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Abstract

Labelled sequent calculi are provided for a wide class of normal modal
systems using truth values as labels. The rules for formula constructors
are common to all modal systems. For each modal system, specific rules
for truth values are provided that reflect the envisaged properties of the ac-
cessibility relation. Both local and global reasoning are supported. Strong
completeness is proved for a natural two-sorted algebraic semantics. As a
corollary, strong completeness is also obtained over general Kripke seman-
tics. A duality result is established between the category of sober algebras
and the category of general Kripke structures. A simple enrichment of the
proposed sequent calculi is proved to be complete over standard Kripke
structures. The calculi are shown to be analytic in a useful sense.
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1 Introduction

Labelled deduction has been attracting much attention, namely within modal
logic where it is natural to set up deduction systems using worlds as labels. The
idea of using worlds as labels is already found in [15]. More recently, the idea
was further explored in an attempt to produce modular calculi appropriate
for automation. Indeed, while for defining a Hilbert calculus for a specific
modal system one has to add just some extra axioms to the core calculus for
system K, when setting up a sequent calculus (or a tableaux calculus, or a
natural deduction calculus) for a specific modal system one has to start from
scratch (or almost). Usually, the rules needed for the modal system at hand are
quite and subtly different from those of system K (see, for instance, [12, 20]).
Labelled deduction opened a way out of this difficulty. With labelled deduction
it is possible to keep the rules of the core calculus, adding for each modal
system some extra rules about the labels (worlds), as proposed in, for instance,
[10, 13, 4, 8, 19].



The idea of labelled deduction also appeared outside the context of modal
logic, namely for finite many-valued logics where it is natural to use the truth
values as labels [9, 3, 14].

More recently, labelled deduction has been applied in the context of research
on combining logics. Namely, as discussed in [16], combining deduction systems
requires a sufficiently general notion of labelled deduction system in order to
make possible to combine, for instance, a natural deduction calculus for a modal
system with a natural deduction calculus for a finitely many-valued logic. To
this end, it is convenient to set up a deduction system with labels extracted
from a suitable algebra of truth values.

In this paper, we adopt this novel approach, studying labelled sequent calculi
for normal modal systems with labels extracted from an ordered algebra of truth
values. The basic assertions are of the form 6 < ¢ expressing that truth value
0 is less than or equal to the denotation of formula (. Observe that by a
truth value we intend here a modal truth value that, in the context of Kripke
semantics, corresponds to a set of worlds.

The sequent calculi proposed in Section 2 share a common basis composed
of: (i) structural rules; (ii) rules about the order among truth values; and
(iii) rules for the formula constructors. The sequent calculus for each modal
system is obtained by adding to this common basis specific rules imposing the
underlying properties of the accessibility relation. The calculi support both
global and local reasoning (corresponding to entailment over Kripke structures
and entailment over worlds, respectively). Section 2 ends with some metathe-
orems not only interesting in themselves but also essential to the proof of the
completeness results.

In Section 3, we start by proposing a new algebraic semantics involving two
sorts (a sort for truth values and a sort for denotations of formulae). A quite
general completeness result is proved assuming very little about the sequent
calculus at hand (therefore, applicable outside the context of modal logic).
Afterwards, we show how to move between general Kripke structures and such
algebras in order to: (i) establish a characterization result showing that the
proposed specific rules do characterize the frames with the intended properties
of the accessibility relation; and (ii) obtain a completeness result over general
Kripke structures as a corollary of the completeness theorem over algebraic
semantics.

Observe that the proposed labelled language is rich enough to express prop-
erties of the accessibility relation that are not expressible by modal formu-
lae (such as, irreflexivity, antisymmetry and asymmetry). Furthermore, we
show that the proposed specific rules characterize the envisaged properties even
among general Kripke structures. This ability to deal with general Kripke se-
mantics is a key advantage of the “truth values as labels” approach proposed in
this paper compared with the traditional “worlds as labels” approach. By the
way, we also provide a simple enrichment of the language that leads to complete
calculi over standard Kripke semantics.

Section 3 ends with a duality between the category of sober algebras and the
category of general Kripke structures (with p-morphisms) and with a semantic
proof of the analyticity of the proposed calculi (that is, we only need to apply



rules to known terms and formulae).

The significance of the approach is further discussed in Section 4 where
interesting future developments are also mentioned, namely towards obtain-
ing proof-theoretic results (like cut elimination), exploring the relationship to
hybrid logic and moving out of the context of modal logic to tackle other logics.

2 Sequent calculi

2.1 Language

Assume given three sets {¢; : i € N}, {r; : i € N} and {I'; : i € N}. The elements
of these sets are meta-variables of different kinds: each & may be replaced by a
(simple) formula, each 7; by a (truth value) term and each I'; by a (finite) bag
of assertions as described below.

A signature is a tuple ¥ = (C,0,X,Y,Z) where C = {Cy : k € N} and
O = {0y, : k € N} such that each Cy and Oy, is a countable set and L, T € Og
and X,Y, Z are countable sets. All these sets are assumed to be pair wise
disjoint. The elements of each C} are known as (formula) constructors of arity
k. Those of each Oy are known as (truth value) operators of arity k. Those
of X are known as truth value unbound variables, while those of Y are known
as truth value bound variables. And those of Z are known as formula unbound
variables.

The sets X and Z are necessary because we need truth-value terms and
formula terms to range over all possible values. Thus, an assignment will provide
a possible value for each € X and each z € Z and the set of assignments covers
all possible values. The set Y is required for a different reason. The truth value
bound variables in Y are needed in order to be able to universally quantify in
the inference rules.

The set F(X) of (schema) simple formulae over ¥ is inductively defined
as follows: (i) & € F(X) for every i € N; (ii) z € F(X) for every z € Z;
(iii) e(p1,...,9x) € F(X) whenever ¢ € Cy and ¢1,...,pr € F(X). The set
gF(X) of ground simple formulae is composed of the elements in F(X) without
meta-variables. The set cgF(X) of closed simple formulae is composed of the
elements in gF(3) without variables.

The set T'(X) of (schema) terms over ¥ is inductively defined as follows:
(i) % € T(X) for every ¢ € N; (ii) x € T(X) for every x € X; (iii) y € T'(X) for
every y € Y; (iv) o(01,...,0;) € T(X) whenever o € Oy and 01, ...,0, € T(X);
(v) #¢ € T(X) whenever ¢ € F(X). The set gT(X) of ground terms is composed
of the elements in 7T'(X) without meta-variables. The set cgT(X) of closed terms
is composed of the elements in gT(X) without variables.

The intended purpose of #¢ is to say that we have a truth value term for
each formula.

The set A(X) of (schema) assertions over ¥ is composed of the expressions
of the following six forms: (i) 20 and U6 (positive and negative truth value indi-
visibility assertion, respectively) with 6 € T'(X); (ii) 0 C ¢’ and 6 IZ 0’ (positive
and negative truth value comparison assertion, respectively) with 6,6 € T'(X);
(iii) 0 < ¢ and 0 £ ¢ (positive and negative labelled formula, respectively) with



0 € T(X)and ¢ € F(X). The set gA(X) of ground assertions is composed of the
elements in A(X) without meta-variables. The set cgA(X) of closed assertions
is composed of the elements in gA(X) without variables.

The notion of conjugate 0 of an assertion ¢ is introduced as follows: (i) Q6
is 0F; (i) BOis Q0; (i) OC O isOZ 0 iv) 0 Z 0 isOC 0 (v) 0 < pis 0 £ ¢;
(Vi) 0 L pis 0 < .

The intended meaning of (20 is to assert that a truth value term is atomic,
that is, there is no term strictly smaller than it besides falsum. Clearly, the
meaning of the conjugate U8 is to indicate that € is not atomic. We do not
consider conjunctions and disjunctions of assertions because we do not need
them in the sequel, but they could easily be introduced. Instead, we work with
sequents of assertions.

The set of (schema) labelled formulae over ¥ is denoted by L(3). And the
set of ground labelled formulae is denoted by gL(%).

A (schema) substitution over ¥ is a map o such that': (i) o(¢;) € F(2);
(ii) o(m) € T(X); (iil) o(I) € Bi(A(X) U{T; : i € N}). We denote the set of
(schema) substitutions over ¥ by Shs(X).

A ground substitution over ¥ is a schema substitution p such that: (i) p(§;) €
gF(2); (i) p(m) € gT(X); (iii) p(T';) € Br(gA(X)). We denote the set of ground
substitutions over ¥ by gSbs(¥).

In what concern substitutions we also write I';o and T';p for o(I';) and p(I';)
respectively. The same applies to single formula and truth value terms.

2.2 Calculi

A sequent over a signature ¥ is a pair s = (A1, Ag), written A; — Ay, where
A1, Ay € Bi(A(X) U{L; : ¢ € N}). A sequent is said to be ground if it is
written without meta-variables and it is said to be closed if furthermore it has
no variables.

The sequent calculi are composed by rules. As is standard for both labelled
and unlabelled deduction calculi, the application of the rules is subject to con-
straints. For example, in the Hilbert calculus for first-order logics we have
the axiom (V4 ({1 = &2) = (&1 = (V2€2))) provided that = does not occur free
in &. The meaning os such a proviso is to say that we only allow (ground)
substitutions of the axiom where & is mapped to a formula ¢ where x does
not occur free in ¢. Hence a proviso can be looked upon as a set of allowed
substitutions.

A (local) proviso over ¥ is a map 7 : gShs(X) — {0,1}. The unit proviso
up is as follows: up(p) = 1 for every p € gSbs(X). The zero proviso zp is as
follows: zp(p) = 0 for every p € gSbs(X).

Given two provisos 7, 7', their intersection is the proviso (m N 7’) such that
(mna')(p) = 7w(p) x 7' (p). And we say that 7 C «’ when 7(p) < 7’(p) for each
ground substitution p. Therefore, a proviso 7 is included in a proviso «’ if
the latter allows more ground substitutions than the former.

'Given a set U, we denote by B;U the set of all finite bags (multisets) of elements in U.



Given a schema substitution o and a proviso , the proviso (7o) is as follows:
(mo)(p) = mw(op) for every p € gShs(X).

Observe that, for every proviso 7 and ground substitution p, the proviso
(mp) is either up or zp.

A rule over ¥ is a triple r = ({s1,...,sp}, s, ), written
S1 ... S
P 7,
s
where s1,...,5p,s are sequents over ¥ and 7 is a proviso over . When 7 is

up, the rule may be written

S1 ... Sp
s
Given a sequent s = (A1, Ag) and a substitution o both over 3, we denote

by so the instance (Ao, Ago) of s by 0. Given a rule r and a substitution o
both over ¥, we denote by ro the instance

S10 ... SpO' 470

SO

of r by o.

A (sequent) calculus is a pair C = (X, R) where X is a signature and R is a
finite set of rules over X.

Within the context of a sequent calculus C, we say that a sequent s is
derived from a set S of sequents with proviso m, written S ¢ s’ <1 =, if there is
a sequence (d1,m1), ..., {(dy,m,) such that:

e dyis s and w C 7y
o foreveryi=1,...,n:

1. either d; € S and 7; is up;
2. or there is an assertion that occurs in both sides of d; and m; is up;

3. or thereare r € R, 0 € Sbs(X), p€ Nand iy,...,ip, € {i+1,...,n}

such that
diy ... dy,
ro = K

d;

!/

and m; = ' Nmy M- N

When the proviso 7 is up, we may write S k¢ s’. And we may write k¢ s
when the set of premises is empty. Furthermore, when the signature is obvious
from the context we may write - instead of F¢.  In derivations we justify 1
by hyp (hypothesis), 2 by ax (axiom) and 3 by r[o] : i1,...,ip.

Following [6, 1], we choose to display rules from premises to conclusions,
and derivations starting from the conclusion since this simplifies their reading,
as is illustrated by the example derivations below.

The derivation sequence (di,m1),. .., {dy, ™) is said to be sober if, for each
it = 2,...,n, ¢ appears in the justification of some d; such that j < ¢. It
is straightforward to set up an algorithm to make sober any given derivation



sequence. It is also simple to set up an algorithm for extracting the traditional
derivation tree from any given sober derivation sequence.

When making proofs, we may write dq, .
(d1,up),...,(d,,up).

Derivation establishes a finitary consequence operator for ground sequents
thanks to the following result:

.., dy, for the derivation sequence

Proposition 2.1 For any sequent calculus C:

Projective If St¢ s’ <n and 7/ C 7 then S ¢ s < 7.

Finitary If S k¢ s’ <1 = then there is a finite S; C S such that S; F¢ s' < =
Extensive S ¢ s < up for each sequent s € S.

Monotonic If S C S; and S ¢ s’ <0« then Sy F¢ s’ < n.

Idempotent If S; F¢ s < =; for each s in a finite set S of sequents and
Ste s’ <xthen S k¢ s’<17rﬁ(ﬂ Ts).-
ses

The following result is also straightforward to prove (by induction on the
length of the derivation).

Proposition 2.2 For any sequent calculus C = (X, R) and substitution o over
Y, if S k¢ ¢ < = with derivation sequence (dy,71),..., (d,,m,) then So ¢
s'o < o with derivation sequence (dio,m0), ..., (d,o, o).

2.3 Structural rules

A sequent calculus C = (X, R) is said to be structural if R contains the following
weakening, contraction, conjugation and cut rules:

Lw(2 L1—ly RwQ

I'1—Io

Qr M=l T1—02,0m1
T e RwT e
R e RWF 1 forg
R
I
L fefatn Rei Lot
LT g i RxiT =g
e Rep R
LxeQ Goife Rxe() f7Li e
LxeT e 4hre RxeT R0
LxeF T35 RxeF FE I
cutT Lizlembre mbm,lh—l cutp izlemnsé ns<&lh -

I'1—I2

I'1—TI2



The rules above are known as structural rules. These structural rules are
the usual ones in sequent calculi plus those needed to deal with conjugates.
The introduction of disjunction and conjunction of assertions would lead to the
expected left and right rules. Other rules that may be present in the sequent
calculus at hand are known as proper rules.

2.4 Order rules

Before proceeding, we need to introduce the following provisos:

o (16 :y)(p) =1iff p(7) € Y;

o (7 & A)(p) =1 iff p(7x) does not occur in Ap.

The first proviso states that we only allow ground substitutions where 7y, is
replaced by a truth value bound variable. The second proviso indicates that we
only allow a substitution p if 73 is replaced by a truth value not occurring in
the bag Ap.

A structural sequent calculus C = (X,R) is said to be an order sequent
calculus if it contains the following additional order rules:

L# ekt R# TS

LT T=mIe F romr=s

QL EREE T T

QT QTI{’IIE);;I:%’;E?& <7 :y, 71 ¢I1,02

0 Ii—=TomiZL F?Eij;’%:—llflﬂr‘mﬁ Cr 4 2y, & 71.T1, T

cons o T S veo er=

transT F1—>F27;11%%2771?115—1;2#2;7'3 transF F1—>F27;112_?%2771?11;%1;2772S€1
Lasym oG niErri=rs Rasym oG =rinen

LeenT Qry,mC73, 1 —T2 Qo I'y—Ilo,mEr 7 E73,01—12,0m
g 7173, =2

Qro,mCm,['1 —T9,mE73
RgenT I'—Ia,mlrs

71 :y, 72 &71,73,'1,T2

Q <&, —Te Qr,I'1—To,mE <&, —I9.Q
LgenF 72,72581,l =Ty Qm [ -l mln 71<&,l—1 O
71<&1,I"—T2

Qro, o7, =9, 1<
RgenF 2 %T;FQIJTSZI 2581 d72:y,m2 €71,01,T2

These rules impose intended meanings to the basic assertions that should
be obvious. But, it is worthwhile to note that if ¢ holds then ¢ is intended to
denote an atomic truth value (where a formula either holds or does not hold).

It is also worthwhile to explain the rules RgenF and LgenF. The rule RgenF
indicates that if the value of 79 is less than or equal to the value of &; for all
atomic 7o included in 71, then 7 is less than or equal to the value of &. We



also impose that 7o is fresh so that the universal quantifier does not capture
other variables namely those in 71,1'1,I's. The rule LgenF can be interpreted
as follows: assuming that we have 71 < &; and I'y in order to show that we have
o for some v € I'g it is enough to show that there is an element 7 such that

e 75 is atomic (premise 71 < &1, — T'o, Q12);
L] E 1 (premise QTQ,FI — FQ,TQ E 7'1);
e from 15 < & we have 75 for some 9 € T'y (premise Q19,79 < &1,T'1 — T'g).

Observe also that this set of rules, although convenient, is by no means
minimal. For instance, rules L# and R# allow the derivation of the F rules
from the corresponding T rules. Moreover, rule Q2T is derived from RgenT. Note
also that not all of these rules are needed for obtaining later on the completeness
result over Kripke semantics (Theorem 3.25). Indeed, rules ref and asym are
only needed for establishing the duality between the algebraic semantics and
the Kripke semantics (see Subsection 3.4).

Note that the provisos used above do not change value when the context
of the rule at hand is enriched with closed assertions. More precisely, a rule is
said to be endowed with a persistent proviso if its proviso does not change value
when the context of the rule is enriched with a closed assertion.

For example, consider the rule RgenF. The context of the rule is I'y and
I'y, that is the bags of assertions in the conclusion of the rule. Note that if we
change the context by adding a closed assertion either to I'y or I'g, the resulting
proviso will allow precisely the same substitutions.

More generally, any rule with a “fresh bound variable” proviso like 7 :
yN7y ¢ 71,11, 9 is endowed with a persistent proviso. Indeed, for every ground
substitution p, it holds (12 : yNm ¢ 71,1'1,T2)(p) = (2 : yN12 ¢ 71,11, T2,9)(p)
as long as ¢ is closed. Clearly, every rule endowed with the unit proviso up
(which is omitted) is also endowed with a persistent proviso.

Therefore, according to this definition, the order rules above are endowed
with persistent provisos.

2.5 Modal system K specific rules

We now proceed to define the sequent calculus Cx = (X, Rk ) for modal system
K. The modal signature ¥ = (C,0,X,Y, Z) is as follows:

e Cy={f,t}U{p;:ieN};
Cl = {_'7D7<>};

02 = {/\) Vv, :>}a

Cr =0 for k > 3;

Oo={L, Tk

Ol = {Ia N}7



Oz = {lb};
O =0 for k > 3;

o X ={x;:1€N};

Y ={y;:ieN}
° Z:{Zi:iEN}.

Besides the structural and order rules introduced above, R contains the
following specific rules:

I QI F1—>F2,7’1 ZJ_
I'1—T2I(11)Cmy I —12,QI(m)
73C71,073,070,'1 — T2, ZN(73) )

LNQ O, I1 -T2, ZN(r1) < 73:y,73 ¢ 71,72, 1,12

RNQ 8r2l1=T207 Qrs,Qmlh =Ty sCr Q73,Q079,I'1 =2, 72 EN(73)

Qrp,I'1 —I'2,2CN(11)

Ibl T'1—Ta,Ib(m,m2)Cm1 1b2 I'1—T2,Ib(71,m2)Cmo
T CL.IT—Iy I'—ITo,mCL

Lt T1<f,I'1—I2 Rf I—I2,n <f
T CT, I —T I'—Io,m CT

Lt T1<t,I'1—TI2 Rt I1—I2,m<t

LA 71<61,m1 <&, =T RA M—Iem<é I'—T,m<é
T1<(611AE2),'1—T2 T'1—T2,71<(€1AE2)

Q7,1 =T, <& Q7,11 <61, —T
L~ Qr,m<(-&1),'—T2 R~ Qr, -T2, <(—6&1)
L= Qr,I—-lomn <& Qn,mi<é, 11—y R= Q1 <&, -, 11 <&
Qr,m<(1=62),T1—T2 Q11,1 -T2, <(§1=€2)
LV Q1,11 <&, M =Ty Qr,m <&, M= RV Q11,1 —T2,71 <&,71 <&
Q71,11 <(61VE2),I'1—T2 Qr,I'1—I2,m1<(61VE2)
N(711)<&1,I1 =12 1 —To,N(11) <&
LU T1<( &), T1—=T RU '—Tyn<( &)
Q7,0 < CN r I
Lo 718772 S61,mEN (). Ty =T 71y, 72 &711,T1,T2

Q7,1 <( &),l1—T2

RO Q7 Q1,1 =T, mEN(11) Qr,Qm, I —Te,m<é O, I'1—T,0m
Qr,L1—T2,m1<( &1)

Rules I and QI impose that I(¢) is an atomic truth value contained in ¢, as
long as the latter is not bottom. Rules N state that the neighborhood of a
truth value ¢ is induced by the neighbors of the atomic truth values contained
in ¢t. Rules 1b establish that 1b(t1,¢2) is some lower bound of ¢; and to.

The rules about the formula constructors fall into two main classes. The
rules about f, t, A and [J hold for any truth value, while the rules about =, =,
V and ¢ hold only for atomic truth values, as expressed by Q7.

In the rest of the paper, we shall refer to a modal sequent calculus as any
enrichment of the system K sequent calculus with additional rules endowed with
persistent provisos. Several modal sequent calculi in this sense are considered
in Subsection 2.6.
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The two examples below of derivations in Cg illustrate how the calculus can
be used for modal reasoning.  As we remarked above, we display derivations
starting from the conclusion, and writing for each line the step number, the
sequent, and how it is justified (i.e. by which rule it is obtained and applied to
which sequents).

Example: Derivation of the necessitation rule

1 — T< & R :2

2 — N(M<gH transF : 3,4
3 — N(MLCT T

4 - T<& hyp

Example: Derivation of the normality axiom
1 - T< (G =&)=( &= &) RgenF:2

2 i’llylgT - 1< G=>8&)=( &= &) R=:3

Qy1
3 1T - y1< &1=> &2 R=:4

i< (&1=62)

Qy1

yieT

y1 < (§1=62)
yi< &

Qy1

yiET

yi< (&1=62)
i< &

— N(y1) <& RgenF : 6

Qy1
yiET
i< (&1=62)
6 < L :7
i< & - y2sé
Qyo
y2 E N(y1)

Qy1
yiET
- y1< (&1 = &2)
N(y1) <&
Qya
y2 E N(y1)

— y2<¢& LgenF : 8,9,10

Qy1
yiET

g Y < (L1=¢&) y2 < &2
Qy2 y2 E N(y1)
y2 E N(y1)
Qy2

ax
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11

12

13

14

15

16

Qy1

yiET

y1 < (§1=62)
Qy2

y2 E N(y1)
Qyo

y2 <&

Qy1

yiET

i< (&1=62)
N(y1) <&

Qyo

y2 E N(y1)

Qy1

yiET

N(y1) <& =&
Qy2

y2 E N(y1)

Qy2

y2 <&

Qy1
yitT
Qyo

y2 E N(y1)
Qy2

y2 <&
Qy2

Qy1

yiET

Qyo

y2 E N(y1)
Qyo

y2 <&

Qyo

y2 <& =&

Qy1

yiET

Ny1) <& =&
Qy2

y2 E N(y1)

Qy2

y2 <&

Qy1

yit T
Qy2

y2 E N(y1)
Qys

y2 <&
Qy2

Qy1
yiET
Qyo

y2 E N(y1)
Qyo

y2 <&
Qy2

y2 < &2

y2 < &2
Qy2

y2 < &2

y2 < &2
Qy2

ax

LgenF : 12,13, 14

ax

L= : 15,16

ax

11
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2.6 Rules for other modal systems
Other modal systems defined by properties of the accessibility relation can be
easily obtained by adding suitable rules. For instance:
Additional rule for T (reflexive)
T

I'1—I2,mCEN(71)

Additional rule for B (symmetric)

B Q71,Q72,I'1 =2, 71 CN(72)
Qr1,Q72,T'1 —T2,2CN(71)

Additional rule for K4 (transitive)
4

F1—>F2,N(N(T1))EN(T1)

Additional rule for D (serial)
D

Qr I -T2, N(m)Z L

Additional rule for L (right linear)

[, 27.072.0m3 01 —=TomCN(r) Q1,079 Q73,11 =T, EN(73)
Qr1,Q712,I'1 —T2,72EN(71),71 EN(72),71 72

Additional rule for K5 (Euclidean)

5 Q71,Q79,Q13, 1 =02, EN(13)  Q71,072,Q73,1'1 =T2,72EN(13) Q71 ,Q10,I'1 —>2,Q73
Qr1,Q7m2,T1—T2,11CN(72)

Additional rule for C (confluent)

C ' —T2,mEN(m3) T'1—I'2,mEN(73)
I'1—T2,Ib(N(71),N(72)) L L

Additional rule for W (transitive and well bounded)

071,073, 73EN(71),I'1—T2, 73572, N(73)E 70 .
W Qr1,I'1—2,N(71)CE7 <73:Y,73 ¢ Tl,TQ,Fl,FQ

Additional rule for X (irreflexive)

X

Q7 ,T1—T2,mEN(m1)

Additional rule for Y (antisymmetric)

y Smfm =l EN(12) Qr1,Qm,I'1—T2,mEN(T1)
O71,Q7m2,T1—T2, 71 E72



13

Additional rule for Z (asymmetric)

7 Qm 07—l EN(r2)
Q71,Q72,I'1 —T 2, LN(11)

In Subsection 3.3, these rules are shown to characterize precisely the envis-
aged properties of the accessibility relation (even among general Kripke struc-
tures). Given the greater expressiveness of the proposed labelled language, it
is not surprising that we can capture more properties of the accessibility re-
lation than those that are axiomatizable in standard modal language (namely,
irreflexivity, antisymmetry and asymmmetry). Note en passant that these three
properties are also not directly expressible in the language of modal logic la-
belled with worlds (unless one extends the labelling language to a full quantifier
calculus; see [19]). However, they are axiomatizable in hybrid logic (see [2]).

It is important to note that, even in the case of an axiomatizable property,
it is worthwhile to replace the axiom by a rule about the truth values. Indeed,
by doing so, we hope to preserve the good properties of the formula sub-calculus
(namely, cut elimination) and concentrate the unavoidable consequences of the
new rule on the sub-calculus for truth values. We return to this issue in the
concluding remarks.

Observe also that, in the case of an axiomatizable property, we might be
tempted to try to show that the proposed rule on truth values is correct by
verifying that the axiom and the rule are inter-derivable in Cx. For instance,
consider reflexivity. It is straightforward to build a derivation in Cx of the
corresponding modal axiom from rule T above. Indeed:

1 - T< &=&6 RgenF : 2

9 S

yiCT — y1< &L =& R=:3

Qy1
3 hNak ET — yi Sfl L 04
i< &

Qy1
4 w1 ET — y1<& transF : 5,6
N(y1) <&

Qy1
5 y1ET —  y1 E N(y1) T
N(y1) <&

Qy1
6 yi1CT — N(@y1) <& ax
N(y1) <&

On the other hand, it is not possible in Cx to derive rule T above from
the modal axiom for reflexivity. As we shall see in Subsection 3.3, the sequent
calculus Cg is sound with respect to general Kripke structures as we will see
in Theorem 3.17 (recall that a general Kripke structure, see for instance [5], is
a tuple (W, ~», B, V) where W is the non-empty set of worlds, ~ is the acces-
sibility relation between worlds, B C W is the set of admissible truth values,
and the valuation V' maps each propositional symbol p; to an admissible truth
value). So, it is no surprise that rule T is not derivable from — T < ¢ = &;.
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Indeed, rule T (as will be shown by Theorem 3.18 in Subsection 3.3) does char-
acterize the general frames with reflexive accessibility relation, while the axiom
does so only among the standard frames. Clearly, the axiom is satisfiable by a
general Kripke structure with a non reflexive accessibility relation. For instance,
consider the general Kripke frame (W, ~», B) where:

o W = {wl,wg};

o o = {{un, ), ()
o B={0,W}.

It is trivial to verify that every structure over this general frame does satisfy
the axiom for reflexivity.

It is worthwhile to point out that the modal axiom for reflexivity and the
following mixed rule (about formulae and truth values)

T ' —Iy,N(11)<&
I'—I2,m <6

are inter-derivable. However, we prefer rule T to rule T’ in order to preserve,
as much as possible, the separation between the formula sub-calculus and the
truth value sub-calculus.

A similar analysis could be done about each of the other properties of the
accessibility relation that are axiomatizable but there is no need to enter in
details.

Nevertheless, it is worthwhile to produce a derivation of the modal axiom
for confluence from rule C since it illustrates the use of both I and 1b rules.

1 - T< S= & RgenF : 2

Q
9 y1yl|:T - 1< L= & R=:3

Qy1
3 y1ET - y1< & R :4

yvi< &

Qy1
4 y1CT — Ny < & L :5

yi< &

Qy1
yiET
5 Qya — N(yl) < & L :6
y2 E N(y1)
y2< &

Qy1
yiET
6 Qyo — Ny1)< & RgenF : 7
y2 E N(y1)
N(y2) <&

Qy1
yiET
Qy2
7  y2 EN(y1) - y3< & R :8,11,16
N(y2) < &
Qys
y3 E N(y1)
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11

12

13

14

Qy1

yitT

Qy2

y2 E N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2),N(y3)))

Qy1

yieT

Qy2

y2 E N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2),N(y3)))

Qy1

yitT

Qy2

y2 E N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2),N(y3)))

Qy1

yitT

Qy2

y2 E N(y1)

N(yz2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2), N(y3)))

Qy1

yiET

Qy2

y2 C N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2), N(y3)))

Qy1

yiET

Qy2

y2 C N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2),N(y3)))

Qy1

yiET

Qy2

y2 E N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2), N(y3)))

I(Ib(N(y2),N(y3))) E N(ys)

I(Ib(N(y2),N(ys)))

C Ib(N(y2),N(y3))

Ib(N(y2), N(ys3)) C N(ys)

I(Ib(N(y2),N(y3))) <&

I(Ib(N(y2),N(y3))) E N(y2)

I(Ib(N(y2),N(ys))) C
Ib(N(y2), N(y3))

Ib(N(y2),N(y3)) E N(y2)

transT : 9,10

1b2

transF : 12,15

transT : 13,14

Ibl

15
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16

17

18

19

Qy1

yiET

Qy2

y2 E N(y1)

N(y2) <&

Qys

y3 E N(y1)
QI(Ib(N(y2), N(ys)))

Qy1
yieT
Qy2

y2 E N(y1)
N(y2) <&
Qys

y3 E N(y1)

Qy1
yitT
Qy2

y2 E N(y1)
N(y2) <&
Qys

y3 E N(y1)

Qy1
yieT
Qy2

y2 E N(y1)
N(yz2) <&
Qys

y3 E N(y1)

Qy1
yieT
Qy2

y2 E N(y1)
N(y2) <&
Qys

y3 E N(y1)

N(yz2) <&

QI(Ib(N(y2),N(y3)))

I(Ib(N(y2), N(y3))) £ L

N(y2) E N(y1)

N(ys3) E N(y1)

16

ax

QL: 17

C: 18,19

ax

Again, the converse does not hold because (as will be shown by Theo-
rem 3.18) rule C does caracterize the general frames with confluent accessibility
relation while the corresponding modal axiom is more relaxed among general

frames.

It is also worthwhile to show that the Lob axiom can be derived in Cj, from
rule W since the derivation requires the use of the # rules.

1

Qy1
yieT

Qy1
yiET
i< ((&=&)

Qy1
yieT

i< (&=&)

Qy1

yitT

i< (&=6)
N(y1) E #&1

- T< (&Ga=&4)= &

i< (&=&4)= &

i< &

N(y1) <&

N(y1) <&

RgenF : 2

R=:3

cutT : 5,7

L#:6
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11

12

13

14

15

16

Qy1

yitT

yi< ( &=¢&)
N(y1) <&

Qy1
yitT

i< ( &=6)

Qy1

yieT

yi< ( &=¢&)
Qy2

y2 E N(y1)

Qy1

yiET

i< (&=6)
Qy2

y2 E N(y1)

Qy1

yieT

i< ( &=6)
Qy2

y2 E N(y1)
N(y2) C #&

Qy1

yitT

i< ( &=6)
Qy2

y2 E N(y1)
N(y2) <&

Qy1

yieT

i< (&=6)
Qy2

y2 E N(y1)

Qy1

yitT

Niy1)< =64
Qy2

y2 E N(y1)

Qy1
yieT
Qy2

y2 E N(y1)

Qy1
yiET
Qy2

y2 E N(y1)

Qy1

yitT

y2< &1=&
Qy2

y2 E N(y1)

N(y1) <&
N(y1) <&
N(y1) C #&

N(y1) <&
y2 C #&
N(y2) £ #&1

N(y1) <&
y2 < &1
N(y2) Z #&

N(y1) <&
y2<&
N(yz2) £ &1

N(y1) <&
y2 <61
N(yz2) £ &1

N(y1) <&
y2<&
N(yz2) £ &
Qy2

N(y1) <&
y2<&

N(yz2) £ &1
y2 E N(y1)

N(y1) <&
y2 <&
N(y2) £ &1

ax

W: 8

R#:9

RxiT : 10

L#: 11

LxeT : 12

LgenT : 14,15, 16

ax

ax

L=:17,18

17
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Qy1
yiET N(y1) <&
17 y2 <& — y2<& ax
Qy2 N(y2) £ &
y2 EN(y1)
Qy1 N(y1) <&
yiT y2 <61
18 R :19
Qy2 T N(y2) £ &
y2 E N(y1) v2< &
Qy1 N(y1) <&
yitT y2 <& .
19 RxiF : 20
Qy2 T N(y2) £ & *
y2 E N(y1) N(yz2) <&
Qy1
yiET N(y1) <&
20 Qye — y2<& ax
y2 E N(y1) N(y2) <&
N(y2) <&

Obviously, the converse does not hold since (as will be shown by Theo-
rem 3.18) rule W does caracterize the general frames with transitive and well
bounded accessibility relation while Lob’s axiom is more relaxed among general
frames.

This provides the basis for giving other rules for modal and other non-
classical logics. A detailed discussion of such rules and of the semantic and
proof-theoretic properties of the resulting labelled sequent calculi (e.g. a form
of correspondence theory [18] or the eliminability of cut) is out of the scope of
this paper and we leave it as future work.

2.7 Towards a hybrid version of Cx

The discussion above (about, for instance, the non inter-derivability of rule
T and the modal axiom for reflexivity) motivates the following question: is it
possible to enrich Cg in order to recover that inter-derivability? Semantically, as
we saw, this will mean moving from general Kripke semantics towards standard
Kripke semantics (as we shall further comment at the end of Subsection 3.3).

The answer turns out to be surprisingly simple and possibly useful for other
purposes. It is enough: (i) first, to enrich the language with a coercion operator
@ transforming any term ¢ into a simple formula @Qt; (ii) and, second, add the
following order rules:

T1C7m, =1 M—Iynln
La T71<Q7o,I'1 —T'2 R@ T'1—T2,m1<Qro

In this way we established an enrichment of Cx that we denote by C% In this
enriched calculus, it is possible to derive, for instance, rule T from the modal
axiom for reflexivity:

1 On — 7 EN(m) cutF : 2,6

71 C N(71)

2 On 71 < @N(r)= @QN(r)

transF : 3,4



19

3 9751 — - E T T
71 C N(71) )
40 ~ T< @N(m)=aN(rn) "7
5 — T < Q@N(r1)= QN(m1) hyp
¢ — 1 CN(n) L=:7,9
71 < @QN(11) = @N(71) b= - D
Q
7 7_17—1< aN(m) — 711 CEN(7m) L@:8
Q
8 TlT1|: N(Tl) — T1 E N(Tl) ax
71 E N(7m1) )
9 Q71 — < QN(m) R :10
7 £ N(71) )
10 Qn — N(m1) < @N(m) R@: 11
11 Qn - N C N(m) ref

N(7) E N(m1)

The same holds for the other properties of the accessibility relation but we
refrain from going into details.

The sequent calculus Cl@(’ represents a first step towards a hybrid version of
Cx combining the ideas in this paper and those of hybrid logics [7, 6, 2].

2.8 Local and global reasoning

In the context of a modal sequent calculus, local and global notions of proof-
theoretic consequence can be defined as follows:

b 1/}17"°7¢k I_%SD iff "RQY1aY1§¢1,--~aY1§¢k—>Y1§90~

Thus, ¢ is globally derived from 1, ...,y provided that ¢ is true (T)
whenever ; is true for all ¢ = 1,...k. When working with worlds this means
that the denotation ¢ is W whenever the denotation of v; is W foralli = 1,... k.

On the other hand, ¢ is locally derived from 1, ..., 4 provided that for
every atomic element y; the value of ¢ is greater than or equal to the value of
y1 whenever the value of ¢; is greater than or equal to the value of y; for all
i=1,...k. When working with worlds we get the usual definition stating that
© is true at w whenever ¢); is true at w for all i =1,... k.

Lemma 2.3 Within the context of a modal sequent calculus:
L Qyi,y1 <91, y1 <= y1 <9 br = T < (1A Ag) = p);
2. > T < (1A AY) =) Fr Qy,yr <91, y1 <Pk — y1 <

Proof: Without loss of generality consider k = 2.
1. Consider the following derivation:



9 Qy1
yiGeT

Qy1
3 yiET
1 < (Y1 A )

Qy1

yiET
y1 <1
y1 <2

Qy1
5 y1 <1
y1 <2

= T < (Y1 Ap2) = @)

— y1 < (1 AY2) = )

—y1<¢

— y1<¢

2. Consider the following derivation:

Qy1
1 y1 <
y1 < 2

Qy1
2 y1 <
y1 < 92

Qy1
3 y1 <1
y1 < 2

— y1<¢

yv1 < (b1 A2) = @)

Qy1
4 y1 <1
y1 < 2

Qy1
5 y1 <
y1 < 2

Qy1

6 y1 <1
y1 < 2
yi<e

Qy1
7 y1 <Y1
y1 <2

Qy1
8 y1 <1
y1 <2

Qy1
9 y1 <1
y1 < 2

10

—

‘5‘<
ININ
A

=

‘5‘<
ININ
<6
V)

yi <
T < (1 Ah2) = )

= T < ((¥1 A2) = @)

20

hyp

cutkF : 2,3

transF : 4,9

L=:5,6

RA: 7,8

ax

ax

ax

hyp

QED

With this lemma it is straightforward to establish the following result relat-
ing global and local reasoning.

Proposition 2.4 Within any modal sequent calculus: /1, ..

F% (w1/\.../\¢k):>g0.

Uk I—% @ iff
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Proof: Indeed, ¢1,..., ¢ o @ iff Fr Qy1,y1 <¢1,...,y1 <dp —y1 < ¢
iff (using Lemma 2.3 and taking into account idempotence in Proposition 2.1)

2.9 Metatheorems

It is useful to denote by A the bag {6 : € A}. Then, it is straightforward to
prove the following result taking into account that the conjugate of a conjugate
of an assertion is the original assertion:

Theorem 2.5 (Metatheorem of conjugation) Let C be a structural sequent
calculus. Then, for every set S of ground sequents and every ground sequent
Al — A”:

Ste A — A" iff Ske— A" A,

The two following metatheorems will also be useful later on when establish-
ing the completeness theorem.

Theorem 2.6 (Metatheorem of contradiction) Let C be a structural se-
quent calculus. Then, for every set S of ground sequents and every ground
sequent — A, if
Ske— A ()
{ Stc — 6 for every 6 € A (%)

then S ¢ — v for every ground assertion v.

Proof: Let A be d1,d2 without loss of generality. Then:

1 — v cut: 2,5
2 0 — v Rx:3
3 — ’U,T Rw: 4
4 — a (**)

5 — 0,01 cut : 6,9
6 b2 — v,01 Rx:7
7 — v,81,02 Rws : 8
8 N g (**)

9 — v,01, 09 Rw: 10
10 — 01,02 )

QED

Theorem 2.7 (Metatheorem of deduction) Let C be a structural sequent
calculus with rules endowed with persistent provisos. Then, for every set S of

ground sequents and closed sequent 97, ...,d,, — A”:
Stedy,.... 00 — A" iff S, —6),..., =8, Fc— A",
Proof:
(=) Assume S F¢ 07,...,0,, — A” with derivation sequence D. Then, the

following sequence outline establishes S, — 07,..., — 0}, F¢ — A”:
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1 — A cut:2,3
2 — A",6] Rws : 4
3 8] — A" cut : 5,6
4 — 0] hyp
5 81 — A", 64 Rws : 7
6 84,04 — A" cut : 9,10
7 8] — 04 Lw:8
8 — 04 hyp
i L A A D
(<) Assume S, — 0},..., — 0, F¢ — A” with the derivation sequence

di,...,dpn. Then we can build a derivation of S ¢ d],...,d,, — A” by changing
each d; = © — O} to d; = 6},...,0,,,0) — O replacing the justification hyp

s Ums
on each d; =— 0 by ax. Observe that the sequence dj, ..., d;, does constitute

a derivation because the unchanged justifications still hold thanks to the fact
that 07, ...,0,, are closed assertions and therefore any (persistent) proviso that
otherwise might be violated is still fulfilled. QED

Therefore, the metatheorem of deduction holds in any modal sequent calcu-
lus as defined at the end of Subsection 2.5 (precluding the use of non persistent
provisos).

3 Semantics

3.1 Algebraic semantics

Let ¥ = (C,0,X,Y,Z) be a signature. A X-algebra is a triple A = (F, T, -p)
where:

e F and T are sets;
e -5 is a map such that:

— ¢p: F¥ — F for each ¢ € Cy;

— oa: T% — T for each o € Oy;

— H#a: F—T;

— QA CTy

— EACTxT;

— <ACTXF.

Let A be a Y-algebra. An unbound variable assignment over A is a map «

that maps each element of X to an element of T" and each element of Z to an
element of F'. A bound variable assignment over A is a map § from Y to T

The denotation at X-algebra A for unbound variable assignment « of ground
simple formulae is inductively defined with the following rules:

o [Zlaa = a(2);

o [c(p1s---sor)]ae = callei]aas - - - [vr]Aaa)-
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The denotation at A for assignments «, 8 over A of ground terms is induc-
tively defined with the following rules:

o [z]aas = alz);

* [ylaas = B(y);

o [o(01,....0k)]aas = oa([01]Aas; - - - [Ok]Aas);
o [#¢]aas = #alle]aa)-

The satisfaction by A for «, 8 of ground assertions and sequents is defined
as follows:

o Aaf I QO iff [0]aas € Qa;

Aaf IF 0 iff [0]aas ¢ QA;

AafIF 6 C ¢ iff ([0]ans, [0']Acs) € Ca;

AaBIF 0 Z 0" iff ([0]aas; [0']aas) & Ca;

AaB -0 < ¢ iff ([0]aas, [¢laa) € <a;

AaB -0 £ ¢ iff ([0]aag, [€laa) & <a;

e AafIF A" — A" iff Aaf I 6§ for some § € A” UA.

Furthermore, the satisfaction by A for a of ground assertions and sequents
is defined as follows:

e AalF ¢ iff Aag IF 6 for every bound variable assignment § over A;

e AalF A" — A" iff Aaf IF A’ — A” for every bound variable assignment
G over A.

Observe that, when dealing with closed simple formulae, terms, assertions
and sequents, we may drop the reference to the assignments in denotations
and satisfactions since they do not depend on them. For instance, if § is a
closed assertion then we may write A I § since, for any assignments «, o/, 3, 3,
Aaf Ik § iff Ao/B' IF 5. A similar principle applies when we deal with terms,
assertions and sequents without bound variables in which case we may drop
the reference to the bound variable assignment. In the same vein, we may drop
the reference to the unbound variable assignment when dealing with terms,
assertions and sequents without unbound variables.

Given a class A of X-algebras, a ground sequent s is A-entailed by the
ground sequents si,...,sp, written si,...,s, Fa s, iff, for each A € A and
unbound variable assignment « over A, Aa IF s whenever A« IF s; for every
1=1,...,p.

The notion of entailment is easily extended to (schema) sequents possibly
with provisos. A sequent s is A-entailed by the sequents si,...,s, with pro-
viso m, written sq,...,5, F4 s <, iff s1p,...,5,p F4 sp for every ground
substitution p over ¥ such that 7(p) = 1.

The following results are the semantic counterparts of Proposition 2.1 and
Proposition 2.2.
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Proposition 3.1 Given a class A of 3-algebras:
Projective If SE4 s’ <r and 7/ C 7 then S F4 ' <+
Extensive S F 4 s < up for each sequent s € S.
Monotonic If S C S; and SE4 s’ <= then S; F4 s <.

Idempotent If S; E4 s < x; for each s in a finite set S of sequents and
SE4s <nthen S;kE4 s <17rﬁ(ﬂ Ts).
seS

Proof: Straightforward. We prove only the last property. Assume S1 F4 s <1 7g
for each sequent s € S and S F4 s’ < x. So, by the projective property,
S1Eas <anN (e ms) for each sequent s € S and S F4 8" <N ((Nyeg7s)-
Thus, by definition of entailment, for every p such that (7 N (N,cg7s))(p) =1,
S1p E 4 sp for each sequent s € S and Sp F4 s’p. Therefore, for every such p,
every A € A and unbound variable assignment a over A: (i) if Aa I s1p for
every s1 € Sp then Aa Ik sp for every s € S; and (ii) if Aa IF sp for every s € S
then A« I- s'p. So, for every such p, every A € A and a, if Aa I s1p for every
s1 € Sy then Aa - §/p. QED

Proposition 3.2 Given a class A of X-algebras, for every substitution o, if
SE4 s <tnthen SoFy s'o < no.

Proof: We have to show So F4 s'c < =o. That is, for an arbitrary ground
substitution p such that (wo)(p) = 1, we have to show (So)p F4 (s'0)p. By
hypothesis, we know S F4 s’ < =. That is, for every ground substitution
p' such that 7(p’) = 1, we know Sp’ F4 s'p/. Since the substitution op is
ground and, furthermore, w(op) = (7o)(p) = 1, we know from the hypothesis
S(op) E4 §'(op) which establishes the thesis taking into account the following
property of substitutions é(op) = (do)p. QED

A class A of ¥-algebras is said to be appropriate for a X-rule ({s1,...,sp}, s, m)
if s1,...,8, F4 s < 7. And an algebra A is said to be appropriate for a rule if
so is the class {A}.

Theorem 3.3 (Structural soundness) The class of all ¥-algebras is appro-
priate for every structural rule over X.

Proof: It is straighforward to verify the thesis for each of the structural rules.
For instance, consider the rule RwT. We have to verify that, for each ¥-algebra
A, assignment « and ground substitution p, if Aa IF I'yp — ['ap then Aa I+
Tip — Top,m1p C mp. Assume that Aa I I'ip — Tap. That is, for every
assignment 3, Aaf I+ T'ip — T'ap. Thus, for every assignment ( there is
0 € T'op UT'1p such that Aaf IF §. So, for every assignment 3 there is § €
TopU{rip C 79p} UT1p such that Aag I- 8. Therefore, for every assignment 3,
AafBIFTip — Tap, m1p E 1op. That is, AalFT'1p — Dap, 11p CE 1op. QED
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A class A of Y-algebras is said to be appropriate for a sequent calculus
(3, R) if it is appropriate for each proper rule in R (and also for the structural
rules thanks to the theorem above). And an algebra A is said to be appropriate
for a sequent calculus if so is the class {A}.

A (sequent) logic is a triple £ = (X, R, A) where (3, R) is a sequent calculus
and A is a class of Y-algebras. A sequent logic is said to be:

e sound if A is appropriate for (3, R);
e full if A is the class of all ¥-algebras that are appropriate for (X, R);

e complete if sq,...,5, Fr s whenever s1,...,s, F4 s for any closed se-
quents s, 81,..., Sp.

Thus, every full logic is sound. Furthermore:

Theorem 3.4 A sequent logic £ = (3, R, A) is sound iff s1,...,s, F4 s <=
whenever s1,...,s5, Fr s <.

Proof:

(<) Given a rule r = 2% <« of R, we know how to build a derivation of

51,---,8¢ Fr 8 < «’. Thus, by hypothesis, s1,...,s; Fa s’ <« and, so, A is
appropriate for r.

(=) Assume that £ is sound and sq,...,s, Fr s <« with derivation sequence
D. We prove si,...,5, F4 s < = by complete induction on the length of D.
Assume the thesis for derivation sequences of length less than n (induction
hypothesis). Consider a derivation sequence D = (dy,m1),...,(dy, ™). We
have to show si,...,s, F4 di < 1. Looking at the justification of the first
element in the derivation we have to consider three cases:

(hypothesis) We have to show s1,...,s, F4 s; < =1. Indeed, Proposition 3.1
allows us to obtain successively: s1,...,s, F4 s; (extensive) and s1,...,5, Fa
s; < w1 (projective).

(axiom) We have to show si,...,s, Fa 6,I'1 — I'g,0 < m1. Indeed, Fyq 6 — 0
and, therefore, by weakening (Theorem 3.3), F4 §,T'1 — 'y, 0. Therefore, using
Proposition 3.1 we obtain successively: si,...,s, Fa ,I'1 — I'z,d (monotonic)
and s1,...,sp F40,I'1 = T'2,6 < =1 (projective).

(rule) Assume that rule r € R was used with substitution o for justifying d;.
Let

diy ... d;, ,
ro = am
dq
with 41,...,4; € {2,...,n}. Thanks to the projective property in Proposi-
tion 3.1, it is enough to show si,...,s, Fa4 di < ' Nm N--- N, Since

A is appropriate for every rule in R and using Proposition 3.2, we know
diy,...,di; F4 dy < «’. On the other hand, by induction hypothesis, we know
51,...,8p Fadi; <=, for j=1,...,q. Therefore, by Proposition 3.1 (idempo-
tent) we obtain the envisaged result. QED
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A sequent logic £ = (X, R, A) is said to be structural/order/modal if its
calculus (X, R) is structural/order/modal, respectively.

Within a modal logic, besides the local and global notions of proof-theoretic
consequence presented before, we can also introduce their model-theoretic coun-
terparts:

o P, ..ty By @ i FAT <¢1,..., T <ty — T < g
o i ..k FYy o iff FaAQyLyr <¢r,.y1 <Yk —y1 <
The following result is the semantic counterpart of Proposition 2.4.

Proposition 3.5 Within the context of a sound modal sequent logic £ =
(S, R, A): Y, BY @ iff BS (b1 AL Ay) = o

Proof: Taking into account Theorem 3.4, from Lemma 2.3 we obtain:

L Qyi,y1 <¢1,...,. 71 <UYr —=y1 <9 Fa =T < (Y1 Ao AYg) = 9);
2. = T < (1A AYp) = @) Fa Qy,yr <1,...,y1 S — y1 < o

Therefore, ¥1,..., 0, FY @ f Fao Qyi,y1 < ¢1,...,y1 < ¥ — y1 < o iff
(from 1. and 2. taking into account idempotence in Proposition 3.1) F4 — T <

(1 Ao Apy) = @) iff ES (01 AL Ady) = . QED

3.2 Algebraic completeness

A set S of closed sequents is said to be consistent if for no closed assertion &
both — § € S and — 0 € S hold. And it is said to be mazimal consistent if for
every closed assertion & either — § € S or — & € S but not both.

Given a sequent calculus C = (X,R) and a maximal consistent set S of
closed sequents over X, the syntactic algebra induced by C and S is the following
>-algebra:

A(C,S) = (cgF(%), cgT(X), 'A(C,S)>

where:
e ca,s) = M1 freee(fr, s i)
® OA(C,S) = )\tl R O(tl, e ,tk);

#ac,s) = A #T;
0 e QA(C,S) iff Ste — Q6;

<0,9/> S EA(C,S) iff Sk - 0LC 0/;

(0,0) € <ae,s) it SFc — 0 < .
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Let ¢ € gF(¥). Given an unbounded variable assignment « over a syntactic
algebra A(C,S), we denote by ypa the closed simple formula obtained from ¢
by replacing each variable z € Z by «a(z).

Let 6 € gT(X). Given an unbounded variable assignment o and a bounded
variable assignment (3 both over a syntactic algebra A(C, S), we denote by a3
the closed term obtained from 6 by replacing each variable z € X by a(z) and
each variable y € Y by ((y).

This notation is extended to ground assertions and bags of ground assertions
by identifying paf with pa.

Lemma 3.6 Let C be a structural calculus, S a maximal consistent set of
closed sequents, a an unbound variable assignment over A(C,S), # a bound
variable assignment over A(C,S), ¢ a ground simple formula, and 6 a ground
term. Then:

e [vlac,s)a = P
e [0]acc,s5)ap = 0.

Proof: Straightforward induction on the complexity of simple formula ¢ and
term 6, respectively. QED

Lemma 3.7 Let C be a structural calculus, S a maximal consistent set of closed
sequents, « an unbound variable assignment over A(C,S), # a bound variable
assignment over A(C, 5), and § a ground assertion. Then:

A(C,S)aBIF s iff Ste— daB.

Proof:

(1) A(C,S)aﬁ - Q6 iff [[GHA(C,S)Q’ﬁ S QA(C,S) iff (by Lemma 36) faf € QA(C,S)
iff Stk — QOap) iff Se — (20)as.

(ii) Both A(C,S)apIF O C 0" iff Sk — (0 C 0" )al and A(C,S)af Ik 0 < ¢ iff
Ste — (0 < p)af are obtained in a similar way.

(111) A(C, S)Oéﬁ IF OG0 iff [[9]]A(67S)Oéﬁ € QA(C,S) iff (by Lemma 36) 9046 ¢ QA(C,S)
ift S e — Q(0ap) iff (since S is maximal consistent) S F¢ — U(f0af) iff
S |—c — (UQ)O&ﬂ

(iv) Again, both A(C,S)afBIF 0 Z ¢ iff Ste — (0 £ 8")aB and A(C, S)af |-
0 L piff Ske — (0 £ p)af are obtained in a similar way. QED

Lemma 3.8 (Lifting) Let C be a structural calculus, S a maximal consistent
set of closed sequents, a an unbound variable assignment over A(C,S), 3 a
bound variable assignment over A(C, S), and A’ — A” a ground sequent. Then:

AC,S)aB IF A — A" iff Ste Aaf — AaB.
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Proof: Indeed, A(C, S)af I- A" — A" iff A(C,S)af I 6§ for some 6 € A” U A/
iff (Lemma 3.7) S ¢ — daf for some § € A” U A/ iff S ¢ — 6 for some § €
A"aBUA a3 iff (see justification below) S ¢ — A”a3, A’af iff (Theorem 2.5),
S ke Alap — A”afB. Tt remains to explain:

(1) If S ¢ — 6 for some 6 € A”aBU A’af then S ¢ — A”aB, Alaf. This
fact is trivially obtained by applications of right weakening.

(2) If S k¢ — A”afB, A’aB then S ¢ — § for some § € A”af U A’a3. Indeed,
otherwise, since S is maximal consistent, S ¢ — & for every § € A”aBUAaf.
Then, using Theorem 2.6, we would be able to show that every closed assertion
is derivable from S, therefore contradicting that S is consistent. QED

Observe that, in the conditions of the previous lemma, if, furthermore, the
sequent A’ — A’ is closed then we have:

A(C,S)IF A — A" iff Ske A — A”.

Lemma 3.9 (Appropriateness) The class of all syntactic algebras induced
by a sequent calculus is appropriate for it.

Proof: Let r = % be a ground instance of a (proper) rule of a sequent
calculus C. Let a be an arbitrary unbound variable assignment over a syntactic
algebra A(C,S). Assume that A(C,S)a IF s; for each i = 1,...,p. That is, for
every bound variable assignment 3, A(C, S)af I s; for each i = 1,...,p. So, by
Lemma 3.8, for every such 3, S ¢ s;af3, say with derivation sequence D53 for
each such . Then, it is straightforward to build, for every pair «, §, a derivation
sequence for S ¢ saf using rule r and those derivation sequences. Thus, again
by Lemma 3.8, for every such 3, A(C, S)af IF s. That is, A(C,S)a lFs. QED

Lemma 3.10 (Consistent extension) Let C be a structural sequent calculus
with rules endowed with persistent provisos. If S is a consistent set of closed

sequents and S t/e¢— wv1,..., v, for closed assertions wvy,..., v, then the set
SU{—11,...,—0,} is still consistent.

Proof: Assume that S U {—77,...,—0y,} is inconsistent. Then, there is a
closed assertion ¢ such that S, —vq,..., >0, F¢ — 0 and S, —01,...,—0, F¢

— 4. So, using the metatheorem of contradiction (Theorem 2.6),
S, —U1,...,—Um Fc — vy
Therefore, using the metatheorem of deduction (Theorem 2.7),
Stevr,..., U, — v
Thus, applying the metatheorem of conjugation (Theorem 2.5), we get
Stke—vi,v1,v2,...,0,
and, by right contraction,
Ste—v,...,Uun

which contradicts the second hypothesis. QED
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Theorem 3.11 (Algebraic completeness) Every full structural sequent logic
with rules endowed with persistent provisos is complete.

Proof: Consider the logic £ = (3, R, A) and let C = (X, R). Assume that
Str A" — A" with SU{A" — A"} composed of closed sequents.

Given an enumeration v, with n € N of the set of closed assertions, we start
by extending S to a maximal consistent set S® as follows:

e Sy=SU{—=6:0c ATUA};

. [ SU{—wv,} provided that S, Fr — v,
"7 SU{—T,} otherwise ’

.5°:Usn.

neN

Observe that S*® is still consistent thanks to Lemma 3.10. Furthermore, by
construction, it is maximal consistent. Therefore, S® t/r A’ — A’ because
otherwise S® Fr — ¢ for some § € A” UA’ (using the same reasoning as in jus-
tification (2) in the proof of Lemma 3.8) and, hence, S® would be inconsistent.
Thus, by Lemma 3.8 applied to a closed sequent, A(C, S®) If A" — A”.

On the other hand, for every s € S we know that S Fr s and, thus, again
thanks to Lemma 3.8, A(C, S°®) IF s.

Since the logic is full and taking into account Lemma 3.9, A(C, S®) is in A.
Hence, S #4 A" — A", QED

Corollary 3.12 (Modal algebraic completeness) Within the context of a
full modal sequent logic £ = (Xx, R, A):

1. 1/11,...,1/% F% goiﬁi/q,...,zpk ':%4 (Vo
2. wlvvwk I—%S@]ﬁlwl”’(/}k ':f4 2

Proof:

L1, ..., Hh @ iff (by definition) Fr T < ¢1,..., T <4y — T < @ iff (==
since L is full and therefore sound; <: thanks to the completeness theorem
above, since we are dealing with closed sequents and modal logics are assumed
to use only persistent provisos) F4 T < ¥q,..., T < ¢ — T < ¢ iff (by
definition) v1,...,¢¥x F% .

2. 1,..., ¢ Fh @ iff (by Proposition 2.4) F% (1 A ... Ag) = ¢ iff (by 1.)
F& (W1 A ... Aty) = o iff (by Proposition 3.5) ¢1,..., ¢, Y ¢. QED

3.3 Kripke completeness

We now turn our attention to the traditional semantics of modal logic (based
on, possibly general, Kripke structures). Namely, it is worthwhile to analyze the
class of Kripke structures characterized by a given set of rules. More precisely,
we would like to prove that, for instance, rule T does characterize the reflexive
frames. It would also be nice to establish soundness and completeness results



30

over general Kripke semantics by capitalizing on the algebraic completeness
theorem proved in the previous subsection.

Given a suitable choice function needed for interpreting I, it is straight-
forward to extract from any (possibly general) Kripke structure a ¥x-algebra
while respecting the denotation of ground simple formulae. Recall that Y =
(C,0,X,Y,Z) is the modal signature introduced in Subsection 2.5.

Let K = (W,~,B,V) be a general Kripke structure over C' where W is
the non-empty set of worlds, ~~ is the accessibility relation between worlds,
B C pW is the set of admissible truth values, and the valuation V' maps each
propositional symbol p; to an admissible truth value. Let ¢ be a choice function
for W. Then, the ¥ i-algebra Alg(K) = (F, T, - oj4(k)) induced by Kis as follows:

F =B;

T = W;

H Alg(<) = Ab. b;

a € Q) iff a is a singleton;

(a,ad') € C Alg(K) iff a Cd;

(a,b) € <) iff a C b;

Laigy = 0;

Talgk) = W;

Talgk) = Aa. t(a);

Nagk) = Aa. {w" € W : exists w € a such that w ~» w'};
by = Aad'. ana's

fargx) = 0;

tagk) = W;

Pialgk) = V(Pi);

“alg(k) = Ab. W\ b;

Datg) = Ab. {w € W Ny {w}) € b}
Oag) = Ab. {w € W Najgq)({w}) Nb # 0}
Alg(k) = ABY. b3

Valg(k) = ABY. DU

= Alg(K) = AbY' . (W \ b) ub'.

It is straightforward to verify the following facts that will allow us later on
to concentrate on the semantics of f, p;, =, [, V.
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tAlg(k) = "alg(k) (Falg(k));

O algk) (0) = 7 a1g(k) (Barg(k) (T aig) (b))
= a1g(K) (0, V') = Varg) (T alg(k) (0), )3

Aatg(k) (0, 6') = 7 a15(K) (V atg(k) (T alg(k) (0), arg(x) (D))

The following results show that the semantics of closed simple formulae is
preserved when we move from a general Kripke structure to the corresponding
Y k-algebra. In the sequel we use [¢]k for the denotation of ¢ over the general
Kripke structure K. This denotation is inductively defined over the structure
of ¢ in the usual way.

Lemma 3.13 Let K be a general Kripke structure. Then, for every closed
simple formula o, [¢Jk = []ars(io.

Proof:
The proof is carried out by induction on the complexity of ¢:

(Base) We have to consider only two representative cases:
(i) ¢ is f. Then:
[[f]]K =0= fAlg IIf]]Alg (K) -

(ii) ¢ is p;. Then:
[pilk =V (pi) = PiAlg(K) = le]]A]g

(Step) We have to consider only three representative cases:
(i) ¢ is 7¢’. Then:
[~ ¢k = W\ [¢]k —W\[[w]]Azg(m =
ﬂAJg(K)([[SO ]]Alg ) [-e ]]Azg
(ii) ¢ is O¢'. Then:
[O¢k = {w €W : w~ w implies w’ € [¢']k for every w’ € W} =

{we W :w' € Ny ({w}) implies w’ € [¢]aigk) for every w' € W} =
{we W : Nyjguq)({w}) € [¢ i)} = Oargy ([0 ] arg)) = [0 ] asgii) -

(iil) ¢ is ¢’ V ¢”. Then:

[¢" V"l = [¢'lk U[¢"Tk = [¥']agx) U [¢" ] atgk) =

V atg() (10" N atgkys [T atgk)) = [¢" V ©" T atg(k) - QED
Proposition 3.14 Given a general Kripke structure K and a closed simple

formula ¢, K- ¢ iff Alg(K) IFT < .

Proof:
K IF ¢ iff [o]k = W if W C [elk iff Tagwy € [lagk) iff [Tlagk) S
[l Ay iE ([T ]]Azg(K) [ algk)) € Saigk) iff Alg(K) IFT < . QED
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Proposition 3.15 Given a general Kripke structure K, an unbound variable
assignment 3 over Alg(K) such that G(y;) = {w} and a ground simple formula
o, Kw Ik ¢ iff Alg(K)gIFy1 <.

Proof:
Rw Ik ¢ iff w € [o]k iff {w} C [p]k iff B(y1) C [wlak) iff [Y1]agk)s S
[Pl aigy i (y1]agws: [Pl k) € Salgk) iff Alg(K) IFy1 < . QED

Given a class K of general Kripke structures, let Alg(KC) be the class { Alg(K) :
K e K}, and F%- | |:§€ be the global, local entailment over /C, respectively.

Theorem 3.16 Given a class K of general Kripke structures:

1. wl,w-ﬂ/}k ':g]C ¥ iff wla-'wwk ':gAlg(]C) 12
2. wla"'7¢k ':% ¥ iff wl""77’bk ':ZA]g(’C) ©-

Proof: Without loss of generality consider k = 2:

1. 1,9 IZ% @ iff, for every K € K, K IF ¢ whenever K IF ¢ and K IF 99
iff (thanks to Proposition 3.14), for every A € Alg(K), A I T < ¢ whenever

AIFT <y and AlET <oy iff g, vn B ) @

2. 1,9 IZfe p iff, for every K € K and w € W, Kw IF ¢ whenever Kw IF 11
and Kw I 9 iff (thanks to Proposition 3.15), for every A € Alg(K) and every
assignment 3 such that 5(y1) = {w}, AG IF y1 < ¢ whenever A I-y; < 9 and
A IFy; <o iff for every A € Alg(K) and every assignment 3, AG IFy; < ¢
whenever AG IFyy <1, AGIFy1 <9 and AG IF Qyq iff Y1, 90 ':ilg(lC) .
QED

Theorem 3.17 For every general Kripke structure K, the ¥ g-algebra Alg(K)
is appropriate for each rule in R.

Proof:

(i) The algebra Alg(K) is appropriate for each structural rule thanks to Theo-
rem 3.3.

(ii) The algebra Alg(K) is appropriate for each order rule in Subsection 2.4
because inclusion does fulfill the properties imposed by those rules.

For instance, consider rule RgenF. Let p be a ground substitution such that
(o :y)(p) =1and (2 ¢ 71,T'1,T2)(p) = 1. So 72p is a variable, say y;, that is
fresh.

Let v be an arbitrary unbound variable assignment over Alg(K). Assume that
the pair Alg(K)« satisfies the premise Qy;,y; C m1p,I'1p — Top,yi < &1p. We

have to prove that the pair Alg(K)a satisfies the conclusion I'1p — T'op, 11p <
&1p where y; does not occur.

Since Alg(K)a satisfies the premise, we know that, for every bound variable
assignment (3, there is dg in I'op U {y; < &1p} U{Uyi,yi € mip} UT'1p such that
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the triple Alg(K)ag satisfies dg.

For each 3 we have to consider the following two cases:

(a) there is d3 in I'yp UT1p such that Alg(K)af IF 65 which immediately es-
tablishes that Alg(K)a/ satisfies I'yp — I'ap and, hence, the conclusion of the
rule.

(b) Otherwise, we know that there is dg in {y; < &1 p}U{Uy;,y: £ T1p} such that
Alg(K)ap I+ 63. Furthermore, we also know that, for every assignment 7 y;-
equivalent to 3, there is 6, in TopU{y; < &1p}U{Vyi,yi Z 11p}UT1p such that
Alg(K)an Ik 8,. Moreover, since y; does not occur in I'opUTp, Alg(K)an If —
Lap,Tip. So, for every such ), there is &, in {y; < &p} U {Oyi,yi Z 11p} such
that Alg(K)an IF §,. In particular, for every n y;-equivalent to 3 and such that
n(y:) is a singleton and is included in [71p] Ajg(k)3, We know that Alg(K)an sat-
isfies y; < &1p, that is, we know that 7(y;) is included in [§1p] ajg(k)a- Therefore,
[T1P) Alg(k)ap s included in [€1p] Ajg(k)a- So, Alg(K)aB satisfies — m1p < &1p
and, hence, the conclusion of the rule.

(iii) It remains to check that Alg(K) is appropriate for each specific rule of the
modal calculus K given in Subsection 2.5.

For instance, consider rule R¢. Let p be any ground substitution. Assume that
Alg(K)a satisfies the premises of the rule Q7 p, Qmop,T'1p — Tap, 7op C N(11p),
Qr1p,Q1ep, T'1p — Dap, mop < E1pand Q11p,I'1p — Dap, Qmmp. We have to prove
that Alg(K)a satisfies the conclusion Q7ip,I'1p — Tap, 11p < (O€1p).

Since Alg(K)a satisfies the premises, we know that, for every bound variable
assignment (3, there are:

e 1 in TopU{mp C N(71p)} U{U71p, Urep}UT 1 p such that Alg(K)a3 IF 61;
e 5y in Top U {mp < &1p} U {U71p, Umep} UTp such that Alg(K)a IF do;
e and d5 in Top U {Qrap} U {U71p} UTp such that Alg(K)ag I §s.

For each @, we have to consider two cases:

(a) Alg(K)af Ik 6; with §; in Tep U {Ur1p} UTp for some i = 1,...,3 which
immediately establishes the conclusion of the rule.
(b) Otherwise, we know that:

Alg(K)ap I+ Q7 p;

o Alg(K)af I 61 for some 61 in {map C N(11p), Umap};
o Alg(K)af I 62 for some 62 in {map < &1p, Umap};
o Alg(K)af I d3 for some d3 in {Qmap}, that is, Alg(K)S IF Qrap.
That is:
o Alg(K)aps I+ Qmp;
o Alg(K)ap Ik mop E N(71p);

o Alg(K)af IF 1op < &1p;
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o Alg(K)af IF Qmap.

Let wy, w2 be such that [71p] ajgk)ap = {w1} and [2p0] alg(k)ap = {w2}. Thus:
o {wa} C Nyjgy({wi});
o {wa} C [&1p] Alg(K)a

Hence, N g5y ({w1}) N [§10] alg(k)a 7 0. So, {wi} € {w € W : Ny ({w}) N
[&10]algkya # 0}. That is, [T1p]algK)a S Qalgk)([€10] Alg(k)a) Which estab-
lishes that Alg(K)ag IF m1p < (0&1p) and, so, the conclusion of the rule. QED

In order to state and prove the envisaged characterization results, we need
some notation:

e P denotes a property of the accessibility relation among those considered
in Subsection 2.6;

e 7p denotes the corresponding sequent rule as indicated in Subsection 2.6;
e [Cp denotes the class of all general Kripke structures fulfilling P;
e Cp denotes the sequent modal calculus with the extra rule 7p;

e app(Cp) denotes the class of algebras appropriate for Cp.

We also extend this notation to any finite set P of such properties in the obvious
way.

Theorem 3.18 (Characterization) For each property P of the accessibility
relation and each general Kripke structure K:

KeKp iff Alg(K) € app(Cp).

Proof: The proof is straightforward for each of the properties in Subsection 2.6.
We provide the details only for two cases:

(rule X) Let P state that the relation is irreflezive. Then: K € Kp iff w + w
for every w € W iff {w} € N ajo(k)(w) for every w € W. We have to show that
the latter holds iff, for every I'1, T'e, p, a, B, Alg(K)aS IF Qrip,T'1p — Top, 11p L
N(Tlp).

(=) Assume that, for every w € W, {w} € Nyk)(w). It is sufficient to
show that Alg(K)ag IF Qrp — 11p L N(71p), that is, Alg(K)af IF— 11p £
N(711p),O71p. We have to consider two cases:

(a) Alg(K)af I+ Ut p which immediately establishes the result.

(b) Otherwise, we know Alg(K)ag I Qrip and, hence, that [71p]ajgk)as is 2
singleton. So, from the hypothesis, we get [71p] Aig(k)as € Naigk) ([T10] Alg(k)as)-
Hence, Alg(K)ag IF m1p L N(1p).

(<) Assume that, for every I'1, 9, p, o, 8, Alg(K)aS I Qrip,T1p — Tap,mip L
N(71p). Then, for each w € W, choose I'1 = T'y = 0, p such that p(m) = x1,
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and « such that a(x;) = {w}. Therefore, Alg(K)a I+ m1p £ N(71p) and, so,
{w} € Nyjgk) (w).

(rule W) Let P state that the relation is transitive and well bounded.

(=) Assume that the relation is transitive and well bounded and that rule W
does not hold. Then, there is p fulfilling the proviso and an assignment « such
that Alg(K)ag I- Qrip, Qr3p, 730 & N(71p),I'1ip — Top,11p E 720, N(73p) ¥
Top for all assignments 5 and Alg(K)a I Qrip,T1p — Top,N(71p) C m2p. So,
Alg(K)a I+ 71p, Alg(K)a |- Typ, Alg(K)a IF ~vop for every ~ap € T'9p and
Alg(K)a If N(71p) E m2. So, there is w such that {w} C Najk)([710] Alg(K)a)
and {w} & [72p] ajg(k)a- Since the relation is transitive and well bounded, we
can choose a maximal w fulfilling the previous conditions, that is, if {w'} C
Najg)({w}) then either {w'} € Naj)([T1o)atgkya) or {0} C [2p] Alg)a-
Consider 3 such that [3p] ajgk)as = {w}, then Alg(K)af - m3p © N(71p),
Alg(K)as IF Qmp, Alg(K)aS IF Qrmsp and Alg(K)ag IF T'ip. On the other hand,
Alg(K)af Iff yap for all vop € T'yp and Alg(K)af Iff t3p E 79p. So it remains to
show that Alg(K)afS Iff N(73p) £ 7op. Assume that Alg(K)aS |- N(13p) [Z Top,
then there is a {w'} C N k) ({w}) such that {w'} € [T2p] ajg(k)a- By transi-
tivity {w'} € Naggk)([119]alg(k)a) and so, since {w'} Z [r2p] alg(k)ar w Wwould
not be maximal. Hence, Alg(K)a/S I N(73p) [ T2p. Therefore there is 3 such
that the premise of W is not fulfilled, which contradicts our hypothesis.

(<) Assume that rule W holds.

(a) Assume that the relation is not transitive. Then, there are w;, we,ws such
that {w2} C© Nap(wi), {ws} C Nag)(wz) and {ws} € N (wr).
Consider the ground substitution p such that T'ip = T9p = 0, 71p = xy,
Top = X2 and T3p = y;. Let a be an assignment such that a(x;) = {w;} and
a(x2) = W\ {w, w2, ws}. Then Alg(K)a I Ux; and Alg(K)a If N(x1) C x2
and so Alg(K)a If Qx; — N(x;) C x2. Next we show that Alg(K)a IF
Ox1,Qy1,y1 C N(x1) — y1 C x2,N(y1) £ x2 by considering all possibili-
ties for B(y1): (i) if B(y1) is not a singleton then the result follows straightfor-
wardly; (ii) if B(y1) = {w2} then Alg(K)af I- N(y1) ¥ x2; (iii) if B(y1) = {w1}
or B(y1) = {ws} then Alg(K)a I y1 C N(x1); (iv) if 8(y1) € W\ {w1, wa, w3}
then Alg(K)afS IF y; C x2). Therefore the rule does not hold, which is a con-
tradiction with the hypothesis.

(b) Assume that the relation is transitive but not well bounded. Then, there is
a sequence {w;}ien such that {w;r1,wiy2,...} © Ny (w;) for all i € N.
Consider the ground substitution p such that T'ip = T9p = 0, 71p = xq,
Top = X9 and T3p = y;1. Let a be an assignment such that «a(x;) = {wp} and
a(xg) = W\ {wp, wr,...}. Then Alg(K)a If Ux; and Alg(K)a Iff N(x1) C x2
and so Alg(K)a If Qx; — N(x1) C x2. Next we show that Alg(K)a IF
Ox1,Qy1 — y1 C xo,N(y1) £ x2 by considering all possibilities for 8(y1):
(i) if B(y1) is not a singleton then the result follows straightforwardly; (ii) as-
sume that [(y1) = {w;}, then Alg(K)af IF N(y1) Z x2; (iii) assume that
B(y1) € W\ {wp, w1, ...}, then Alg(K)af I y1 C x2. Therefore the rule does
not hold, which is a contradiction with the hypothesis. QED
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Observe that the characterization theorem above shows that the rules pro-
posed in Subsection 2.6 characterize the envisaged properties of the accessibility
relation even among general Kripke structures.

We now turn our attention to soundness and completeness of the modal
sequent calculi over the general Kripke semantics. Soundness is easy to obtain,
but, in order to establish completeness, we have to start by showing how to
extract a general Kripke structure from a X g-algebra appropriate for the se-
quent rules of a modal system. Recall that ¥ = (C,0, X,Y, Z) is the modal
signature introduced in Subsection 2.5.

Let A = (F,T,-p) be a Yg-algebra. Consider Kpk(A) = (W,~ B, V)

where:
o W =0Qn
o ¢t~ t'iff t' Ca Na(t);
o B={(f)a: f € F} where (f)5 denotes the set {t € Qa : t <a f};

e V(pi) = (Pia)a-

In the sequel, we may write (f) for (f), when the underlying algebra is
clear from the context.

Proposition 3.19 Given a X -algebra A appropriate for Cr, the tuple Kpk(A)
is a general Kripke structure over C.

Proof:

(1) W is non empty. Indeed, by absurd, assume that W = Qa = 0. Then, since
A is appropriate for rules cons and €2, we would conclude that T € Qa.

(2) W € B. Indeed, W = ([t]a) since A is appropriate for rule Rt.

(3) B is closed for complements. More precisely, we have to show that if (f) € B
then (W'\ (f)) € B. Observe that W\ (f) = {t € W : t £a f}. We show below
that {t e W 1t La f} ={t € W : t <a —-a(f)}. Thus, the result follows since
the latter set is (—a(f)) which is in B.

D) {teW: :tLa f} C{teW:t<a-alf)} Indeed, assume that t €a
f whenever t € Qa. So, by definition of satisfaction, choosing « such that
a(x1) = t and «(z;) = f, we have Aa IF Qx; — x3 £ z;. Observe that
Ox1 — x1 £ 21 bee Ox1 — x1 <~z

1 Ox; — x1 <z R—-:2
2 x1 <12z1,0x — LxeF : 3
3 Oxp — x1L7 hyp

Therefore, by Theorem 3.4, Ox; — x1 £ 71 happ(cK) Ox; — x1 < —z71. Hence,
Aa IF Qx; — x1 < —z1. Again by definition of satisfaction and taking into
account the choice of a, we get t <a —a(f) whenever t € Qa.

(i) {teW:tLa f} 2{t € W:t<a-a(f)} The proof is similar taking into
account 2x; — x1 < 1z be, Ox1 — x1 £ 21:
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1 Ox1q — x1&L7 cutF : 2,3
2 Ox1 — x1L£2z1,x1 <z1 RwF : 4
3 x1 <-z1,0x — x1&€7 L—-:5

4 Oxp — x1 <"z hyp

5 Ox1 —  x1£2z1,x1 <271 RxiF : 6
6 x31<z1,0x - x1 <z ax

(4) B is closed for unions. More precisely, we have to show that if (f), (g) € B
then ((f) U (g)) € B. Observe that (f)U(g) ={t € W :t <a fort<ag} We
show below that {t e W :t <p fort <ag}={t € W:t<aVa(f,g)}. Thus,
the result follows since the latter set is (Va(f,g)) which is in B.

D {teW:t<afort<agtC{teW:t<aVa(f,g)} Indeed, assume that
t <a fort<ag whenever t € Qa. So, by definition of satisfaction, choosing
a such that a(x;) = t, a(z1) = f and a(z2) = g we have Aa IF Ox; — x; <
z1,x1 < z9. Observe that Qx; — x1 < z1,x1 < 2Z9 }_CK Ox; — x1 < (Zl V ZQ)
by rule RV. Therefore, by Theorem 3.4, Ox; — x1 < z1,x1 < 29 #app(cK)
Ox; — x1 < (21 V2z9). Hence, Aa IF Qx1 — x1 < (21 V z2). Again by definition
of satisfaction and taking into account the choice of a, we get ¢t <a Va(f,9)
whenever t € Qa.

(i) {teW:t<afort<ag}2{teW:t<aVa(f,g)}. The proof is similar
taking into account Qx; — x1 < (21 V 22) ¢ Ox1 — x1 < z1,%x1 < Z2:

<
1 Ox1 — zl p :; cutF : 2,3
1=

x1 < (21 V z2)

2 Oxq — x1 < Z1 RwF : 4
x1 < z2

3 x1 < (z1Vz2) _| x1 <z LV:56
Qx1 x1 < z3

4 Oxq — x1 < (Zl vV 22) hyp

5 x1 < z1 R x1 <z ax
Ox1 x1 < z2
x1 < z2 x1 <z

6 Qxy - x1 < 72 ax

(5) B is closed for necessitations. More precisely, denoting by L((f)) the set
{t e W :t ~ t' implies t' € (f) for every t' € W}, we have to show that if (f) €
B then L({f)) € B. Observe that L({f)) = {t € W : ¢ Ca Na(t) implies ¢’ €
(f) for every t' € W} = {t € W : t/ Ca Na(t) implies t’ <a f for every t’ €
W}. We show below the latter set is equal to {t € W : ¢t <a Oa(f)}. Thus, the
result follows since the latter set is (a(f)) which is in B.

(i) L({f)) C{t € W : t <a Ua(f)}. Indeed, assume that if ¢ € Qa then for
every t' € Qa we have t' <a f whenever ' Ca Na(¢). So, by definition of
satisfaction, choosing a such that a(x;) =t and «a(z1) = f, we have

AalF Ox1,Qy1,y1 CTN(x1) = y1 < 2.

Observe that Ox1,Qy1,y1 T N(x1) — y1 < z1 F¢ Ox1 — x; < Oz by

rules RO and Rgen. Therefore, by Theorem 3.4 Qx;,Qyi1,y1 T N(x1) —
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y1 < z1 ':app(CK) Ox; — x1 < Oz;. Hence, Aa IF Ox; — x3 < Oz;. Again
by definition of satisfaction and taking into account the choice of a, we get
t <a Oa(f) whenever ¢t € QAa.

(ii) L({f)) 2 {t € W : t <a Oa(f)}. The proof is similar taking into account
Ox1 — x1 < Uz by Ox1,Qy1,y1 EN(x1) = y1 <z

Qx1
1 Qy1 — y1 <z cutF : 2,3
y1 C N(x1)

Oxq
2 Qy1 — w:4
<
Vi E N(Xl) Y121

x1 <z
Ox1

Qy1

y1 C N(x1)

4 (9541 — x1 < 2z hyp

Qy1

x1 <z
5 (9531 — = ax

Qy1

y1 C N(x1)

Qy1

y1 <z

x1 <z
OQx1

Qy1

y1 E N(x1)

x1 <z

Qxy Qy1

Qy1 y1 <z

y1 C N(x1) QED

The following results show that the semantics of ground simple formulae is
preserved when we move from a Y -algebra appropriate for Cx to the corre-
sponding general Kripke structure.

Lemma 3.20 Let A be a X -algebra appropriate for Cx. Then, for every
ground simple formula ¢, ([¢]a) = [¢]kpk(a)-

Proof:
The proof is carried out by induction on the complexity of ¢:

(Base) We have to consider only two representative cases:

(i) ¢ is £f. Then: ([fla) = (fa) = {u € Qa : u <a fa} which coincides
with {u € Qa : u Ca La} since A is appropriate for rule Rf. Moreover,
{u € Qa : u CEo La} = 0 since A is appropriate for rule QL. Therefore,

(If1a) = frpia) = [flkpr(a)-

(ii) ¢ is pi- Then: ([pi]a) = (pia) = V(9i) = [Pil kp(a)-

(Step) We have to consider only three representative cases:

(i) ¢ is 7¢". Then: ([~¢']a) = (Ta([¢]a)) = {u € Qa : u <A ~a([¢]a)}
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which coincides with {u € Qa : u €a [¢']a} as seen in part (2) of the proof
of Proposition 3.19. Therefore, ([7¢'|a) = Qa \{u € Qa : u <a [¢']a} =
Qa\ ([¢']a) which, by the induction hypothesis, is equal to Qa\ [¢'] kpk(a) and,
so, identical to [=¢'[xpi(a)-

(ii) ¢ is O¢’. Then: ([O¢'Ja) = (Oa([¢la)) = {u € Qa : u <a Oa([¢']a)}
which coincides with L({[¢']a)) as seen in part (4) of the proof of Proposi-
tion 3.19. Therefore, by the induction hypothesis,([J¢'Ja) = L([¢']kpka))
and, so, identical to [C¢Txpia)-

(iii) ¢ is ¢’ V¢". Then: ([¢' V ¢"]a) = (Va([¢']a, [¢"]a)) which coincides with
{u e Qa:u<a[¢]aoru<a [¢"]a} as seen in part (3) of the proof of Propo-
sition 3.19. Therefore, (J¢'V ¢"]a) = {u € Qa : u <a [¢Ja} U{u € Qa:u <a
[¢"]a} which, by the induction hypothesis, is equal to [¢']kpra) U [¢"]kpk(a)
and, so, identical to [¢' V ¢"]xpia)- QED

Proposition 3.21 Given a Xg-algebra A appropriate for Cx and a ground
simple formula ¢, A IF T < ¢ iff Kpk(A) IF ¢.

Proof:

(=) Assume A |- T < ¢. Then, Ta <a [¢]a. Since A is appropriate for rules
T and transF, for every t € T, t <a [p]a. In particular, for every u € Qa,
u <a [¢]a. Therefore, {u € Qa : u <a [p]a} = Qa. Thus, ([¢]a) = Qa and,
80, [plkpk(a) = W which means Kpk(A) I ¢.

(<) Assume Kpk(A) IF ¢. Then, {u € Qa : u <a [¢]a} = Qa. Thus, since A is
appropriate for rule QT, Ta <a [¢]a, and, so, AIF T < ¢. QED

Proposition 3.22 Given a Y g-algebra A appropriate for Cx, an assignment 3
over A such that G(y1) = u € Qa and a ground simple formula ¢, Aaf IFy; < ¢
iff Kpk(A)u - .

Proof: Aaf Ik y1 < ¢ iff B(y1) <a [¢]a iff u € ([p]a)a iff u € [P]kpra) iff
Kpk(A)u IF ¢. QED

Given a class A of X -algebras appropriate for the sequent rules of modal
system K, let Kpk(A) be the class { Kpk(A) : A € A}.

Theorem 3.23 Given a class A of ¥ -algebras appropriate for Ck:
° wlv"'awk ':i ¥ iff wl’“.7wk ':}g{pk(vA) s
o Uy, ..., Y |=f490 iff thy, ...k 'Zi(pk(A) -

Proof: Immediate using the two propositions above. QED

We are now ready to establish the counterpart of Theorem 3.18.

Theorem 3.24 (Cocharacterization) For each property P of the accessibil-
ity relation and each Y -algebra A appropriate for Ck:

Kpk(A) €e Kp iff A € app(Cp).
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Proof: Straightforward for each of the properties in Subsection 2.6. For in-
stance, let P state that the relation is irreflexive. Then: Kpk(A) € Kp iff u + u
for every u € W = Qp iff u Za Na(u) for every u € W. So, we have to show
that the latter holds iff, for every I'1, s, p, o, 8, Aaf IF Qrip,Tip — Dop, 11p £
N(11p). QED

And, finally, we are now able to prove the envisaged completeness result
over general Kripke semantics.

Theorem 3.25 (Modal Kripke soundness and completeness) For each fi-
nite set P of properties of the accessibility relation:

o Yr, kB¢ iff g, v FE
® 7,[115---7¢k ':;%PQO iff 1#1,...,1/% Fép @Y.

Proof:

(Soundness) Immediate by induction on the length of the derivation using (=)
of Theorem 3.18, Theorem 3.17 and Theorem 3.16.

(Global completeness) Assume that 11, ..., )Lé) . Then, by Corollary 3.12,
UViyooo g ,Iﬁipp(cp) . That is, there is A € app(Cp) such that A IF T <), for
i=1,...,kand Al T < ¢. Let A be such an algebra and K = Kpk(A). Then,
by Theorem 3.24, we know that K € Kp. Furthermore, by Proposition 3.21,
KIFy; for i =1,...,k and K Iff . Therefore, 91,..., Y thlcp .

(Local completeness) Assume that 1, ..., ¢k )Lép ©. Then, by Proposition 2.4,
/Fa, (Y1 A ... Ag) = @. So, by global completeness as proved above, )Egicp

(Y1 A ... Ag) = . Therefore, by Proposition 3.5, 11, ..., ¥y %p p. QED

It is straightforward to adapt the results in this subsection (about Cx and
its extensions) to the hybrid calculi introduced in Subsection 2.7.

We refrain to develop the details on this side issue, but it is worthwhile to
comment on the nature of Kpk(A) when A is appropriate for Cjz. Since, Fa
contains elements representing all elements of W, B collapses into W in the
resulting Kripke structure. Therefore, denoting by sICp the class of all standard
Kripke structures with set P of properties imposed on the accessibility relation,
the theorem above becomes:

Theorem 3.26 For each finite set P of properties of the accessibility relation:
o Y1,k Fe, o I g1, 1 '—ig ©;

° wl,...,”l/}k l=£,cpg0 iff wl,...,wk Fég @Y.
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3.4 Duality between sober algebras and Kripke structures

In the previous subsection, we saw how to extract a ¥ x-algebra appropriate for
Ck from a general Kripke structure and vice versa. It is natural to ask what is
the relationship, if any, between A and Alg(Kpk(A)) and also between K and
Kpk(Alg(K)). In order to answer these questions, first we need to set up the
category of Y-algebras and the category of general Kripke structures.

Recall that a p-morphism h : (W~ B, V) — (W' ~' B V') is a map
h: W — W' such that:

a) if wy ~ wg then h(wy) ~' h(ws);

b) if h(wy) ~' w) then there is wy such that h(wz) = w) and wy ~ wy;
c) h=1(B’) € B for every B’ € B';

d) w e V(p;) iff h(w) € V'(pi).

General Kripke structures together with p-morphisms constitute the cate-
gory K. Observe that condition d) is equivalent to

d') V(pi) = h ' (V'(ps)).

In order to set up the envisaged category of Y -algebras appropriate for
Ck, we propose the following notion of morphism between such algebras. To
this end, we need the following notation:

o f1 ~a foiff <f1>/_\ = <f2>A7 that is, iff {u € Qa:u <p fl} = {U € Qa :
u <a fo};

o [t]a={ueQa:ulat};
o t1 =ty iff t1 Ep to and to Ca t1, that is, iff [tl]A = HQ]A.
—
A morphism h: (F,T,-p) — (F',T',-ar) is a pair ( h, h') where:
—
e h: F— F;
—
o h:T — T,
such that
—

1) T (calfiy s f1) ~ar car(T(f1), oy B (fi)):

2) [7(t)]a S 1 ([t]n);

5) if ' € Qa then h (¢) € Qa;

6) if |, Ca th then h (£)) Ca h (t);
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— —
7) h(t) <a fiff ' <a h(f) whenever t’ € Qa.

It is straightforward to verify that the X g -algebras appropriate for Cx together
with these morphisms constitute a category that we denote by A.

This notion of morphism is sufficiently strong to ensure the preservation
and reflection of satisfaction of labelled formula. To this end, it is convenient
to make explicit the structure of an unbound variable assignment « over a
Y-algebra by identifying each such « with the pair (a|x, a|z).

Theorem 3.27 (Satisfaction condition) Let » : A — A’ be a morphism,
0 € gT(X k) without bounded variables, ¢ € gF(X k), a an unbounded variable
assignment over A, and o' an unbounded variable assignment over A’. Then:

— —
A(h od|x,alz) IFO <y iff Ad|x,hoalz)lF0<e.

Proof: The following two equalities can be proved by induction on the com-
plexity of 8 and ¢, respectively:

«—
].. [[GHAZOQWX == h (IIGHA/O/|X);

—

2. h(lelaalz) = [P0a% oag,

Now we have: A(%oa’\x,(ﬂz) -6 < piff [[9]]A<an,|x <a [¢]aq), iff (by 1.)

H . ﬁ .
h ([[GHA/OAX) <A [[QD]]Aa\Z iff (by property 72)f h) [[QHAIO/lX <wn h ([[@]]Aa\z> iff
(by 2.) [O]ararx Sar [] a5 0, A X, hooalz) 60 <. QED

Corollary 3.28 Let h : A — A’ be a morphism, 6 € cgT(Xk) and ¢ €
cgF(Xk). Then:
AlFo<g iff AMIFO<op.

We now turn our attention towards extending the maps Alg and Kpk to
functors.

Proposition 3.29 Given a p-morphism h : K — K/, the pair (h=!,h) is a
morphism from Alg(K') — Alg(K).

Proof:
1) ™ Neagwn (Bl - -, By)) = caigy(h 1 (BY), ..., h~1(By)) is established for

each representative modal constructor:

() h ™ (faggny) = h7H0) = 0 = £op5k)-

(pi) h 1 (Pialgcr)) = 1 (V'(ps)) which by condition d’) is identical to V (p;) =
PiAlg(K)-

(=) W (Caggeny (B) = B (W B') = WA\ B~ H(B') = 2 aige) (hH(B)).

(O) A (O (B) = ' ({w' : Najn({w'}) € B'}) which is identical
to {w : Nyjg)({R(w)}) € B’} which thanks to 4) below coincides with {w :
h(N gje){w})) € B'} = {w : Naggey({w}) € h™1(B')} = Oaggy (R H(B)).
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(V) (VAlg(K')(BﬂaBg)) = h~Y(Bj U B)) which coincides with h=1(B]) U
-1

h— 1

(By) = V) (R~ H(BY), h=(BY)).

2) [h(U)LUg Ky = = h([Uly (K)) Indeed, [h (UﬂAzg(Kf) ={u'} v e n(U)} =
{{r(w)} :ue U} =h({{u} : uw € U}) = h([U] gjg))-

3) h(@) Alg(K") @ Indeed: h(@) = @

4) NAIg(K’) (h(U)) = h(NA]g(K)(U)) Indeed:

(©) Consider any w’ € N Algk)(h(U)). Then, by definition of Alg(K'), there is
u € U such that h(u) ~" w’. So, by property b) of the p-morphism, there is

w € W such that h(w) = w’ and u ~» w. That is, thanks to the definition of
Alg(K), w € Nyjgky({u}) and, therefore, h(w) = w’ is in h(IN p1ek) (U)).

(2) Consider any w € Nyjgky(U). Then, there is u € U such that u ~
w. So, by property a) of the p-morphism, h(u) ~' h(w). Hence, h(w) €
N gy (h(U)).

Since Alg(K') is appropriate for rule ref, we obtain N k) (h(U)) Cagkr
h(N 15 (U)) and A(Najg(k)(U)) E atg(cry Naggr) (A(U)).

5) h({w}) € Qujgkr) for every {w} € Qalg(k)- Immediate: h({w}) = {h(w)}.
6) h(U1) Eajgkry MU2) for every Up Cyjgy Uz. Immediate: h(Ur) C h(Uz)
whenever Uy C Us.

7) h({w}) <ajgwry B iff {w} <ajp) h~1(B') for every {w} € Qajg(k). Imme-
diate: h(w) € B’ iff w € h=1(B’). QED

It is now straightforward to verify that the map Alg can be extended to a
functor from K to A°P. Furthermore, the map Kpk can also be extended to a
functor from A°P to K thanks to the following result.

Proposition 3.30 Given a morphism A : A’ — A, the map %|QA is a p-
morphism from Kpk(A) — Kpk(A').

Proof:
«— —
a) For every t1,to € W, if t; ~> to then h|q,(t1) ~' h|q,(t2). Indeed: Assume
that t; ~» to. Then, by definition of Kpk(A), to Ca Na(t1). So, by property 6)
— —
of the algebra morphism, h|q,(t2) Car h|o,(Na(t1)). Hence, by property 4) of
«—
the algebra morphism and since A’ is appropriate for rule transT, h|q,(t2) Car
— — —
Na/(h |q(t1)). That is, by definition of Kpk(A'), hl|q,(t1) ~" hla,(t2).

b) For every t; € W and t;, € W', if %’QA(tl) ~' ¢, then there is to € W such
that Z|QA (t2) = th, and t; ~~ to. Indeed: Assume %|QA(t1) ~" t},. Then, by con-
struction of Kpk(A'), th Cas NA/(Z’QA (t1)). So, by property 4) of the algebra
morphism and since A’ is appropriate for rule transT, t}, € [Z!QA (Na(t1))] o
and, therefore by property 2) of the algebra morphism, ¢, € (E|QA({NA(t1ﬂA).
Thus, there is to € [Na(t1)]a such that %‘QAOfQ) = th. That is, there is
to Ca Na(t1) such that %‘QA(TSQ) = t§. Or, equivalently, there is to2 € W such
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that ¢y ~ tp and & o, (t2) = t).

c) For each ' € F/, (%‘QA)71(<]H>) € B. Indeed, (Z|QA)71(<f/>) is the set
{u € Qa : Z’QA(U) <a f'} which coincides, thanks to property 7) of the al-
gebra morphism, with {u € Qa : u <a 7( /)}. The latter set is by definition
<ﬁ(f’)> which belongs to B.
— -1 — -1 — -1

d) V(pi) = (P, (VI(pi)- Indeed, (hlay)  (V'(pi)) = (hlaa)  ((Pia)
which, following the same reasoning as in c¢) above, is (h (p;a’)) and, so, by
property 1) of the algebra morphism, is identical to (p;a) which coincides with
V(pi)- QED

We are now ready to address the questions stated at the beginning of this
subsection. The relationship between K and Kpk(Alg(K)) is easy to establish.

Proposition 3.31 Let K be a general Kripke structure. Then, K is isomorphic
in K to Kpk(Alg(K)).

Proof: Consider the map h : Wk — Wkpi(aigk)) such that h(w) = {w}. It is
straightforward to show that it is a p-morphism. Furthermore, h is a bijective
map and its inverse is also a p-morphism. QED

On the other hand, the relationship between A and Alg(Kpk(A)) is not so
simple. Indeed, the best that we can do is to establish an adjunction between K
and the dual of the subcategory of A containing the Y -algebras appropriate
for Cx where ~ / = is the diagonal relation in F'/T, respectively. More precisely,
a Y-algebra is said to be sober iff:

o fi~a foiff fi = fo;
o {1 ~ptyiff t1 = to.

The full subcategory of A with all sober algebras is denoted by sA. It is
straightforward to establish the inclusion functor I : sA — A. In the opposite
direction, the quotient functor ) : A — sA can be obtained by the composition

Q2 o Q1 where:

e (Q1: A — SA, denoting by SA the full subcategory of A with all algebras
that are sober with respect to ~ (but not necessarily with respect to =),
defined as follows:

— Q1(A) = (F/ ~a,T,q,(a)) where:
x e ) ([1lmns s [fidmn) = [ealfi - oo fo)loas
* 0Q;(A) = OA;
* Qo a) = Qa;
* Loy a)y=EA;
* <gua)= {(t [floa) 1 (8 f) €<a}
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Note that Q1(A) is well defined since ~a is a congruence relation.
— Qu(h: A — A):Qi(A) — Q1(A') is the pair (Q1(h), h) where:

s —
* Qu(R)([fl~a) = [h ()]~p -
Observe that Q1(h) is well defined thanks to property 7) of h.

e ()2 :SA — sA defined as follows:

— Q2(A) = (F, T/ XA, 'QQ(A)> where:
*CQa(A) = CA
* 0Qy(a) ([t ] are oo [klea) = [0A(t1, - tk) ]~
* Qoun) = {[u] tu € Qal;
* Eoa)= {{[t1]xa [talma) : (t1,t2) €ECAY;
* <@oa)= {ltlxa, ) 1 (6 f) €<}

Note that Q2(A) is well defined since a5 is a congruence relation.
— —
— Qa(h: A — A):Q2(A) — Q2(A) is the pair ( h,Q2(h)) where:

/ N /
* Qa(h)([t]~y) = [1 (¥)]xa
Observe that Q2(h) is well defined thanks to property 6) of h.

Let I; : SA — A and I : sA — SA be the inclusion functors. Then, it is
straightforward to show that (); is left adjoint for I; and Q2 is right adjoint
for Is. Hence, sA is a coreflective subcategory of SA and SA is a reflective
category of A. So, ) corresponds to a canonical construction, in this case by
composition of two universal constructions.

In fact, for the purposes of this paper, we could work within sA instead of
working in A since the following result holds:

Proposition 3.32

AafIEd iff QA)([Joa)([]epB)IFS.

Proof: The result follows straightforwardly, by noting that the two equalities
hold: [[0]aas)~a = [010(a) (| joa)( 1o8) 20d [[€]aal~a = [€lQa)( joa)-  QED

Furthermore, observe that Alg(K) is in sA. So, the functor Alg: K — A
induces a functor from K to sA that we denote by sAlg. Letting sKpk be
the restriction of functor Kpk to sA, we now establish the envisaged duality
between sober algebras and general Kripke structures.

We start by giving the “road map” of the proof of the theorem:

e we introduce a candidate morphism np : sAlgsKpk(A) — A for each A
(the unit of the adjunction) namely proposing the definition of the truth
value map 74 and the formula map 74;

e we show that na is a morphism in sA°P (done in step (i)). According to
the definition this requires checking properties:



46

- 77A( CsAlg(sKpk(A)) (<f1> < >A)) ~A CA(fb'"afk)
(done in substep (1) for each constructor);

= [IA0) | sargsrprcay) S Ta([t1A)
(done in substep (2));

— Na(LA) Ssalg(sKpk(A)) LsAlg(sKpk(A)
(done in substep (3));

— Noag(sipk(a)) (TA(1) Rsaig(skpk(a)) Ta(NAa(t))
(done in substep (4));

— if t € Qa then 7Ja(t) € Qsarg(sipk(a)
(done in substep (5));

— if t1 Ea to then <_(t ) EsAIg(stk(A)) A(tg)
(done in substep (6));

— MA(t) <sangsrpka)) (f)a iff £ <a NA((f)) whenever t € Qa
(done in substep (7));

e we show the universal property: given any K’ in K and any morphism
h: A — sAlg(K') in sA°P, there is a unique morphism &’ : sKpk(A) — K’
in K such that sAlg(h’) o na = h (done in step (ii));

— definition of candidate morphism A’ (substep existence);
— we show that A’ is a a morphism in K:
* if wy ~ggpi(a) we then A (w1) ~kr b (w2)
(done in substep (a));
« if h/(w1) ~>Kk wh then there is wy such that h'(wy) = w) and
W1 ~7sKpk(A) W2
(done in substep (b));
« W Y(B) e Bskpi(a) for every B' € By
(done in substep (c));
x Virprea) (Pi) = B~ (Vie (p2)
(done in substep (d’));
— we show the commutativity of the truth value maps;
(done in substep (e));
— we show the commutativity of the formula maps;
(done in substep (f));
— finally, we show the unicity of i’
(done in substep (unicity)).

Theorem 3.33 (Duality) Functor sKpk : sA°? — K is left adjoint for func-
tor sAlg: K — sA°P,
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Proof:

Let A = (F,T,-a) be a sober Yg-algebra. Denote the set {(f), : f € F'} by
(F') 5. Consider the maps:

e ia: (F)y — F defined as follows: 7a((f)a) = f;
° 77<—A : T — pQa defined as follows: m(t) = [t]A-

(i) We first show that the pair na = (7a,7a) is a morphism in sA° from A
to sAlg(sKpk(A)). That is, na is a morphism in sA from sAlg(sKpk(A)) to A.
Indeed:

(1) 77_A>(CsAlg(stk(A))(<f1>Av SRR <fk>A)) ~A CA(fl? s fk) holds for each repre-
sentative constructor:

(f) Observe that fiaje(skpk(a)) = @ by definition of sAlg. And so is (fa)s be-
cause A is appropriate for rules Rf and 1. Therefore: (na(f, Alg(sKpk(A)))) A=

(R(0))a = (TA((fa)a))a = (Fa)a-

(p:i) Note that pisajgskpk(a)) = Vskpk(a)(Pi) by definition of sAlg. And the
latter is equal to (p;a)a by definition of sKpk. Thus: (ﬁ(pisAlg(stk(A))» =

(TR (Vatcoray () . = (T (D)) ) = (Din)a g

(=) DA (Tsatgsipk(a) ((Fa)) = TA(QA N\ (f)a) = 1A({u € Qa - u £a f}) which,
as seen in part (3) of Proposition 3.19, is na({u € Qa : u <a —a(f)}) =

TA((AN))A) = alf) = “a@A{f)A))-

(D) 77—A>(DsAlg(stk(A))(<f>A)) = 77_A>({u € Qa: NsAlg(stk(A))({u}) c <f>A}) =
ma({v € Qa : u ~sKkpk(A) v implies v € (f)5}) which, as seen in part (5) of
Proposition 3.19, coincides with 7a({u € Qa : u <a Oa(f)}) and, therefore, is
equal to nA((Oa(f))a) = Oa(f) = Da(@a((f)a))-

(V) TA(Vsatgsipr(an ((as (9)a) = nA{u € Qa : u <a f or u <a g}) and, so,
as in part (4) of Proposition 3.19, equal to 7a({u € Qa : u <a Va(f,9)}) =

TA((VA(f. 9))a) = VA(f, 9) = VAMA(f)a): 1R ((9)))-

(2) (ﬁ(tﬂSAlg(stk(A)) C 7a([t]5)- Indeed, assume {u} € [UA(tﬂsAlg(stk(A))-
Therefore, u € Qa. Furthermore, {u} C #a(t). So, {u} C [t]o. That is,
u € [t]5 and, so, u Ca t. On the other hand, #a([t]a) = {[v]s : v €
Qa and v Cp t} which, since A is sober and appropriate for rule Rasym, is
equal to {{v} : v € Qa and v Cp t} which obviously contains {u}.

(3) m(J—A) L sAlg(sKpk(A)) J—sAlg(stk(A))' Indeed, thanks to the definition of
sAlg, this assertion is equivalent to 7)a(La) € 0. Moreover, 7a(la) = {u €
Qa :u Ca La} which is the empty set since A is appropriate for rule QL.

(4) NSAIg(Ska(A))(TTA(t)) R s Alg(sKpk(A)) a(Na(t)). Indeed, the former set is
equal to Ngajg(skpk(a))({u € Qa : u Ca t}) which, by the definition of the two
functors, coincides with {v € Qa : there is u € Qpa such that u Cp ¢ and v Cp
Na(u)}. Finally, this set is equal to {v € Qa : v Ca Na(t)} because A is
appropriate for rules RNQ and LN{Q.

(5) If t € Qa then Na(t) € Qsalg(skpk(a))- Indeed, assume ¢ € Qa. Then,
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a(t) = {u € Qa : u Ca t} which is the singleton set {t} since ¢ is atomic
and A is sober and appropriate for rule Rasym. Therefore, 7ja(t) is atomic in
sAlg(sKpk(A)).

(6) If 1 Ca to then 7ja(t1) EsAlg(sKpk(A)) Wa(t2). Indeed, the latter assertion is
equivalent to {u € Qa : u Ty At1} C {u € Qa : u Cp Ata}. Assuming that
t1 Ca to, the assertion holds thanks to the fact that A is appropriate for rule
transT.

(7) T(]To\(t) SsAlg(stk(A)) <f>A iff t <a ﬁ(<f>A) whenever t € Qa. Indeed, 7<7_A(t) =
{v € Qa:vCath={t} asseen in (5) above. So, Na(t) Zsalg(sKpk(A)) (f)a iff
{t} S (Naiff {t} C{v € Qa v <a fHiff t <a fifft <A TA()a)-

(ii) We now show that the family 1, where each na is the morphism in sA°P
from A to sAlg(sKpk(A)) defined above, is the unit of the envisaged adjunc-
tion. More precisely, we show that, given any K’ in K and any morphism
h: A — sAlg(K') in sA°P, there is a unique morphism A’ : sKpk(A) — K’ in K
such that sAlg(h') o na = h.

(existence) Consider ' defined as follows: for each world w € Wgpia) = Qa,

M (w) = L({Z(w)}) = %(w) Observe that h’ is well defined because of prop-
erty 5) of h and the fact that the atomic elements in sAlg(K’) are the singleton
subsets of Wys. First, we show that the map A’ is a morphism in K from
sKpk(A) to K

(a) If wy ~ sKpk(A) W2 then h’(wl) K h,(wg). Indeed, assume w; ~ sKpk(A) W2-
Then, wy CTa Na(wi). So, by property 6) of morphism h, <ﬁ(wg) Csalg(K)

«—

— —
h (Na(w1)). Hence, by property 4) of h, h (w2) Ciaigkry Nsaigr)(h (w1)).
Hence, h/(wq) ~ks h'(w2).

(b) If A'(w1) ~kr wh then there is wp such that h'(wz) = wh and w1 ~skpi(a)

wy. Indeed, from A’(w1) ~kr wy we conclude {wy} C Ngajgkry({F (w1)}), that

is, {w)} C NSAIg(K/)(%(wl)). Thus, by property 4) of h, {w}} C (E(NA(wl))

and, so, {wh} € (%(NA(wl))-lsAlg(K’)' Hence, thanks to property 2) of h,

{wh} € <E((NA(wlﬂA). Therefore, there is <E(wg) = wj such that we €
b

[Na(w1)]a- That is, there is h (w2) = wh such that wy ~ggpra) W2

(c) W HB) € Bskpk(ay for every B’ € Bys. Indeed, observe that W B =

{w € Qa : W(w) € B’} ={w € Qa : Z(w) C B'}. Using property 7) of h,

— —

the latter set coincides with {w € Qa : w Ca h (B')} = (h (B’)), which is in

(Fa) = Bsgpk(a)-

(d) Virpiay(Pi) = '~ (Ve (pi)). Indeed, as seen in (c) above, i~ (Vi (pi)) =

— —

(h (Vk/(pi)))a- The latter set, by definition of sAlg(K'), is (A (Pisaig(k’))) o

which, thanks to property 1) of h, coincides with (p;a) and, so, with Vigpia) (Pi)-

We now verify that sAlg(h’) o na = h:

(e) sAlg(h/)oija = n. Indeed, for each t € Ta, sAlg(h')(a(t)) = sAlg(K')([t] )-
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Furthermore, by definition of sAlg(h'), the latter is h'([t]5). We show that, for
every w' € Wyr, w' € B ([t],) iff w' € Z(t):
(=) Assume w’ € I/([t],). Then, there is u
is, there is u € Qa such that u Ea t and ?
of h, there is u € Qa such that <E(u) C n
w' e T (t).

(<) Assume w' € T (t). That is, {w'} C T (t). Hence, {w'} € [h(t)] apic)-
Thus, by property 3) of h, {w'} € Z([ﬂA) and, so, w' € W ([t]a)-

€ [t] A such that h'(u) = w’. That
(u) = {w'}. Thus, by property 6)
P~
(t) and h(u) = {w'}. Therefore,

L, N L
(f) naosAlg(h') = h. Indeed, for each B" € Fya i1y = Bk, na(sAlg(h')(B')) =
— 1=l — 17 (1 7!
na(h""(B")) = na({h (B'))a) = h(B').
(unicity) Observe that there is a unique choice of h’ that ensures the diagram

o

comutes. Namely, 4’ should be chosen in order to guarantee that sAlg(h')oija =
—
h . So, in particular, for each w € Wypra) = Qa, h' should be chosen in order
to guarantee that h/([w],) = ﬁ(w) That is, h’ should be chosen in order to

ensure h'({w}) = F(w), that is, {/(w)} = ﬁ}(w) Therefore, the choice of b/
is unique. QED

3.5 Analyticity of the modal sequent calculi

A rule r = ({s1,...,5p},5,7m) is said to be a creative rule if there are meta-
variables in {s1, ..., sp} that do not occur in s. Most of the structural, order and
modal rules introduced in Section 2 are non creative. The obvious exceptions
are:

e structural: cutT and cutF;

e order: QT, Q, transT, transF, LgenT, RgenT, LgenF and RgenF;
e system K: LNQ, RNQ, L0 and RO;

e other modal systems: 5 and C.

We distinguish two kinds of creative rules. A creative rule is said to be a
blindly creative rule if when applying the rule in a derivation, the instance of
the additional meta-variable in the premises is chosen as a fresh variable (in
our case a bounded truth value variable y). An example of a blindly creative
rule is Q7.

On the other hand, a creative rule is said to be a strongly creative rule if
when applying the rule in a derivation, the instance of the additional meta-
variable in the premises is not necessarily a fresh variable. In the case of the
sequent calculi at hand, we have the following strongly creative rules:

e structural: cutT and cutF;

e order: transT, transF, LgenT and LgenF;
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e system K: RNQ) and R{;
e other modal systems: 5.

A derivation (dy,71),. .., (dy,m,) of s’ from S is said to be analytical if the
instance of each additional meta-variable when applying strongly creative rules
at step 7 has to occur either in dy,...,d;_1 or in S. A sequent calculus is said to
be analytical if all derivations are analytical. Clearly, our sequent calculus for
modal logic is not analytical since it allows derivations that are not analytical.

The importance of this concept comes from the fact that derivations can
be automated. We can make our calculus analytic by keeping all non strongly
creative rule and introducing restrictive versions of strongly creative rules as
follows:

cutT® Di—Tombre 7B, —T

T, 5T, Q7,2 €I, T

I'1—Iy,m < 71<&, =T
cutF*® L 2 1_I§11—>I‘12_51 1 g 7'1751 S Fl,FQ

Di—=TomEre I—TomolbTs

Te
transT I'1—I2,mCE7s

72 € T17T37F13F2

F—=TamErme T—Te,m<&
I'—T2,m<&

transF*® <7y €7,1, I

o Q7,73 [N =Ty QM —TemEn mErs,I—T,0m
LgenT T1E73,I'—T2

< 7g €711,73, 1,1

o Q1 1<& =Ty QI =Ty mbrn 716,11 —1,0m
LgenF 71<61,I'1 =12

<79 € T17F17F2

o Q12,1 —T2,Q73 Qr3,Q70,I'—To, 73871 Q713,Q72,1'1 =T, 72 EN(73)
RINQ Qra 11 =T, 7 CN(71) <713 €T1,72, 1,1
. Q71,072,01 =T, EN(71) Q71,Q79,01—=T2,72<8 Q71,11 —T,Q1
R<> Q71,1 —T2, 7 <(061) <72 € 71, F17 FQ
5e Q71,Q72,Q73,01 =T, EN(73) Q71,0Q72,Q73,01 =2, 72EN(13) Q711,Q72,11—T2,073

Qr11,Q72,T'1 —T2,71 EN(72)
<73 €1,72, 11,1

where, for instance, the proviso (12 € 71,I'1,2)(p) = 1 iff p(12) occurs in
{p(m1)}Up(T'1) Up(T2) or in the hypotheses. Clearly, the other provisos have a
similar meaning.

For each finite set P of properties of the accessibility relation considered in
Subsection 2.6, let also C3, denote the restricted version of Cp.

Can we guarantee that by restricting ourselves only to analytical applica-
tions of these strongly creative rules nothing is lost? That is, the sequent calculi
remain complete if we restrict the use of these rules?

Fortunately, the answer is positive. Indeed, careful examination of the
proofs of the relevant metatheorems in Subsection 2.9 and of the complete-
ness result in Subsection 3.2, shows that appropriateness for each of these rules
was invoked only in its restricted form. As a consequence, we establish the
following extension of Theorem 3.11.

Theorem 3.34 (Algebraic completeness) Every full structural sequent cal-
culus endowed with rules using only persistent provisos and restrictive versions
of cutT® and cutF*® is complete.
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Proof: Since this completeness result was established using strongly creative
rules in their restricted form, the proof is the same as in Theorem 3.11. QED

This result can be further extended to sequent calculi for modal logic since
the proofs in Subsection 3.3 only use strongly creative rules in their restrictive
form. As a consequence, we establish an extension of Theorem 3.25.

Theorem 3.35 (Modal Kripke soundness and completeness) For each fi-
nite set P of properties of the accessibility relation:

A S TR A
o Uy, ..., Yg ':;%PSO iff 1,0 l_é;, ®-

Proof: We only show the global case since the local case is similar.

Assume that 91, ..., Y ':;ng ¢, then by Theorem 3.25 we have 11, ...,y I—%P
. Since to establish the latter theorem we only used strongly creative rules in
their restrictive form, the same derivation can be used to establish 1, ..., ¥ I—g.
. The converse is straightforward. QED

4 Concluding remarks

By using truth values as labels, we were able to provide analytical labelled
sequent calculi for a wide class of normal modal systems sharing a common core
of rules (structural rules, order rules, and rules for the formula constructors).
The calculus for each modal system is obtained by adding to this common core
rules on the truth values imposing the envisaged properties of the accessibility
relation. We also managed to keep an effective separation between the sub-
calculus on the formulae and the sub-calculus on the truth values. Therefore,
the way is open for proving desirable proof-theoretic properties of, at least,
the formula sub-calculus like, for instance, the elimination of rule cutF (cf the
results in [19] where a similar separation was explored in the case of a natural
deduction calculus labelled with worlds for obtaining normalization results).
These calculi were shown to be strongly complete (for both global and local
reasoning) with respect to the novel two-sorted algebraic semantics, and, as a
corollary, also with respect to the general Kripke semantics. For this purpose,
we had to indicate how to move back and forth between such algebras and
general Kripke structures. This led to a duality between the category of sober
algebras and the category of general Kripke structures (with p-morphisms). A
simple enrichment of the language (by adding the coercion operator @) was
shown to allow reasoning complete with respect to standard Kripke structures.
It is worthwhile to comment on the nature of the two-sorted algebras. In a
sense they are halfway between general Kripke structures and modal algebras.
We may look at them as general Kripke structures without points. The main
results of the paper clearly show that the loss of the points was possible while
preserving the ability to spell out the envisaged properties of the accessibility
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relation. One might argue that we do keep points through the € predicate.
To some extent this is a fair observation, but we should stress that the calculi
impose very little about the atomic truth values, for sure much less than what
is implied by set theory about singletons.

The proposed sequent calculi labelled with truth values are relevant to au-
tomation and to the theory and applications of the combination of deduction
systems. Furthermore, the two-sorted algebraic semantics introduced herein
seems to achieve the right balance between modal algebras and Kripke struc-
tures by sharing the advantages of both. Indeed, while algebraic in flavor, this
new semantics still allows the specification of modal systems with rules reflect-
ing the envisaged properties of the accessibility relation, fully characterizing
those systems even among general Kripke structures.

Capitalizing on the results of this paper, several lines of research are evi-
dent at this stage. First, taking advantage of the separation between the for-
mula sub-calculus and the truth value sub-calculus, there is hope of obtaining
useful proof-theoretic results about the proposed modal calculi (for instance,
elimination of rule cutF and control of the application of other rules such as
contractions), towards making the calculi even more interesting from an au-
tomation point of view. Second, extrapolating from the preliminary ideas in
Subsection 2.7, the relationship to hybrid logic seems to be a fruitful line of re-
search, for instance towards a hybrid logic over truth values (instead of worlds).
Third, given the generality of the approach (well illustrated by the algebraic
completeness theorem that requires very little from the calculus at hand), it is
feasible to set up sequent calculi labelled with truth values for other types of
logic (like intuitionistic, relevance, many-valued logics) and develop a theory of
fibring such calculi (where the general algebraic completeness result obtained in
this paper can be used in the style of [21, 17] for establishing the preservation
of completeness by fibring).
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