is a multiset meta-
variable and • is a connective. When convenient we will refer to the • closure proviso
simply by closure proviso. Each of these provisos when appearing in rules are such that
its meta-variable appear in the rule.

A cardinality proviso is imposed by a sequent calculus or in other words a sequent
calculus has or imposes a cardinality proviso when the number of formulas at one side or
both sides of any sequent in a rule in the calculus is limited by cardinality provisos in the
rules to a same number for all the rules.

2.1 Rules

The class of the calculi to be considered for cut elimination is characterized by having
rules of a certain specific type. We now describe the types of rules that can be used and
the allowed variants for each type, starting by the axiom rule. An axiom rule has the form

Γ1, ξ1 → ξ1, Γ2

/ π,

and is named Ax, and the provisos in π, if any, are cardinality provisos. A left weakening
rule for a connective c has the form

Γ1 → Γ2

Γ1, c(ξ1) → Γ2

/ π,
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and is named Lw c, and the provisos in π, if any, are cardinality provisos. Similarly for
a right weakening rule for a connective c. A left weakening rule is a similar rule but
without any restriction on the principal formula. Similarly for a right weakening rule. A
left contraction rule for a connective c has the form

Γ1, c(ξ1), c(ξ1) → Γ2

Γ1, c(ξ1) → Γ2

/ π,

and is named Lc c, and the provisos in π, if any, are cardinality provisos. Similarly for
a right contraction rule for c. A left contraction rule is a similar rule but without any
restriction on the principal formula. Similarly for a right contraction rule. The cut rule
has the form

Γ1 → Γ2, ξ1 ξ1, Γ
′
1 → Γ′2

Γ1Γ
′
1 → Γ2Γ

′
2

/ π

and is named Cut. The multicut rule has the form

Γ1 → Γ2, ξ1
m ξ1

n, Γ′1 → Γ′2
Γ1Γ

′
1 → Γ2Γ

′
2

/ π, m, n > 0

and is named Multicut. The left multicut rule has the form

Γ1 → Γ2, ξ1 ξ1
n, Γ′1 → Γ′2

Γ1Γ
′
1 → Γ2Γ

′
2

/ π, n > 0

and is named LMulticut. Similarly for the right multicut rule. The left multicut rule for a
connective c has the form

Γ1 → Γ2, c(ξ1) c(ξ1)
n, Γ′1 → Γ′2

Γ1Γ
′
1 → Γ2Γ

′
2

/ π, n > 1

and is named LMulticut c. Similarly for a right multicut rule over c. In all the cut rules,
the provisos in π, if any, are cardinality provisos. In the sequel, we may designate any of
the cut rules presented above simply by a cut rule or when referring to all of them by the
cut rules. Moreover the rule Multicut may be designated by the general multicut rule. An
additive left introduction rule for a connective c has the form

Γ1, Ψ1 → ∆1, Γ2 . . . Γ1, Ψk → ∆k, Γ2

Γ1, c(ξ1, . . . , ξn) → Γ2

/ π

where k is greater than or equal to 0 and the multiset meta-variables in the premises are
the multiset meta-variables in the conclusion. A multiplicative left introduction rule for c
has the form

Γ11, Ψ1 → ∆1, Γ21 . . . Γ1k, Ψk → ∆k, Γ2k

Γ11, . . . , Γ1k, c(ξ1, . . . , ξn) → Γ21, . . . , Γ2k

/ π

where k is greater than or equal to 0 and the multiset meta-variables in the conclusion
are obtained from the multiset meta-variables in the premises. Both types of rules are
designated by Lc and satisfy the following conditions:

- Ψi and ∆i for i = 1, . . . , k are multisets of formula meta-variables in ξ1, . . . , ξn;

- a formula meta-variable appears in more than one premise only if it appears in the
same side in each of the premises;
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and similarly for an additive or a multiplicative right introduction rule for c. We use the
term introduction in the name of these rules to avoid the situations where it is not clear
which type of rule for connectives is being referred.

When we want to stress that a rule is not for a connective we will designate it by
generic rule. In general when there is no ambiguity we will omit that designation. So by a
contraction rule it should be understood a contraction rule that it is not for a connective.
When we want to stress that a rule can be either generic or for a connective, we will say
it explicitly. When we want to refer to a rule for a connective it is explicitly referred the
fact that the rule is for a connective.

2.2 Examples

We now present sequent calculi for intuitionistic linear logic and modal logic S4. These
calculi are shown, in the next section, to satisfy the conditions for cut elimination.

Example 2.1 Consider the sequent calculus Cil for intuitionistic linear logic, see [8, 15],
constituted by the signature C such that

• C0 is a countable set containing {f , t,1};
• C1 = {!} and C2 = {u, ?,t,(, Ã};
• all the other sets of C are empty;

and by the rules

Ax Γ1,ξ1→ξ1,Γ2
/ |Γ1| = 0 and |Γ2| = 0 Cut Γ1→ξ1 ξ1,Γ′1→Γ′2

Γ1,Γ′1→Γ′2
/ |Γ′2| ≤ 1

LMulticut ! Γ1→Γ2,!ξ1 (!ξ1)n,Γ′1→Γ′2
Γ1,Γ′1→Γ2,Γ′2

/ n > 1, |Γ2| = 0 and |Γ′2| ≤ 1

L1 Γ1→Γ2
Γ1,1→Γ2

/ |Γ2| ≤ 1 R1 →1

Lf Γ1,f→Γ2
/ |Γ2| ≤ 1 Rt Γ1→t,Γ2

/ |Γ2| = 0

Lw! Γ1→Γ2
Γ1,!ξ1→Γ2

/ |Γ2| ≤ 1 Lc! Γ1,!ξ1,!ξ1→Γ2

Γ1,!ξ1→Γ2
/ |Γ2| ≤ 1

L! Γ1,ξ1→Γ2

Γ1,!ξ1→Γ2
/ |Γ2| ≤ 1 R! Γ1→ξ1,Γ2

Γ1→!ξ1,Γ2
/ Γ1 is ! closed and |Γ2| = 0

Lui
Γ1,ξi→Γ2

Γ1,ξ1uξ2→Γ2
/ |Γ2| ≤ 1 (i = 1, 2) Ru Γ1→ξ1,Γ2 Γ1→ξ2,Γ2

Γ1→ξ1uξ2,Γ2
/ |Γ2| = 0

L? Γ1,ξ1,ξ2→Γ2

Γ1,ξ1?ξ2→Γ2
/ |Γ2| ≤ 1 R?

Γ1→ξ1,Γ2 Γ′1→ξ2,Γ2

Γ1,Γ′1→ξ1?ξ2,Γ2
/ |Γ2| = 0

Lt Γ1,ξ1→Γ2 Γ1,ξ2→Γ2

Γ1,ξ1tξ2→Γ2
/ |Γ2| ≤ 1 Rti

Γ1→ξi,Γ2

Γ1→ξ1tξ2,Γ2
/ |Γ2| = 0 (i = 1, 2)

L( Γ1→ξ1 Γ′1,ξ2→Γ′2
Γ1,Γ′1,ξ1(ξ2→Γ′2

/ |Γ′2| ≤ 1 R( Γ1,ξ1→ξ2,Γ2

Γ1→ξ1(ξ2,Γ2
/ |Γ2| = 0
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LÃ Γ1→ξ1,Γ2 Γ1,ξ2→Γ2

Γ1,ξ1Ãξ2→Γ2
/ |Γ2| = 0

RÃ1
Γ1,ξ1→Γ2

Γ1→ξ1Ãξ2,Γ2
/ |Γ2| = 0 RÃ2

Γ1→ξ2,Γ2

Γ1→ξ1Ãξ2,Γ2
/ |Γ2| = 0.

Note that by |Γ2| = 0 we mean the proviso |Γ2| ≤ 0. The imposition that the sequents
have at most one formula in the right side is due to the intuitionistic character of the logic.

Example 2.2 Consider the sequent calculus Cs4 for modal logic S4, see [15], constituted
by the signature C such that

• C0 is a countable set;

• C1 = {¬,¤,♦} and C2 = {⇒};
• all the other sets of C are empty;

and by the rules

Ax Γ1,ξ1→ξ1,Γ2
Multicut Γ1→Γ2,ξ1

m ξ1
n,Γ′1→Γ′2

Γ1,Γ′1→Γ2,Γ′2
/ m, n > 0

Lw Γ1→Γ2
Γ1,ξ1→Γ2

Rw Γ1→Γ2
Γ1→ξ1,Γ2

Lc Γ1,ξ1,ξ1→Γ2

Γ1,ξ1→Γ2
Rc Γ1→ξ1,ξ1,Γ2

Γ1→ξ1,Γ2

L¬ Γ1→ξ1,Γ2

Γ1,¬ξ1→Γ2
R¬ Γ1,ξ1→Γ2

Γ1→¬ξ1,Γ2

L⇒ Γ1→ξ1,Γ2 Γ1,ξ2→Γ2

Γ1,ξ1⇒ξ2→Γ2
R⇒ Γ1,ξ1→ξ2,Γ2

Γ1→ξ1⇒ξ2,Γ2

R¤ Γ1→ξ1,Γ2

Γ1→¤ξ1,Γ2
/ Γ1 is ¤ closed, and Γ2 is ♦ closed L¤ Γ1,ξ1→Γ2

Γ1,¤ξ1→Γ2

L♦ Γ1,ξ1→Γ2

Γ1,♦ξ1→Γ2
/ Γ1 is ¤ closed, and Γ2 is ♦ closed R♦ Γ1→ξ1,Γ2

Γ1→♦ξ1,Γ2
.

Since the multicut rule and the cut rule are inter-derivable in the presence of the contrac-
tion rules and since for cut elimination proofs the use of the multicut rule makes proofs
simpler, we decided to include the multicut rule in the calculus.

3 Conditions for cut elimination

The conditions for a calculus to enjoy cut elimination are presented in this section. The
calculi satisfying these conditions are referred to as cut suitable. The cut suitable require-
ment may be seen as composed of three types of conditions: i) conditions imposing that
the rules in the calculus are not redundant except when necessary for cut elimination, ii)
conditions for pairs of introduction rules, and iii) conditions establishing general relations
among rules and provisos in the calculus. The first two types of conditions are presented
first.

5



To simplify the presentation, in the sequel, when writing conditions like the left (right)
multicut rule is in the calculus only if the calculus has a cardinality proviso for the right
(left) side it is meant the following two conditions: the left multicut rule is in the calculus
only if the calculus has a cardinality proviso for the right side and the right multicut rule
is in the calculus only if the calculus has a cardinality proviso for the left side.

We now present the conditions imposing that a calculus has no redundancies in terms
of rules except when necessary for cut elimination. We name a calculus satisfying that
conditions by a suitable calculus. These conditions can be checked in finite time for any
calculus.

Definition 3.1 A sequent calculus is suitable if

S1 a rule in the calculus is of a type described in section 2;

S2 the cut rules in the calculus are such that

1 a generic multicut rule is in the calculus only if no other cut rule is present;

2 the generic multicut rules are not simultaneously in the calculus;

3 the left (right) multicut rule for a connective is present only if the multicut rule
and the left (right) multicut rule are not present;

S3 the contraction rules in the calculus are such that

1 left (right) contraction rule r is present only if the calculus has no cardinality
proviso over the left (right) side imposing that the number of formulas is at
most 1 - similarly if r is for a connective;

2 the left (right) contraction rule for a connective is present only if the left (right)
contraction rule is not present;

S4 the left (right) weakening rule for a connective is in the calculus only if the left
(right) weakening rule is not present.

Introduction rules for a connective at opposite sides should satisfy specific constraints
in order for a cut in a deduction to be propagated for the premises when the cut formula
is introduced by these rules.

Definition 3.2 Consider a calculus with a generic multicut rule. A right and a left
introduction rules for a same connective are a cut suitable pair whenever there is a sequence
(s1, . . . , su) with no repetitions, of premises without multiset meta-variables, of both rules,
for u greater than 0, such that

s1 s2

s1,2
cut s3

s1,2,3
cut

. . . su

s1,...,u
cut

is a deduction where s1,...,u is →, and if the left (right) introduction rule, denoted by r,
does not have neither closure provisos nor provisos imposing that both contexts are empty
then, setting

np = number of premises of r, without multiset variables, in (s1, . . . , su)
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and

cnp =
{

number of premises of r if r is multiplicative
1 if r is additive

we have that if np < cnp then the calculus has the right (left) weakening rule, and also
the left (right) weakening rule if the calculus does not impose a cardinality proviso over
the left (right) side. The same for the contration rule if np > cnp.

The sequence (s1, . . . , su) is denoted by cut sequence. Note that each condition in the
definition of cut suitable pair can be checked in finite time.

A condition similar to the existence of a cut sequence for each pair of introduction
rules, but not contemplating the condition relative to the relation between the number of
premises in the cut sequence and the multiplicative and additive character of the rules, is
also present in [1].

3.1 Cut suitable calculus

The conditions allowing that a calculus enjoy cut elimination, are put together in the
definition of a cut suitable calculus.

Definition 3.3 A sequent calculus is cut suitable if it is suitable and

C1 if the calculus has a cardinality proviso for side l then that proviso imposes that the
number of formulas at that side of each sequent in a rule is at most 1;

C2 the axiom rule is in the calculus only if it has a cardinality proviso imposing that
the contexts are empty if the left or the right weakening rule is not in the calculus;

C3 contraction, multicut, and weakening rules, either for a connective or generic, and
the cut rule, are such that

1 the general multicut rule is in the calculus iff the contraction rules are present;

2 the left (right) multicut rule is in the calculus iff the left (right) contraction
rule is in the calculus and the right (left) contraction rule is not;

3 the left (right) multicut rule is in the calculus only if the calculus has a cardi-
nality proviso for the right (left) side;

4 the left (right) multicut rule for a connective is in the calculus iff the left (right)
contraction rule for that connective is also in the calculus;

5 the left (right) multicut rule for a connective c is in the calculus only if (i)
introduction rules with closure provisos, the axiom rule and the generic weak-
ening rule, are the only rules in the calculus that have a principal formula in
the right (left) side of the conclusion that may have c as main connective, (ii)
the cut rule is in the calculus, and (iii) the right (left) multicut rule is not in
the calculus;

6 multicut rules for connectives are not in the calculus only if the left and right
weakening rules are in the calculus;

7 the left weakening rule is in the calculus iff the right weakening is in the calculus;
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8 the left (right) weakening rule for a connective c is in the calculus only if (i)
the right (left) introduction rules for c have closure provisos, and (ii) the right
(left) weakening rule for c is not in the calculus;

9 the contraction rules for a connective are not simultaneously in the calculus;

10 the cardinality provisos in these rules are the ones imposed by the calculus;

C4 a left (right) introduction rule r for a connective c is in the calculus only if

1 r does not have premises only if r does not have closure provisos over the l side
if the weakening rule over side l is not in the calculus;

2 either r does not have any cardinality proviso, or has the cardinality proviso
imposed by the calculus, or has a cardinality proviso imposing that all the
contexts are empty;

3 all the left (right) introduction rules for c in the calculus have the same provisos;

C5 a rule r with closure proviso(s) is in the calculus only if its number is at most 2, and

1 if it is 1 and the proviso is c left (right) then i) r is a right (left) introduction
rule for c, and ii) there is a restriction in the calculus imposing that the number
of formulas at the right (left) side is 1;

2 if it is 2 then the provisos are over opposite sides, and if one is c left and
the other is c′ right then i) either r is a right introduction rule for c or a left
introduction rule for c′, ii) if r is a right (left) introduction rule then all the left
(right) introduction rules for c′ (c) in the calculus have the same provisos;

3 if r has a c left (right) closure proviso then there are in the calculus i) a left
(right) contraction rule, generic or for c, and ii) a left (right) weakening rule,
generic or for c;

C6 each pair of rules in the calculus with closure provisos is such that either for each side
they have the same closure provisos or the provisos are all over different connectives;

C7 each pair of rules in the calculus formed by a right and a left introduction rule for
the same connective is cut suitable.

The conditions in the definition of a cut suitable calculus avoid the problematic cases of
the cut elimination proof. To illustrate the importance of these conditions we now consider
a suitable calculus with no multicut rules for connectives and no weakening rules, and so
violating condition C3 item 6, and we present a deduction where the cut elimination is
problematic: let C be a suitable calculus including the cut rule, the rule Lw¬, the rule

Γ1, ξ1 → Γ2

Γ1 → ¬ξ1, Γ2
R¬

and no multicut rules for connectives, neither additional weakening rules. Suppose the
goal is to eliminate the cut in the following deduction:

D1

p1, ϕ → p2
r1

p1 → p2,¬ϕ R¬
D′1
→ p3

r′1
¬ϕ → p3

Lw¬
p1 → p2, p3

Cut

8



then problems arise since it is not possible to consider the deduction:

D′1
→ p3

r′1
p1 → p3

Lw

p1 → p2, p3
Rw

because generic weakening rules are not in the calculus.
These conditions are satisfied by calculi for a wide class of propositional based log-

ics including among others classical logic, intuitionistic logic, intuitionistic linear logic,
classical linear logic and modal logic S4.

Proposition 3.4 The calculi Cil and Cs4 are cut suitable.

Proof: The proof is straightforward. We briefly outline the satisfaction by Cil of some of
the conditions:

C2 is satisfied since the axiom rule has cardinality provisos imposing that the contexts
are empty;

C3 item 1 is satisfied since the calculus does not have neither the general multicut rule
nor generic contraction rules;

C3 item 5 is satisfied since the only rules in the calculus whose principal formula appears
in the right side of the conclusion sequent and may have ! as main connective, are
the introduction rule R!, which has closure provisos, and the axiom rule.

QED

4 Cut elimination

In this section we show that any calculus that is cut suitable enjoys cut elimination. The
proof follows the Tait style proof of cut elimination [14] as described in [15].

We start by introducing some basic definitions needed in the cut elimination proof.
Our reference is [15]. The depth of a formula ϕ, denoted by |ϕ|, is the maximum length
of a branch in its construction tree minus 1. The depth of a deduction D is the maximum
length of a branch in D minus 1. The level of a cut is the sum of the depths of the
deductions of the premises. The rank of a cut over a formula ϕ is |ϕ|+ 1. The cutrank of
a deduction D, denoted by cr(D), is the maximum of the ranks of cuts in D over formulas.
If there are no cuts in D over formulas, the cutrank is 0.

Lemma 4.1 Given a deduction D◦ for `C s where s is obtained by a cut from deductions
D and D′ with a lower cutrank than D◦, in the context of a cut suitable calculus C, then
there is a deduction D• for `C s with lower cutrank than D◦.

Proof: The lemma is proved by complete induction on the level of cuts. The base of
induction is straightforward so we omit it. For the proof of the step of the induction, we
present only the case where the cut rule is Multicut since the other cases follow similarly.
Step:

m) the cut rule is Multicut. Let D◦ be the deduction
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D
Ψ → ∆, ϕm r

D′
ϕn, Ψ′ → ∆′ r′

ΨΨ′ → ∆∆′ Multicut

for `C s, where the level of the cut is ` + 1, for a natural number `. Note that the left and
the right weakening rules are in the calculus due to C3 item 6, and the right contraction
rules by condition C3 item 1. So by S3 item 1 the calculus does not impose any cardinality
proviso. Consider the cases:

m.a) the cut assertions are not needed by r or by r′. Suppose, without loss of generality,
that the cut assertions are not needed by r, and let D be

D1

Ψ1 → ∆1, ϕ
m1

r1
. . .

Dk

Ψk → ∆k, ϕmk
rk

Ψ → ∆, ϕm r

where k is a natural number. Then consider the following cases:

m.a.1) r does not have premises. Then by C3 item 6 the left and the right weakening rules
are in the calculus. So

Ψ → ∆
r

...

w

ΨΨ′ → ∆∆′ w

is a deduction for `C s with cutrank equal to 0.

m.a.2) r is a right introduction rule for a connective c, with a proviso imposing that the
context at the left side is closed for c, and another proviso imposing that the context at
the right side is closed for c′. Consider the following cases for r′:

m.a.2.i) a cut assertion is needed by r′. Then, taking into account the initial notes in
m), and the conditions S4 and S3 item 2, the rule r′ can only be, either Ax, or a left
introduction rule for c′, or a left weakening rule, or a left contraction rule. Consider now
these different cases:

m.a.2.i.a) r′ is a left introduction rule for c′. Hence, according to C5 item 2.ii, r′ have the
same provisos as r, and so it is possible to apply r with additional contexts from r′ since
they are also closed for the same connectives. Then, consider the following cases:

m.a.2.i.a.1) r is a multiplicative rule with no cardinality provisos. Consider the deductions

Dj

Ψj → ∆j , c
′(ϕ′)mj

rj
D′

c′(ϕ′)n, Ψ′ → ∆′ r′

ΨjΨ
′ → ∆j∆

′ Multicut

satisfying the induction hypothesis conditions, for all j in 1, . . . , k where mj 6= 0. Hence
by induction hypothesis there is a deduction

D•j
ΨjΨ

′ → ∆j∆
′ r•j

with cutrank lower than cr(D◦) for all j in 1, . . . , k where mj 6= 0. For the sake of
simplification suppose that m1 6= 0 and mk 6= 0 and that the number of such mj is o.
Then, the deduction
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D•1
Ψ′Ψ1 → ∆1∆

′ r•1
. . .

D•k
Ψ′Ψk → ∆k∆′ r•k

Ψ′oΨ → ∆∆′o r

...

Rc

ΨΨ′o → ∆∆′ Rc

...

Lc

ΨΨ′ → ∆∆′ Lc

for `C s has cutrank less than cr(D◦).
m.a.2.i.a.2) r is an additive rule with no cardinality provisos. We omit this proof since it
is similar to the preceding proof of case m.a.2.i.a.1).

m.a.2.i.a.3) r has a cardinality proviso imposing that all the contexts are empty. This case
is not possible since the cut assertion is not needed by r and so is in the left context of r.

m.a.2.i.b) r′ is Ax. Then c′(ϕ′) is in ∆′. Note that according to C3 item 6 the left and
the right weakening rules are in the calculus. Then the deduction

D
Ψ → ∆, c′(ϕ′)m r

...

Rc

Ψ → ∆, c′(ϕ′)
Rc

...

Lw + Rw

ΨΨ′ → ∆∆′ Lw + Rw

for `C s has cutrank less than cr(D◦).
m.a.2.i.c) r′ is Lw. Suppose first that n− 1 6= 0. Then the deduction

D
Ψ → ∆, c′(ϕ′)m

r
D′1

c′(ϕ′)n−1, Ψ′ → ∆′ r′1

ΨΨ′ → ∆∆′ Multicut

satisfies the induction hypothesis conditions. Hence by induction hypothesis there is a
deduction

D′•1
ΨΨ′ → ∆∆′ r′•1

for `C s with cutrank lower than cr(D◦). Consider now the case that n−1 = 0. Note that,
according to C3 item 6, the rules Lw and Rw are in the calculus. Then the deduction

D′1
Ψ′ → ∆′ r′1

...

Lw + Rw

ΨΨ′ → ∆∆′ Lw + Rw

for `C s has cutrank less than cr(D◦).
m.a.2.i.d) r′ is Lc. Then the deduction

D
Ψ → ∆, c′(ϕ′)m

r
D′1

c′(ϕ′)n+1, Ψ′ → ∆′ r′1

ΨΨ′ → ∆∆′ Multicut

11



satisfies the induction hypothesis conditions. Hence by induction hypothesis there is a
deduction

D′•1
ΨΨ′ → ∆∆′ r′•1

for `C s with cutrank less than cr(D◦).
m.a.2.ii) the cut assertions are not needed by r′. The proof of this case, which is omitted,
proceeds by case analysis.

m.a.3) r is a left introduction rule for a connective c, with a proviso imposing that the
context at the right side is closed for c, and another proviso imposing that the context
at the left side is closed for c′. We omit this case since it is similar to the preceding case
m.a.2).

m.a.4) r is a left (right) introduction rule with only one closure proviso. This case is not
possible since according to C3 item 1 the calculus has the left and the right contraction
rules present, and according to C5 item 1.i the calculus has a proviso imposing that the
number of formulas at the left (right) side is at most 1. This contradicts condition S3 item
1 and so the fact that the calculus is suitable.

m.a.5) r is an introduction rule with no closure provisos and with no cardinality provisos
imposed by the calculus. The proof of this case is analogous to the proof of case m.a.2.ii.d)
so we omit it.

m.a.6) r is an axiom. The proof of this case is analogous to the proof of case m.a.2.ii.e)
so we omit it.

m.a.7) r is a weakening rule. The proof of this case is analogous to the proof of case
m.a.2.ii.f) so we omit it.

m.a.11) r is a contraction rule. The proof of this case is analogous to the proof of case
m.a.2.ii.g) so we omit it.

m.a.12) r is the multicut rule. The proof of this case is analogous to the proof of case
m.a.2.ii.h) so we omit it.

m.b) a cut assertion is needed by r and by r′. We proceed by case analysis on r and r′:

m.b.1) r or r′ is Ax. This case is similar to m.a.2.i.b) so we omit it.

m.b.2) r is Rc or r′ is Lc. This case follows straightforwardly by induction hypothesis so
we omit its proof.

m.b.3) r is Rw or r′ is Lw. Suppose that r′ is Lw and that n− 1 6= 0. Then the deduction

D
Ψ → ∆, ϕm r

D′1
ϕn−1, Ψ′ → ∆′ r′1

ΨΨ′ → ∆∆′ Multicut

satisfies the induction hypothesis conditions. Hence by induction hypothesis there is a
deduction

D′•1
ΨΨ′ → ∆∆′ r′•1

12



for `C s with cutrank lower than cr(D◦). Consider now the case that n − 1 = 0. Note
that, according to C3 item 6, the rule Rw is also in the calculus. Then the deduction

D′1
Ψ′ → ∆′ r′1

...

Lw + Rw

ΨΨ′ → ∆∆′ Lw + Rw

for `C s has cutrank less than cr(D◦).
m.b.4) r is a right introduction rule and r′ is a left introduction rule. Let (s1, . . . , su) be
a cut sequence with minimal length for the pair formed by r and r′, which exists by C8.
Consider the following deductions

D
Ψ → ∆, ϕm r

D′j
ϕnj , Ψ′j → ∆′

j

r′j

ΨΨ′j → ∆∆′
j

Multicut

where j = 1, . . . , k′, for k′ equal to the number of premises of r′, is such that nj 6= 0 and
the j-th premise of r′ is in the cut sequence, and

Dj

Ψj → ∆j , ϕ
mj

rj
D′

ϕn, Ψ′ → ∆′ r′

ΨjΨ
′ → ∆j∆

′ Multicut

where j = 1, . . . , k, for k equal to the number of premises of r, is such that mj 6= 0 and
the j-th premise of r is in the cut sequence. So by the induction hypothesis there are
deductions

D′•j
ΨΨ′j → ∆∆′

j

r′•j

and

D•j
ΨjΨ

′ → ∆j∆
′ r•j

with cutrank less than cr(D◦). Denote by D̂ the deduction

D̂1

ŝ1

D̂2

ŝ2

s1,2
Multicut

D̂3

ŝ3

s1,2,3
Multicut

. . .
D̂u

ŝu

s1,...,u
Multicut

where for i = 1, . . . , u the sequent

ŝi =





Ψl → ∆l if si is the l-th premise of r without multiset variables and ml =0
ΨlΨ′ → ∆l∆′ if si is the l-th premise of r without multiset variables and ml 6=0
Ψ′

l → ∆′
l if si is the l-th premise of r′ without multiset variables and nl =0

ΨΨ′
l → ∆∆′

l if si is the l-th premise of r′ without multiset variables and nl 6=0

and analogously for D̂i. The proof follows by case analysis on the type of rules r and r′

are. We only present one of the cases:

m.b.4.a) r is a multiplicative rule and r′ is an additive rule. Then s1,...,u is Ψ−Ψo′Ψ′o′′+o →
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∆−∆o′∆′o′′+o where Ψ− is Ψ without the left contexts of the premises of r not in the cut
sequence, analogously for the multiset ∆−, o′ is 0 if n is 1, otherwise is the number of
premises of r′ in the cut sequence, o′′ is the number of premises of r′ in the cut sequence,
and o is the number of premises of r in the cut sequence and with cut assertions in D.
Hence the deduction

D̂
Ψ−Ψo′Ψ′o

′′+o → ∆−∆o′∆′o′′+o
Multicut

...

Lw + Rw + Lc + Rc

ΨΨ′ → ∆∆′

for `C s has cutrank less than cr(D◦). QED

The next lemma extends the previous one by proving a similar result for any deductions
and not only for deductions ending in a cut with rank greater than the cutrank of the
deductions of the premises. That is, it shows that for any deduction with non null cutrank
there is a deduction with lower cutrank.

Lemma 4.2 Given a deduction D for `C s with non null cutrank, where C is a cut suitable
calculus, then there is a deduction D• for `C s with lower cutrank than D.

The proof follows straightforwardly by complete induction on the depth of the deduction.
The cut elimination theorem can be seen as resulting by the successive application of the
cutrank reduction lemma until a deduction without cuts is obtained.

Theorem 4.3 Given a deduction for `C s where C is a cut suitable calculus then there is
a deduction for `C s without cuts.

The proof follows straightforwardly by complete induction on the cutrank of the deduction.
Using Theorem 4.3 and Proposition 3.4 it is possible to conclude that intuitionistic linear
logic and modal logic S4 enjoy cut elimination. Note that by Theorem 4.3 any cut suitable
calculus enjoy cut elimination.

Corollary 4.4 The calculi Cil and Cs4 enjoy cut elimination.

5 Concluding remarks

A general proof of cut elimination is provided for a wide class of logics with sequent calculi
satisfying the cut suitable conditions. These conditions can be checked in finite time.

Interesting directions of future work can be devised. The extension to first order based
logics and the study of the complexity of cut elimination in this context is an interesting
topic [12]. The extension to more general type of sequents, or to sequent calculi with a
wider universe of rules and provisos is also an interesting direction of future work [11, 10].
Another interesting topic is the investigation of the preservation of the conditions obtained
in this paper under fibring [6, 5, 13]. Finally it would certainly be interesting to broaden
the properties investigated to, for instance, the Beth definability property and the Craig
interpolation property.
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preparation.

[13] C. Sernadas, J. Rasga, and W. A. Carnielli. Modulated fibring and the collapsing
problem. Journal of Symbolic Logic, 67(4):1541–1569, 2002.

[14] W. W. Tait. Normal derivability in classical logic. In J. Barwise, editor, The Sintax
and Semantics of Infinitary Languages, volume 72 of LNM, pages 204–236. Springer,
1968.

15



[15] A. Troelstra and H. Schwichtenberg. Basic Proof Theory. Cambridge University
Press, 1996.

[16] H. Wansing. Strong cut-elimination in display logic. Reports on Mathematical Logic,
29:117–131, 1995. First German-Polish Workshop on Logic & Logical Philosophy
(Bachotek, 1995).

16


