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Abstract

We give an axiomatization of first-order logic enriched with the almost-
everywhere quantifier over finitely additive measures. Using an adapted
version of the consistency property adequate for dealing with this gen-
eralized quantifier, we show that such a logic is both strongly complete
and enjoys Craig interpolation, relying on a (countable) model existence
theorem. We also discuss possible extensions of these results to the almost-
everywhere quantifier over countably additive measures.
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1 Introduction

Generalized quantifiers were first studied by Mostowski in [21], where an ex-
tension of first-order logic with numerical quantifiers was investigated, and by
Fuhrken and Vaught in their works [10, 29] devoted to the quantifier there
exist uncountably many. Generalizing these approaches, Lindstrom in [19] in-
troduced the concept of generalized quantifier and proved general results about
it. The topic was brought again to the attention of logicians a few years later
when Keisler, relying on a refined construction of uncountable models, proved
in [14] a concrete completeness theorem for first-order logic with the quantifier
there exist uncountably many, and when Barwise published his works [5, 6] on
abstract logics.

Several generalized quantifiers have been studied since then, based on dis-
crete and continuous measure theory as well as probability theory. For instance,
Keisler introduced in [16, 3] a logic with a probabilistic quantifier over first-
order structures enriched with a probability measure, and Barwise, Kaufmann
and Makkai studied in [4] an enrichment of first-order logic and of infinitary
logic with a weak form of the second-order generalized quantifier for almost



all countable subsets proposed by Shelah in [25] (see also [17, 26, 7, 27]) Out-
side pure mathematics, generalized quantifiers have also been considered in
philosophy [1, 28], artificial intelligence [23, 11], as well as linguistic and natu-
ral languages [22, 2]. More recently, quantifier rank hierarchies for logics with
generalized quantifiers have been studied [12, 18] capitalizing on the work of
Lindstrom (see [19]).

In this paper we investigate first-order logic enriched with a generalized
almost-everywhere quantifier (over finitely additive measures), expressing that
a property holds everywhere except on a negligible set. We follow a qualitative
approach in the sense that we do not explicitly use measure terms to character-
ize almost-everywhere. This qualitative approach complements the quantitative
approaches developed for instance in [16, 11]. Observe that the logic with prob-
abilistic quantifiers investigated in [16] does not have universal and existential
quantifiers.

More concretely, we propose an axiomatization for first-order logic enriched
with the almost-everywhere quantifier over finitely additive measures, and prove
that it is strongly complete and enjoys Craig interpolation. The proofs rely on
an adapted version of the consistency property over a finite collection of sig-
natures, adequate for dealing with the almost-everywhere quantifier and for
the proof of interpolation. The fact that the almost-everywhere quantifier is a
particular case of a monotone quantifier, see [20, 30] and [13], can be noted in
the definition of the consistency property. We show that the model existence
theorem holds for consistency properties maximal with respect to a given col-
lection of signatures. The notion of maximality had to be relativized since the
consistency property used in the interpolation proof is not maximal in the usual
sense.

This paper continues the study of almost-everywhere quantification started
in [9], where a monadic second-order axiomatization of the almost-everywhere
quantifier over supported structures (structures for which there is a largest
null set), is presented and shown to be complete. However, unlike [9], we do
not assume that our structures have to be supported. Observe that almost-
everywhere quantification was first studied in the context of first-order logic
in [1, 8] in a very restricted setting where it was applied only to implications
and where no calculus was provided.

The paper is organized as follows: Section 2 introduces the language, the
semantics and an axiomatization for first-order logic enriched with the almost-
everywhere quantifier over finitely additive measures, .Z(A£). It then shows
the validity of some formulas useful in the soundness and completeness proofs,
as well as the soundness of useful entailments. Some auxiliary proof-theoretic
results are also established. The section ends with the proof of the soundness
of the given axiomatization. Section 3 gives an adapted definition of the con-
sistency property suitable for proving the model existence theorem for Z(AE).
Capitalizing on this result, it is shown in Section 4 that Z(AE) is strongly
complete, and in Section 5 that .Z(AE) enjoys Craig interpolation. Finally, Sec-
tion 6, briefly discusses some points and issues that appear when trying to find
an axiomatization for the almost-everywhere quantifier over countably additive
measures.



2 Language, Semantics and Deduction

We start by presenting the language, the semantics and an axiomatization for
Z(A). We denote first-order logic (with equality) by .Z.

A signature X for £ (AF) is a first-order signature, that is, (F, P, 7) where F’
is a set of function symbols, P is a set of relation symbols, and 7 is a function
assigning to each symbol a natural number corresponding to its arity. The
elements of F' with arity 0 are the constants. With respect to the language of
Z (&) we follow Keisler [15] for the choice of logical symbols of .Z.

DEFINITION 2.1 Assume fixed a given signature ¥ for .Z(AE) and a countably
infinite set X of individual variables. Terms are generated in the usual way
from ¥ and X. The set of Z(AE) formulas over ¥ is inductively defined as
follows:

e p(t1,...,t,) is a formula for every p in P wth arity n and terms t1,. .., ty;
e 11 = {9 is a formula for all terms ¢ and to;
e —p, Vap, Jxp, Axp, and Exp are formulas for every formula ;

e 1 Ay and @1 V @y are formulas for all formulas ¢; and ¢s. N

NOTATION 2.2 Given a formula ¢ of Z(AE), a term ¢ and a variable z, when ¢
is free for x in ¢, we denote by [¢]f the formula obtained by replacing the free
occurrences of x in ¢ by t. o

The following notation will be useful in the sequel, namely to simplify the
presentation of deductive systems and the definition of the consistency property.

NOTATION 2.3 Given a formula ¢ of Z (&), the formula ¢ is inductively
defined as follows:

e if v is atomic then ¢~ is —p;
o (1) is 15
o (1A w2)™is —p1 V
P1V p2)7 18 1 A T

V)™ is Ju(—ep);

Jwp)™ is Vo (-p);
KErp)™ is Fa(-p);

[ ]
— —~ — — —~ —~ —~



The structures for .Z(AE) are first-order structures enriched with the col-
lection of measure zero sets of a finitely additive measure over its domain. We
impose that the domain has nonzero measure.

DEFINITION 2.4 An (interpretation) structure I for £ (M) over a signature ¥
is a tuple (D, -¥',-F ') where:

e D is a non-empty set;
e (D,-F'.P)is a first-order structure, that is:
— for each f in F with arity n, f¥ : D" — D;
— for each p in P with arity n, p*’ : D® — {0,1};

e N is a non-empty set of subsets of D closed under finite union, with D
not in NV. A

The closure under finite union of the elements of N is required due to the
finite additive character of underlying measures.

DEFINITION 2.5 Satisfaction in a structure I for .Z(AE) over a signature 3,
given an assignment p over I, is defined in the usual way as for first-order logic,
with the following extra clause:

Ip - Az if there is N € N such that (|¢|7,)" € N

where |7, (the extent of ¢ relative to x in I with assignment p) is defined by!

lol7, ={d € D | Ipg I+ »}.

Similarly for satisfaction of the quantifier iz which is defined as for = AEz—p,
that is,
Ip - Fxp if [p|7, £ N for each N € N.

Validity and entailment in Z(AE) over X, denoted by F g 5, are defined as
expected, that is, I' F &) » ¢ whenever I |- I implies I I ¢ for every structure
I for Z(AE) over X. A

When there is no ambiguity we may simply write Fy, or F for entailment and
omit the reference to .Z(A). Intuitively Fxp means that ¢ holds significantly
with respect to x or that ¢ is relevant with respect to x.

For the sake of an example, consider an interpretation structure for .2 (AE)
over a signature with only one binary predicate symbol e, and where the do-
main consists of the natural numbers, e is interpreted as the edge relation of a
graph, and the null sets are the finite subsets of natural numbers. Then Az

!Throughout this paper, given a variable x in X, an assignment p over a structure I, and
an element d in the domain of I, the assignment pj takes = to d and behaves as p elsewhere.



means that the extent of ¢ is cofinite, i.e. its complement is finite. Also, Fxy
means that the extent of ¢ is infinite. In this context, the sentence stating

that there are infinitely many vertices with finite degree can be expressed by
ExEy—e(z,y).

Observe that Z (&) is a conservative extension of first-order logic and
so inherits its expressive power, see Proposition 2.7. We omit the proof of
Lemma 2.6, since it follows straightforwardly by induction on ¢.

LEMMA 2.6 Given a first-order formula ¢ over a signature 3, a structure (D, -,
PN for £ (M) over ¥, and an assignment p over the structure, (D, - -)p I-
@ if and only if (D, -Z N)p IF . o

In the proof of the following proposition we denote entailment in first-order
logic over a signature X by F ¢ 5.

PROPOSITION 2.7 Entailment in .Z(AE) for first-order formulas coincides with
entailment in first-order logic.

PROOF. Let I' U {p} be a set of first-order formulas over a signature 3.

(1) Suppose that T' Fg s s . Let (D,-F .F) be a first-order structure over
¥, and p an assignment over (D,-f' -P) such that (D,-¥,-F)p I- . Observe
that (D,-F',-F {0}) is a structure for Z(A5) over ¥. So (D,-F',-F {})p IF T by
Lemma 2.6. Then (D, -F {0})p IF ¢ since T'F o4 5 ¢. Hence (D,-F,.P)p |-
@ by Lemma 2.6, as we wanted to show;

(2) Suppose that ' Fo 5 . Let (D,-F-P N) be a structure for .Z(AE) over
¥, and p an assignment over (D, - .F N} such that (D,-f',-F N)p|FT. Then
(D, ¥ .P\p IF T by Lemma 2.6. So (D,-¥'|-F)p I ¢ since I' Fox . Hence
(D,-F.P N)plIF ¢ by Lemma 2.6, as we wanted to show. O

The following proposition, which shows the validity of some formulas of
Z(AE) and establishes some entailments in this logic, is useful not only to better
understand the logic at hand, but also when showing that the axiomatization
for £ (M), proposed in Definition 2.9, is sound.

PROPOSITION 2.8 In the context of Z(AE), the following formulas are valid:

[

- (Va(p = ) = (ABap) = Aaip);

[\)

. (AEz(p =) & (¢ = AExy) where x does not occur free in ¢;

w

. (&xp) = Aylp]y where y does not occur free in ¢ and is free for z in ;

W

. Krx(x = x);

ot

- ((MBzpr) A (Bxps)) = Br(pr A pa);

(@)

. (AEzp) = Frp;



7. (Fxp) = Jzp;
8. (MEzp) e ~Fry;

9. ((Fa1p1) A (Ezope) A (Axsps)) = F([p1]zt Alpalz? A lps]z?) where z
does not occur free in Fx1p1, Arops and Arsps and is free for 1, o
and x3 in @1, @2 and @3 respectively;

and the following entailments hold:

L o,0 =9

2. ¥ = ¢ =1 = Vze whenever x does not occur free in 1;
3. p | Exp.

PROOF. Let I be a structure for Z(AE) and p an assignment over I. We just
prove that the formulas are valid since the proof that the entailments hold is
similar. In fact:

1. Suppose that Ip Ik Vz(p = v) and Ip Ik Axp. Let N in A be such that
o}
<|4pﬁp) C N. Then

(Ivl7,)" = {d[Ipg v}

{d | Ipglf ¢ and Ipg - o} U{d | Ipglf ¢ and Ipg If o}
{d [ Ipglf o=viUu{d]|Ipglf o}

0 (lelf,)

= (lelf,)"
N

N

N

and so Ip IF Az,

2. Suppose that Ip IF Ax(e = ¢) and Ip Ik ¢ where x does not occur free
C
in ¢. Let N in NV be such that (|<,0 = ¢|?p) C N. Then

(Il5,)" = {d|IpgV v}

Dn{d| IpglF ¢}

{d | IpgIFern{d]|Ipgly ¢}
{d | Ip |- and Ipg |f ¢}
{d | Ipg I} o=}

= (le=9l7,)"

C N

and so Ip IF Ax. For the other direction suppose that Ip IF ¢ = (AEz1))
where x does not occur free in . Consider two cases:

a) Ip |k ¢. Let N in A be such that <|1/)|9fp)c C N. Then Ip IF AEx(p =



1) since <]w\§p)c = (!@ = ¢|?p>c as we showed above;
b) Iplf . Let N be a set in A/. Then

(lp=vl1,)" = {d|Ipflf =}
= {d|Ipgl-¢ and Ipglf ¢}
= 0
C N

and so Ip IF Ax(p = );

C
. Assume that Ip IF Axp. Denote by N the set in A such that (\gpﬁp) -

N. The results follows since |¢[7, = [[¢]y |?p (observe that y does not
occur free in ¢ and is free for x in ).

C
. Observe that [z = z|f, = D and so (|x = x|}"p) = (. Since N is non

C
empty then there is a set in it containing (|:c = a:|"fp) . Therefore Ip I-
Mx(x = x).

. Assume that Ip IF (Expi) A (Exps). Denote by N1 and N the sets in
C o} o}
N such that (|<p1|}”p> C Ny and (]goﬂ}%) C Ns. Since (]cpl A @2]}%) =

C C C
<|901|9fp N |<,02|‘}3p) = <|<,01|“[‘"p) U (|g02\°}”’p> C N1 UN;y € N because N is
closed under finite union, we conclude that Ip |- Ax(p; A v2).

. Suppose that Ip IF AExep. Then (|g0]:fp>c C N for some set N in N.
Observe that (N)° is not contained in any set in N, because otherwise D
would be in N. Since (N)° C (<|g0\‘;p)c>c = |¢p|7,, then there is no set in
N in which |¢[f, is contained. Hence Ip IF Exp.

. Suppose that Ip IF Fxp. Observe that |<p\fp is not () since otherwise it
would be contained in any set N in A/. So Ip I Jzep.

(o}
. Observe that Ip I+ Axy if and only if there is N € N with <\gp]§p> CN
if and only if there is N € NV with | 7|7, C N if and only if Ip ¥ Fz - ¢
if and only if Ip IF = Fz — .

. Suppose that Ip I+ Fxi1po1, Ip IF Brxeps and Ip I+ Axsps where x

does not occur free in Exi1p1, Arops and Hxsps and is free for xq,

x9 and z3 in 1, @9 and @3 respectively, and let N7 and Ny in A be
Cc C

such that (]g@ﬁ;) C N; and (\cpﬂff;) C Nz and so (N1)° C [[p2]32(7,

and (N2) C |[ps]3?[7,. Observe that p1l7, € N1UN; since Ip I- Exqe.

Hence |[p1]3[7,N (N1 U N2)® # 0 and so [[01]31|7,0[pa]72 7,0 [ws]3? 7, #
0. D



Notice that removing the requirement that D is not in N in the definition of
structure for .Z(AE), Definition 2.4, affects the validity of the formula presented
in item 6. The non-emptiness of N is important for the validity of items 2, 4
and 7.

We now provide an Hilbert-style axiomatization for .2 (AE), denoted by
‘H(AE), obtained by enriching an axiomatization for . (the axioms and rules for
first-order logic with equality in the axiomatization for %, . proposed in [15])
with three axioms for the almost-everywhere quantifier.

DEFINITION 2.9 The axiom system #(AE) is composed of the axioms:
TAUT: All instances of propositional tautologies;

Vi: (Vap) = [p]f whenever ¢ is free for x in ¢;

Ne: wp < ¢

Es: Vyvz((z = y) = (y = 2));

Er: Va(x & z);

Ea: Vz((@ A (x = t)) = [¢]f) whenever t is free for = in ;

plus:

AEe: (AExyp) = Jxy;
Fe: (Frp) = Jzp;

Ef: (Erip1) A (Baaps) A (AEzzps)) = F([plz" A lp2]7? A lps]?) where z
does not occur free in Fx1p1, Areps and Axsps and is free for 1, xo
and x3 in @1, w9 and 3 respectively;

and of the following inference rules:

MP: $1 P1=>P2 :
P2

VGen: Ji:;f@ whenever x does not occur free in . N

Given a signature X, the derivation, in the context of Z(AE) and X, of a
formula ¢ from a set of formulas I', is defined in the usual way, and denoted
by I' b5 ¢. We say that a formula ¢ is a theorem of £ (A4E) in the context of
3 whenever Fy . When there is no ambiguity we omit the reference to the
signature and simply say that ¢ is derived from I', denoted by I' F ¢, or if it is
the case, that ¢ is a theorem.

We start by noting that the Deduction Theorem still holds, under some con-
ditions, in this enriched context of first-order logic with the quantifier AE. For



that we need to recall the following notions.

Given a set I of formulas of Z(AE), v € T', and a derivation g ... ¢, from
the set of hypothesis I', a formula ¢; in the derivation is said to depend on the
hypothesis v if: either ¢; is 7v; or ¢; is obtained by applying VGen to a formula
¢; which depends on 7y; or ¢; is obtained by applying MP to formulas ¢; and ¢y,
and at least one of these depends on . An application of YGen in a derivation is
said to be an essential generalization over a dependent of v if VGen is applied to
a formula that depends on ~ and the variable being generalized occurs free in ~.

PROPOSITION 2.10 Given a signature ¥ and a set I' U {¢, 1} of formulas of
Z(AE) over X, if there is a derivation for I' U {¢} Fx ¢ where no essential
generalizations were made over dependents of ¥, then I' Fx ¥ = .

PRroOOF.

Assume that there is a derivation for I' U {4} Fy ¢ where no essential gen-
eralizations were made over dependents of ¥. The proof follows by complete
induction on the length of the derivation. Base. Then, the length of the deriva-
tion is 1 and one of the following cases occur:

(1) pis . Then I' Fx ¢ = ¢;

(2) ¢ either is in I" or is an instance of an axiom. Then I' Fx ¢. Since
F'kyp= (=) then I'Fx ¢ = o.

Step. Assume that the length of the derivation is n + 1 where n is not 0. The
proof follows by case analysis:

(a) ¢ is the conclusion of an application of MP. Let ¢’ be such that ¢ results
from the application of MP to ¢’ = ¢ and ¢’. Then, there are a derivation for
Fu{y} ks ¢ = ¢ and a derivation for I' U {¢)} Fx ¢/, both with length less
than n+1 and such that no essential generalizations were made over dependents
of ¥. So, by the induction hypothesis T' by ¢ = (¢’ = ¢) and T’ by ¢ = ¢/,
Hence I' Fx ¢ = ¢ by TAUT and MP;

(b) ¢ is the conclusion of an application of YGen. Then either (i) ¢ does
not depend on 1 or (ii) the variable being generalized does not occur free in
¥. Assume (i) holds. Then I' Fy ¢ and so the result follows by MP since
I'ky ¢ = (¢ = ¢). Assume now that (ii) holds and ¢ is ¢/ = Va¢” where
x does not occur free in ¢'. Then by the induction hypothesis and then VGen
I'Ey Y = (¢ = Vo). 0

Note that this form of the Deduction Theorem also holds for first-order
logic, see [24], and is more general than the usual one found in the literature
since neither ¥ nor ¢ need to be a sentence. The difference between the proof
of Proposition 2.10 and the proof of the usual form of the deduction theorem
for first-order logic, is in case (b). In the proof of the usual form it follows
immediately by applying the induction hypothesis and, then, since x does not
occur free in 9, VGen.



In the sequel we also use the following admissible form of VGen,

if 'kFye then T Fy Vze.

PROPOSITION 2.11 The following formulas are theorems of .2 (AE):
V(e = ) = (HBrp) = Eay);
(AEzp1) A (Hapz)) = Ez(p1 A p2);

—

2. (
3. (¢ = AExy) = AEx(p = 1) where x does not occur free in ;

4. (Bxp) = Aylpl; with y not occurring free in Azp and free for x in ¢;
5. (Fzxp) < - Az -y;

6. Ax(r = x).

PROOF.
1. We show first that V(g1 = ¢2), Axpr, 7 Eaps F L. Indeed:

1. Va(p1=¢2) Hyp

Mz Hyp
- Mo Hyp
oz — o Ne + TAUT + MP 3

Jx(p1 A )  Ef+ TAUT + MP 2,4
—Vz(p1 = p2) Ne+ TAUT + MP 5
1 TAUT + MP 1,6

N o Otk N

and so F (Vz(p1 = ¢2)) = ((Expr) = AExps).
2. Observe that
e, Brps, ~Er(pr Ap2) E L
since
Az, Brps, ~HEa(pr A p2) FIz((me1 V 7p2) A i A ps)
by Ff, and
Fz((—1 V —2) A1 Apa) B L.
3. We show first that

-, MEr(p =)k L and AExy, MEx(p =)+ L

where = does not occur free in p. For -y, ~Az(p = 1) F L note that
-, " Ax(p = ) F Ve(-p) and —p, ~Ex(e = 1) F Jxp. With respect to
Nz, ~Ax(p = ) F L note that Ay, ~Hx(p = ) F Jz(p A =9 A ).
Hence ¢ = Az, ~Az(p =) F L and so F (p = Exyp) = ~Ex(e = ¥).

4. We show first that Axp, ~ASy[p]; F L where y does not occur free in Az
and is free for x in ¢. Indeed:

2. —MAylply Hyp

3. Ey-lely Ne + TAUT + MP 2
4. Jy(-llelfly Alelz) $f+TAUT +MP 1,3
5 L TAUT + MP 4

10



and so = (Axyp) = Aylp]y-

5. The result follows straightforwardly taking into account that ¥xp, Ax -~ ¢ -
L by using Ef, and — Az -, " FEzxp - L by using Ne and Ff.

6. Observe that ~Ez(z = x) - L since ~Az(x = z) F Jz—(x = z) by Ee. So
F Ex(r = x). O

As could be expected from the definition of H(AE) in Definition 2.9, there
is a close relationship between the A quantifier and the V quantifier, as we see
in Proposition 2.12.

PROPOSITION 2.12 The following formulas are theorems of £ (AE):
1. Vaxp = Fxy;
2. (Bzx(p=1v)) = (Exp) = Ex).

PROOF.
1. Indeed:
1. Vzop Hyp
2. Vil
3. v= (== ) TAUT
4. z=rx = MP 2,3
5. Vz((x =2 x) = o) VGen 4
6. Va((z=z)=¢) = (Ez(r =)= Exp) Prop.2.11, item 1
7. Erx(r=rx)= Koy MP 5,6
8. Mx(r=x) Prop. 2.11, item 6
9. Axyp MP 8,7

is a derivation for Vaxy = MAxp. Hence, by the Deduction Theorem, F Vap =
Axp.

2. Note that:
1. Mx(p= 1) Hyp
2. Mz Hyp
3. (Az(p=v)) = (HEzp = (AEzp N Ezx(p = 1)) TAUT
4. (Bxp) N Bx(p = 1)) = Ex(p A (¢ =) Prop. 2.11, item 2
5. Az(p A (= 1)) MP* 1,2,3,4
6. (pA(p=v)) =>4 TAUT
7. V(e A (p=1)) =) VGen 6
8. Vz((pA(p=1v)) =)= (Ex(pA(p=1)) = AEzxy) Prop.2.11, item 1
9. MEaxy MP* 7,5,8
and so the result follows by applying the Deduction Theorem, twice. O

Note that some steps of the derivation in the proof of Proposition 2.12 may
be in fact comprised of several steps. We compress them in just one step in
order to make the proof more readable. With the same purpose, from now on,

11



we allow ourselves to use derived rules in our derivations and assume that they
consist of just one step.

We now turn our attention to an admissible rule of generalization for the
AE quantifier, called AEGen rule.

PROPOSITION 2.13 Given a set 'U{v), ¢} of formulas of £ (AE) over a signature
3, if 'y ¥ = ¢ and x does not occur free in ¢ then I' by ¢ = Azp.

PROOF.
Assume that there is a derivation for I' by ) = ¢ with length «. Then:

a. Y=

a+1l. Y=V VGen «
a+2. (Vzyp) = Azp Proposition 2.12, item 1
a+3. Y= Nxyp TAUT +MP o+ 1, + 2
is a derivation for I' Fx v = Azxep. 0

We now show that a variant of rule AXGen, not involving implication, is
admissible. We will also denote it by AEGen.

PROPOSITION 2.14 Given a set I' U {¢} of formulas of Z (&) over a signature
3,if Ty ¢ then I' by Axep.

ProoFr.
Let « be the length of a derivation for I' F5; . Then:

a. @

a+1l. Vzp VGen, «
a+2. (Vxp)= Exp Proposition 2.12, item 1
a+3. Az MP a+1,a+2
is a derivation for ' Fy; ALz as we wanted to show. u]

Capitalizing on the previous propositions we can show that the following
formulas are theorems of £ (AE).

PRrROPOSITION 2.15 The following formulas are theorems of .Z(AE):
1. (EBz(p = 1)) = (p = AEx) where x does not occur free in ¢;

2. (Exp) = ¢ where x does not occur free in ;

w

. Bz((MExp) = [p]f) if z is free for z in ¢ and does not occur free in ¢;

z

4. (Ezxyp) = FExp.

12



PROOF.

1. In fact:
1. Mzx(p=1) Hyp
2. ¢ Hyp
3. Axyp Proposition 2.14
4. (Ez(p = 1)) = (Bzxp) = Axy) Proposition 2.12, item 2
5. ABaip MP* 1,3,4

and so the result follows by applying the Deduction Theorem twice.
2. In fact:

1. (Mzp) = (3zy) Ae
2. Va((mp) A (z=1)) = (m¢) Ea
3. (me)=(—y) Er + Vi* + TAUT + MP* 2
4. () =Va(-p) VGen 3
5. (Fzp) =@ Ne + TAUT* + MP* 4
6. (Azp) = ¢ TAUT + MP* 1,5
as we wanted to show.
3. Indeed
1. ((Ezxp) = AEz[p]f) = AEz((Ezxp) = [¢]f) Prop. 2.11, item 3
2. (Exyp) = Ez[p]Z Prop. 2.11, item 4
3. Kz((AExp) = [¢]?) MP 1,2

as we wanted to show.

4. Indeed:
1. Azy Hyp
2. ~Fzp Hyp
3. ("Fzxp) & Er-p Ne
4. Ax-p MP 2,3
5. (AEzp) A Br—p TAUT + MP 1,4
6. MAx(Ll) Prop. 2.11 item 2 + TAUT + MP
7. Fx(l) Age + MP 6
8 Vz((mL)A(x=x))=(—L1)) Ea
9. (m1)=(—1) Er + Vi* + TAUT 4+ MP* 8
10. (=1)=Vz(-1) VGen 9
11. Gzl)= L Ne + TAUT* + MP* 10
12. 1 MP 7,11

and the result follows by contradiction.

o

The next proposition is essential in the proof of the completeness theorem,
Theorem 4.2. We omit its proof since it follows by a standard induction on the

length of a derivation.
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PROPOSITION 2.16 Given a signature 35, a countable set C of symbols not in X3,
a set [U{p} of formulas of £ (&) over ¥ and a derivation § with formulas over
the signature ¢ obtained by enriching ¥ with the elements of C as constants,
for I 5, ¢, then there exists a derivation with the same length as 6 for I' Fx ¢.0

We end the section showing that the axiomatization H(AE) proposed in
Definition 2.9 is sound.

THEOREM 2.17 Let I'U {¢} be a set of formulas of Z(AE) over a signature 3.
If 'y ¢ then T' Fx .

PRrOOF. The proof follows by complete induction on the length of the deriva-
tion. Base. The length is 1. Consider the following cases: (1) ¢ is in I'. Then it
is immediate to conclude that I' Fx ¢; (2) ¢ is an instance of an axiom. Then
taking into account that valid first-order formulas are also valid in .2 (AE), and
taking into account Proposition 2.8, we can conclude that Fyx ¢ and so that
I' By, ¢. Step. Assume that the length of the derivation is m where m is
greater than 1. Then ¢ is the conclusion of an application of a rule to a finite
number ¢1,..., @, of premises. Hence, by the induction hypothesis I' Fy ¢;
for i = 1,...,m and so, since {¢; : i = 1...,m} Ey ¢, taking into account
Proposition 2.8, we can conclude that I Fyx; ¢. O

3 The Model Existence Theorem

In the sequel, given a signature 3 and a set C, we denote by ¥, the signature ob-
tained by adding C, as constants, to . Moreover by a basic term over ¥ and C
we mean either a constant symbol in ¥ or a term of the form f(ci,...,cn)
for ¢1,...,¢y in C and an m-ary function symbol f in X. We denote by
T(3¢c) and L(X¢) the set of basic terms over ¥ and C, and the set of the sen-
tences over Y¢, respectively.

The completeness and the interpolation proofs rely on the existence of a
model for a particular set of sentences. In order to prove the existence of
that model we adapt to Z(AE) the notion of consistency property previously
considered in the literature for instance in the context of %, (see [15]).

DEFINITION 3.1 A consistency property S for £ (AE) over signatures X1, ...,%,
and a countably infinite set C of constant symbols not in the signatures, is a
collection of sets

s=s51)U...Uspy

where each s is a subset of L(X;¢) with a finite number of constants of C,
such that:

o if s’ is a subset of s then s is in S;

e cither ¢ or = is not in s;

14



e if ~pisin s then sU{p '} isin S;

o if 1 Ao isin s then sU{y;} isin S for each ¢ in {1,2};
o if 1 Vo isin s then sU{y;} is in S for some i in {1,2};
e if Vzp is in s then for all ¢ in C, sU{[p]Z} is in S;

e if 3z is in s then for some ¢ in C, sU {[¢]|*} is in S;

o if Exyp isin s then sU {[¢|*} is in S for some c in C;

o if Fxyp isin s then sU {[¢]*} is in S for some c in C;

o if 191, Mrops and Axzps are in sy, for some k in {1,...,n} then
sU{[e1]2 A [p2]Z2 A [ps3]#3} is in S for some ¢ in C;

e if c; 2o isin s and ¢; and ¢y are in C then sU {ca 2 ¢1} is in S;

e for each ¢ in C and basic term t over Xy and C, if ¢ = t and [p]f are in s
then sU {[p]*} is in S;

e for each basic term ¢t over ¥ and C there is ¢ in C with sU{c = ¢} in S.2a

The consistency property is defined over a collection of signatures instead
of just over one signature, since the proof of interpolation considers more than
one signature and it is important to not mix symbols of the different signatures
in the sentences used in the consistency property.

Not all consistency properties are necessarily closed under deduction, but
maximal consistency properties are. A consistency property S for £ (A) over
¥1,..., 2, and C, is maximal, if

sU{pV-p}isin S
for every s in S and sentence ¢ in L(X¢)U...U L(3,¢).

PROPOSITION 3.2 Let & be a maximal consistency property for Z(AE) over
¥,...,%,and C, sin S, kin {1,...,n}, 0 a derivation v ... 1, with formulas
over X,c and hypothesis in s, z1...2, a sequence with no repetitions of the
free variables of the formulas in 6§, and ¢; ... ¢, a sequence with no repetitions
of constants of C not occurring in §. Then, for all i = 1,...,m,

sU{llz e s

where 7, is the subsequence of x1 ...z, with the free variables of 1;, and ¢,
is the subsequence of c; ... ¢, corresponding to @y, .

15



PRrROOF.
The proof follows by complete induction on the length m of the derivation:

Base. Let the derivation be . Consider the following cases (we omit the proof
of the other cases since they follow either similarly or straightforwardly):

1. ¢ is in s. Then ® is a sentence and s U {¢} is s;

2. 7 is an instance of Ne. Assume that v is (= Exy) & Ex(—¢) and suppose
by contradiction that sU{[¢ ]%} is not in S. Hence sU {ﬂ[zﬂ]gf} is in S by the

maximality of §. Consider two cases:
(a) sU{~((— x[ap]ﬁf) = Azx(-[p ] ))} is in S. Therefore s U {~Fz[p ] z)

C

-~ Ax(—[e ]g )} is in S, and so, by deﬁnltlon of the consistency property, s U

—

{&z(-[p ]gj) -~ Ex(- [@];w ))} is in S, which is a contradiction;

(b) sU{~((AEx(—[¢] :f)) = (- Six[go]zjj))} is in S. Therefore sU {PE:r(—'[cp]?f),
SE:I:[QO];Z’} is in S, and so by definition of the consistency property there is ¢ in C
such that sU{EIx(—'[w]Zf Aﬂ[gp];z’ A [go];:f)} is in S, which leads to a contradiction.
3. 1 is an instance of AKe, thiit is, ¢ is of the form (AExy) = Jxp. Suppose
by contradiction that s U {[w]gf} is not in S. Then sU {ﬂ[w];;"} is in S by the

maximality of S. Hence s U {AEx[go]gj,Vw ﬁ[np]::;”} is in S, and so, taking into
account the condition for the almost-everywhere quantifier in the definition of
the consistency property, let ¢ in C be such that

§' = 5 U {Balel2, [Pl ]2, Yo ~lel2 ),

is in S. Therefore s’ U {ﬁ[[@]ﬁj]g } is also in S. Contradiction.

4. v is an instance of Ff, that is, ¢ is of the form ((Ez1p1) A (Azops) A
(AExzps)) = Fz([e1]E Alp2]Z2 Alps]Z3) where x does not occur free in iy,
Axgpe and Axsps and is free for z1, 2 and x3 in @1, w2 and 3 respectively.
Suppose by contradiction that sU {[w]gj} is not in §. Then, by the maximality
of S, sU{-[¢ ]%} is in S, and so s U {Fx1p1, Brops, Brsps, YVa-([p1]2 A
[p2]22 A [pa)% )} is in §. Taking into account the condition for the almost-

everywhere quantifier in the definition of the consistency property, let ¢ in C be
such that

s U{Ez101, Baops, Basps, [p1]e", [p2]e?, [ps]e?, Yo ([paz! A lpalz? Alpslz?) )}

is in S, and denote this set by s’. This is a contradiction since s"U{=([[p1]Z]Z A
[lpalz?]e A llpslz?]e)} is not in S;

Step. Consider two cases:
1. 1, is obtained by MP from v; and (—;) V v, in the derlvatlon for i < n.
Then we can use the induction hypothesis to conclude that sU{ [1,[)@]5 Wh] Ty

[wm];im} € S where ¢, and ¢, agree on the common free variables of v; and
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tm. Hence either s U {[@Z)Z]?z,—'[wl]?l} eSorsU {[@bl}?l, [wm]?m} €S. So

sU{[mlZ"} € S,
2. 1y, is of the form 1’ = Vay)” where x does not occur free in 1)’ and is obtained
by VGen from ¢’ = 1" in position i in the sequence. Suppose by contradiction

that sU {[1/)’];;”” = [le)”]gf’”} ¢ S. Then sU {[1/)’]22;’””, [EI:U—\@ZJ”]?;’””)} € S and

let ¢ in C be such that s U {[W]ZT,"HW/]%Z]?} is in S. Denote by s’ the set

sU{[[v = w”]gjm]m} which is in S. Note that ¢ ...; is a derivation for

[

' =" from §'. Then s U{[¢)' = w”]?i} € S by the induction hypothesis for
b

any sequence dj ...d, denoted by d with no repetitions of constants of C not
occurring in ¢y ... ;. So in particular s’ U {[[¢' = w”]g’:]?} € S. Contradic-
tion. o

Given a consistency property S over ¥y,..., %, and C, and 'U{} contained
in L(X1c)U...UL(X,e), we denote by

| R SN S
a derivation )y . ..y, for ¢ from I' where, for every ¢ = 1,...,m, each formula
¥; is in L(Xg,c) for some k; in {1,...,n}. The following theorem is known as

the model existence theorem.

THEOREM 3.3 Every set of sentences in a maximal consistency property for
Z(AF) has a model.

PROOF.
Let S be a maximal consistency property for .Z (&) over ¥, ..., 3, and C, and
s asetin S.

Let t1,to, ... be an enumeration of all the basic terms in T'(X1¢)U---UT(2,¢),
and @1, p2,... an enumeration of all the sentences in L(31¢) U --- U L(Xy¢).
Consider the following sequence sq, s1,... of sets in § inductively defined as
follows: s is s, and given sy, in S, Spm41 is a set in S containing: (i) Sp;
(ii) ¢ = tyy1 for some ¢ € C; and (iii) if s, U {@my1} is in S then containing

® Om41;
e ; for some i in {1,2} if vy, 41 1S Y1 V Po;
e []* for some c in C if py,11 is either Jx) or Aai)p or Exy;

and denote by s, the set J,, <w Sm- Observe that every formula in s, is a
sentence of .Z(AE) over some signature Yyc with a finite number of constants
of C. Then, for every m,

if s; Fx,,...9,.c ¢m for some natural number ¢ then ¢, € s, (1)
and

if Yy & S, then —py, € sq,. (1)
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In fact:

To show (t), consider the following cases: (i) ¢ < m. Observe that s; C sp—1.
Hence sp,—1 F ¢ and 80 s;,—1 U {pn} is in S by Proposition 3.2. So ¢, € sy;
(ii) ¢ > m. Observe that s;U{p,,} is in S by Proposition 3.2. Since s,,—1U{¢om}
is a subset of s; U {¢m}, then s,,—1 U{py} isin S;

For the proof of (), suppose that ¢,, ¢ s, and that p; is —p,,. Let j be the
maximum of ¢ and m. Observe that s;_1U{¢n} ¢ S and that s;—1U{@mV-em}
is in S, since S is maximal. Hence s;_1 U {—¢,,} is in S by definition of the
consistency property. Therefore —p,, is in s,.

~

Consider the binary relation ~,, on C such that ¢; ~, co if and only if ¢; =
cy € 8,. We omit the proof that ~,, is a congruence relation since it follows
straightforwardly.

In the sequel, given a basic term ¢, we denote by ¢; the first constant of C in
the enumeration ¢1,t2,... of all the basic terms, such that ¢; £t € s,,. The
extension of ¢; to all ground terms, denoted by ¢}, is inductively defined for
every ground term as follows: (i) ¢ is ¢y; and (ii) C}(tl,n-,tm) is CF(cg, i)
for every m-ary function symbol f and ground terms t¢i,...,t,. In order to
simplify the presentation we will also denote ¢} by c¢;.

Consider the following structure (D, -, -F A/}, denoted by I, where

e DisC.,, that is, the set {[c]~, : c € C};

o PPl [onms) = el

e pP([c1)~n,- - - [cn)~y,) = 1 if and only if p(c1, ..., cn) € Su;

e N is the collection of all the sets {[c|~,, : 7[Y]Z € s, } such that Az € s,.
Then:

(a) -F" and - are well defined. We omit the proof of this case since it follows
straightforwardly by definition of the consistency property.

(b) NV is closed under finite union. Assume that AExvyy and Axis are in s,
and let 4, j and ¢ be such that ¢; is Bz, ¢; is Eatpy and g is Bz (1 As).
Denote the maximum of 4, j and £ by m. Observe that Ay, and Axi, are
in s,,. Hence s, Fx, . s.c Mx(1 A1) by Proposition 2.11 item 2. Thus
Mx(ip1 Aa) is in s, by (f) and so {[c]~, : —[t1 A ¥a]? € s,} is in N by
definition of N. Since

{lcl~w : (] A [2d) € su} = A{lclns - 2ln]e € sw} Ufleln, 2 2[2]d € su}
the result follows immediately.

(¢) N is non-empty. Observe that Az(z = z) is in s, by (f). So N contains
at least the set {[c]~, : ~[x 2 2]? € s,} = 0;

(d) D ¢ N. Let At and ¢; be such that Bz € s,y and ¢; is AExtp. Then, by
definition of s;, there is ¢ in C such that [¢]% is in s;. Hence {[c]~, : 7[¥]¢ € su,}
is not D since otherwise we will arrive to a contradiction.

18



Let p be an assignment over I;,. Then:

(D) [efer, vmetm)w = (€501t~ and [, = [co]~, where t1,... 1, are
basic terms and ¢’ is in C. Observe that (i) ¢, = t; € s, for i = 1,...,n.
Therefore f(cyy,...,ct,,) = f(ti,.. . tm) € Sw. So ¢ = f(cy,...,c,) € Sy if
and only if ¢ & f(t1,...,tm) € sw; and (ii) ¢ = ¢y € s, by definition of ¢;

(2) [t]fs=r = [c[t]ft ]~ for every term t where 7; is a sequence xi,..., T

c fllt
with the variables in ¢, and ¢ is the sequence ¢, ;- -+, Cp(a,,) Where )
is a constant in C such that c,,) € p(v;) for i = 1,...,n. The proof follows
straightforwardly by induction on ¢;

=

(3) I, p IF ¢ if and only if W}]?iw € sy, for any formula ¢ in L(X;¢)U- - -UL(X,¢)
where 7'y, is a sequence 1, . .,.J,asm with the free variables in v, and E’p% is the

SeqUENCE Cp(g,); - - - 5 Cp(ay,) WHETE Cy(yy s a constant in C such that c,,,) € p(z;)
for ¢ = 1,...,n. The proof follows by induction on :

(i) 1) is t1 = ta. Observe that I, p |- (t; = t9) if and only if [t1]%s«r = [to] /s
if and only if by (2) above [c[t 7 oo = [c[t 7tz |~ ie. if and only if,
2| =

apztl sztQ B
. ﬁ?tl
¢ &~ c o5 and since we have ¢z~ [t1]- and ¢z, =~y
[tl}g it [t2] . 2 [tl] . 1 sztl [tg .2
1

¢ x cx c x
P pt2 pt plt2

Ft, Fy F1, . Bt 1y 18t
[t2]€pwt2 then [tl](?pxtl ~w [tg]ap%, that is, [tl](?pxtl = [tz]prtQ € s,. The state-

ment follows since [tl]?l = [t2]§t2 € s, if and only if [t; = tgﬁw € Su;

pztl sztQ sz’l/)
(ii) ¢ is AExp. Then: (—) assume that I p IF Az and let Az € s, be such
that {[c]~, : [¥]¢ € su} C l@l], ,. Note that |p|7 , ={ld~, : Ls.ppy Ik e}

which is equal by the induction hypothesis to {[c]~, : [go}? € Syt =
(pT *e
[

clrw
{[e]~,, : [[cp]?{ 1Z € s,}. Hence if [¢]F € s, then [[go]?{ | € s, forall ¢cin C.
Py Py
Observe that [)]2 has no free variables. We now show that ([¢/]2 = [[p]2*. ]%) €
2

Sw. Consider two cases: (a) [¢]F € s,. Then the result follows immedigtely by
(t); (b) W] & sw. Then —[¢p]2 € s, by (f), and so the result follows by (7).

Hence ([t = [p]5" ]%) € s, for all cin C. So Vz(y = [p]5” ) € s,. Hence
P P

AE:U([@]?ZIP) € Su, that is, [AExgp]giw € s, as we wanted to show; (+—) assume

P
that [AEQU(,D]?’% € S,. Observe that [PE:Ucp]?’% = Mxp since Ezxp is a sen-
P 2
tence. Then {[c]~, : [¢]% ¢ su} € N. Note also that {[c]~, : [¢]* ¢ sw} is equal
C
by the induction hypothesis to {[c|~,, : Lsupiy. I o} = (|<p\i p> . Therefore

C
(\goliwp) € N and so I, p Ik Bzy;

(iii) ¢ is Jxp. Then: (—) assume that I p IF Jzp and let [¢|._, be such that

—

7

Is,ppy., IF ¢ Then [o] € s, by the induction hypothesis. That

(P[ZC]Nw )
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is, [[gp]?/) | € s,. Observe that V:c(ﬁ[gp]?” ) is not in s,. Hence, by (1),

c =
xZ
p ¥

p p
follows similarly taking into account the construction of s,,.
The remaining cases follow similarly.

So, by (3), every subset of s, has a model and so s has a model. 0

4 Completeness

Capitalizing on the model existence theorem, Theorem 3.3, we show in this
section that .Z(AE) is strongly complete. Throughout this section we assume:

e a signature X with countably many function symbols;

e a countably infinite set C of constants not in 3;

and define S¢ to be the collection of all consistent sets of sentences of £ (AE)
over Y¢ with finitely many constants of C.

ProprosITION 4.1 The collection S¢ is a maximal consistency property over X
and C.

PRrOOF.
(1) S¢ is a consistency property over ¥ and C. We show only the properties
relative to generalized quantifiers since the other properties follow similarly:

(a) Let s be a set in S¢ and assume that Az is in s. Suppose by contradiction
that, for all ¢ in C, s U {[¢]%} is not in S, that is, s U {[¢|%} F L. Let ¢ be
a constant of C not in s U {p} (observe that C is infinite and the number of
constants of C occurring in s U {¢} is finite). Hence s U {[¢]*} F L and so
st [p)E. Let ¢1,...,pn be a derivation for s - —[p]? and let y be a variable
not occurring, neither bound nor free, in ¢1,...,¢n. Then [p1]], ..., [pn]; is a
derivation for s - =[¢]s and so s - Vy—[p]; which contradicts the fact that s is

consistent since s - Jzy;

(b) Let s be a set in S¢ and assume that Fxy is in s. The proof of this case
follows similarly to the proof of case (a) since (¥xy) = Jzrp is an axiom;

(c) Let s be a set in S¢ and assume that Fxp, Hxp; and Azpy are in s. Then
st Jx(e A p1 A ga) and so the proof follows similarly to the proof of (a) above
and so is omitted;

(2) S¢ is maximal. Let s be a set in S¢ and ¢ a sentence, and suppose by con-
tradiction that sU{pV -} F L. Since ¢V = is an instance of a propositional
tautology we have that s - ¢ V =g, and so s - L contradicting the fact that s
is in S¢. O

Using the fact that S¢ is a maximal consistency property, Proposition 4.1,

and the model existence theorem, Theorem 3.3, we can now show that .2 (AE)
is strongly complete.
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THEOREM 4.2 Given a set I' U {¢} of sentences of Z(AE) over a signature X,
ifI'E @ then T' F .

PROOF. Assume that I' /s, ¢. Then I' U {—¢} I/x, L and so I' U {—¢} s, L
by Proposition 2.16. So I' U {—p} is in S¢ since it is consistent and has no
constants of C. Since S¢ is a maximal consistency property over ¥ and C by
Proposition 4.1, the set I' U {—¢} has a model by Theorem 3.3. Hence I" F5, ¢
as we wanted to show. o

5 Interpolation

We now show that .2 (AE) enjoys Craig interpolation for a wide class of formulas.
Throughout the section we assume:

e signatures X1 and Xo;
e a countable infinite set C of constants not in X1 U Xo;

and define Sy to be the collection of all countable sets s(1) U s(2) with a finite
number of constants of C such that:

1. s(;) is a set of sentences over ¢, for i = 1,2;

2. for all sentences 0 and 6 over ¥;c N Xye, if 5(1) F 61 and 5(2) F 65 then
01 A 69 is consistent.

Observe that the notion of maximality of a consistency property over more
than one signature, does not say anything with respect to mixed formulas, i.e.,
to formulas with connectives of different signatures. This is on purpose, since
the consistency property introduced above would not be maximal if this notion
would apply to all the formulas over ¥¢ U Xqc.

ProroOSITION 5.1 The collection S; is a maximal consistency property over
21, 22 and C.

PROOF.

(1) Sy is a consistency property for 31, Y9 and C. We only show that any subset
of a set in Sy is also contained in Sy, and that S satisfies the properties for the
generalized quantifiers, and refer the reader to [15] for the proof of conditions
similar to the remaining ones:

a) Let s’ be a subset of a set s in S;. Observe that s/,, C sy and s/, C s(9).
(1) (1) (2) (2)

Suppose by contradiction that s’ is not in Sy and so let 0] and 6/ over X0 N Xy

be such that 5/(1) E 0, s’(2) = 0y and 07 A 05 is inconsistent. Then s(;y F 67 and

s@2) F 6%, which contradicts the fact that s is in Sy;

(b) Let s be a set in Sy and assume that Axy is in s. Assume with no loss of

generality that Az is in s(1). Suppose by contradiction that s U {[0]%} & St
for all ¢ in C and let ¢ be a constant of C not in s U {¢} (observe that C is
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infinite and the number of constants of C occurring in s U {p} is finite), and let
01 and 02 be sentences over Y1 N Yy¢ such that sy U{[p]s} F 01, s(2) F 02 and
01 A0z F L. Hence sy U {3zp} F 01. Since s(;) F Jrp then s(;y F 01, which
contradicts the fact that s is in Sy;

(c) Let s be a set in Sy and assume that Fxp is in s. The proof of this case
follows similarly to the proof of case (b) since - (Fxyp) = Jxyp;

(d) Let s be a set in Sy and assume that Fxp, Azrp; and Axps are in s. Then
st 3Jx(e A w1 A p2) and so the proof follows similarly to the proof of (b) above
and is omitted;

(2) Sy is maximal. Let s be a set in Sy and ¢ a sentence in L(X¢) U L(X.¢).
Suppose by contradiction that s U {¢ V —¢} is not in S;. Assume with no
loss of generality that ¢ is in s(1) and let 61 and 6 over ¥;¢ N ¥y¢ be such
that s(;) U {eV -} E 0, S(2) F 02 and 01 A 0 is inconsistent. Since s(;) F
sy U {¢ V =}, we have that s(;) F ¢ which contradicts the assumption that
sisin Sr. So sU{p V —p} isin S;. O

Finally, we can now establish that .-Z(AE) enjoys interpolation.

THEOREM 5.2 Given a set I' U {¢} of sentences over a signature ¥, if I' Fy; ¢
then there exists a sentence 6 such that every constant, function and relation
symbol occurring in 6 occurs both in I and in ¢, and I' Fx; # and 0 Fx ¢.

Proor. Let ¥; and Y9 be the signatures with the constant, function and re-
lation symbols of 3 occurring in I' and ¢ respectively. Observe that, by the
model existence theorem, Theorem 3.3, each set in §; has a model. Note also
that I' U {—p} satisfies all the conditions for belonging to S; except possibly
condition 2. So, if it satisfies that condition then it would have a model by
Theorem 3.3. Since I' U {— ¢} does not have a model (because I" Fy, ), then it
does not satisfy condition 2. So, let #; and 03 be sentences over ;- N Xy such
that I' E 01, ¢ F 63 and 61 A 6, is inconsistent, that is, {61,02} F L. Hence
01 E =05 and so 01 F . Let ci,...,c, be the constants of C in 01, y1,...,yn
variables not in 61, and 6 the sentence (Vy1 ... Vy,[... [61];} ... ]7n) over 31N 3%s.

Yn
Then I' F 6 and 6 F ¢. u]

6 Towards Countably Additive Measures

The question now is to extend the almost-everywhere quantifier to countably
additive measure structures. In these structures the collection of zero measure
sets is closed under countable union and so it seems necessary to go beyond
first-order logic as the base logic. In fact, in first-order logic there is no way to
even state that the null sets are closed under countable union. One plausible
candidate to base logic is the infinitary logic ., ., where it is possible to consider
infinite countable conjunctions. So, for the sake of argument, assume .7, ., as
base logic, and let .Z,,,,(A%) to be the logic such that:
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e the language of £, (&) is the language of £, enriched with the
almost-everywhere quantifier AF;

e an interpretation structure I for £, (&) is a structure for %, en-
riched with a non-empty set N of subsets of the domain, closed under
countable union, and such that the whole domain is not in N;

e satisfaction of a formula whose main constructor is either AF. or ¥ is
defined as for .Z (&) in Definition 2.5, and for the other formulas it is
defined as in .Z,,,,.

REMARK 6.1 Observe that, given a structure I for %, ., (AE.) over a signature
Y and an assignment p over I, if Ip IF $.2z ¢ and {d} is contained in a null set
for every d € [¢|7,, then [p[7, is necessarily uncountable. A

PROPOSITION 6.2 Any structure for .2, ., (A) that satisfies =3z (¥, y(x = y))
has an uncountable domain.

PROOF. Assume that I I =Jz(-A,y—(x = y)). Then every element of the
domain is in a measure zero set of I. Suppose by contradiction that I has a
countable domain D. Then D is the union of a countable number of measure
zero sets and so is in N. Contradiction. So I must have an uncountable do-
main. 0

Taking into account Proposition 6.2 it is straightforward to establish a
deep difference between %, (A) and £, since in %, the downward
Léwenheim—Skolem theorem (which says that if a set of formulas has a model
then it has a countable model) holds.

PROPOSITION 6.3 The logic £, (A%) does not satisfy the downward Lowenhe-
im—Skolem theorem.

PROOF. Let ¢ be the formula —3z(—A, y—(x = y)), intuitively representing
the semantic condition that all singleton subsets of the domain have measure
zero. Clearly ¢ is satisfiable, since the usual Lebesgue measure on the real line
has this property. However, it has no countable models, see Proposition 6.2. o

Observe that the reasoning in the proof of Proposition 6.3 above works just
as well if we take ¢ to be (=3Jz (=M. y—p(z,y))) A (Vz(p(z,x))) and assume
nothing at all about the interpretation of p.

So, proving the completeness of an axiomatics for %, (&), will involve
the construction of a very specific canonical model of uncountable cardinality.
Among the methods in the literature for constructing such a model, we em-
phasize as potentially useful, the sophisticated technique used by Keisler in the
completeness proof of first-order logic enriched with the generalized quantifier
there exist uncountably many x such that p(x) in [14] (there, the canonical
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model is obtained as the uncountable union of countable models). However it
is not clear at this point how to adapt his construction to our case in order
to obtain an uncountable model fulfilling all the requirement needed, namely
for instance the closure under countable union of the set of null sets. Another
direction is to make AF. a second-order generalized quantifier, like for instance
the quantifier aa considered in [4, 25]. The model theory of Borel structures
developed in [26] seems also to be useful.
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