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Abstract

Sufficient conditions are provided for quantifier elimination to hold in
a first-order theory. The conditions have two main purposes: (1) to ensure
that satisfaction of existential formulas is reflected by an embedding; and
(2) to guarantee the existence of a “minimal" model of the theory extend-
ing a model of the universal formulas entailed by the theory. The first
goal is obtained by requiring that a theory is 3-adequate and the second
by imposing the existence of an adjunction. Recognizing that, in some
cases, a “minimal" model extending another can be obtained by iterating
a construction, we also provide conditions that guarantee the existence of
a w-“limit" functor identifying such an extension, when the theories are in
V5. Examples are provided along the paper.
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1 Introduction

Quantifier elimination is a key property to be investigated, namely when study-
ing model completeness, completeness, minimality, definability or decidability
of a first-order theory. It was first used by Alfred Tarski for proving the decid-
ability of the theories of real closed fields, boolean algebras, and algebraically
closed fiels of characteristic 0 or prime characteristic, among others (see [43]),
and by Skolem, see [40]. Quantifier elimination has been used extensively by
the model theoretic community when investigating mathematical theories, see
for instance [21, 32, 10, 23, 17, 45, 27, 16, 2, 7, 28, 25, 5, 20, 43].

Nowadays quantifier elimination is also being used in theoretical computer
science, namely in the areas of theorem proving and data abstractions [47, 15,
48|. Moreover, there is also a trend, motivated by applications, for proving
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elimination of quantifiers of arbitrary order and for analyzing the computational
complexity of its decision problem, see |41, 14, 4, 31, 6, 13].

Quantifier elimination was first proved in a deductive way by showing how to
eliminate quantifiers in formulas of the form Jx¢ where ¢ is a conjunction of lit-
erals, see, for instance, [43, 35, 42, 46, 11]. On the other hand, as first advocated
by Robinson, there are model theoretic ways to prove quantifier elimination, see
for instance [26, 19, 18, 38, 8, 34, 33].

Herein, looking into different proofs of quantifier elimination in specific the-
ories, we were able to abstract away the details and provide a sufficient (general)
condition for a theory © to have quantifier elimination. Firstly, there should
be an adjunction between the category Mod(©O) (of the models of © and their
embeddings) and the category Mod(©") (where © is the theory composed by
the formulas of the form Vi entailed by ©, where ¢ is a quantifier free for-
mula) having as right adjoint the inclusion functor. Secondly, the theory should
be F-adequate for some sets of literals (a condition imposing the reflection of
satisfaction of relevant literals along specific embeddings).

The adjunction condition imposes a close relationship between Mod(©) and
Mod(6Y), see [24] or [1] for some background on category theory. To each model
I of ©Y we should be able to associate a “minimal" model I* of © extending I,
satisfying a “universal" property. Minimal in the sense that for every embedding
of I in a model I’ of © there is an embedding of I* into I’ that agrees in some
way with the original embedding, and universal in the sense that this embedding
is the unique that extends in this way the original embedding. On the other
hand, the J3-adequate condition guarantees the reflection along an embedding
of the satisfaction of formulas of the form Jzy where ¢ is a quantifier free
formula. We illustrate our results by applying them to the theories of non-
trivial torsion free divisible Abelian groups, Presburger arithmetic, real closed
fields and algebraically closed fields.

Relying on the good property that composition of adjunctions is still an
adjunction, the adjunction condition can be proved in a modular way. For
instance, in the context of the theory O, of real closed ordered fields we es-
tablish the adjunction between Mod(OY, ;) (whose objects are interpretation
structures induced by ordered integral domains) and Mod(©,¢f), by first estab-
lishing an adjunction from Mod(©Y ;) to Mod(©,f) (whose objects are interpre-
tation structures induced by ordered fields) through the ordered fraction field
functor, and then an adjunction from Mod(©.f) to Mod(Oycof)-

Sometimes a “minimal" model extending another can be seen as obtained
by iterating a certain construction, like in the theory of algebraically closed
fields using the Artin construction [3]. Herein, we abstract away the details
of obtaining in this way such an extension, and provide general results that
can be used in several situations of this kind. More specifically, we start by
considering an arbitrary functor E defining the one step construction, and from
it we explicitly define a w-“limit" functor E“. Then we prove that under some
conditions over F, the functor E“ can indeed be used for proving that the
underlying theory enjoys quantifier elimination. It is worthwhile to mention that
we cover all Vs theories and that our approach is constructive, contrasting with
the generalized use of Zorn’s lemma for addressing these questions. Moreover



we stress that the conditions are over E and not over E“. We explore and
illustrate this technique in the context of algebraically closed fields.

As far as we know this more categorical perspective of quantifier elimination,
in the terms presented herein, is new. We offer a collection of techniques and
results that can be used to tackle the problem of whether a theory © enjoys
quantifier elimination, and which provides a road map than can be followed:
(1) Analyze the cardinality of the models of ©; (2) Identify an exhaustive set
of literals for ©; (3) Prove the 3-adequate property; (4) Find the left adjoint of
the inclusion functor from Mod(©) to Mod(6©Y).

We start with some preliminaries on Section 2 for recalling and introducing
some basic facts and definitions needed throughout the paper. In Section 3 we
discuss reflection of the satisfaction of existential formulas along an embedding
and reduce this question to the simpler question of a theory be d-adequate. As
illustration, the theories of non-trivial torsion free divisible Abelian groups, Pres-
burger arithmetic, real closed fields and algebraically closed fields, are showed
to be J-adequate. The sufficient conditions for quantifier elimination are es-
tablished in Section 4 and illustrated in the context of some of the running
examples. In the case of real closed fields we capitalize on the fact that the
composition of adjunctions is still an adjunction to consider an intermediate
category and two left adjoints functors whose composition is the left adjoint
required. By observing that for some theories a model extending in a “minimal"
way another is obtained by iterating w-times a certain construction, we provide
in Section 5 a categorial view of this process and investigate sufficient condi-
tions over the functor for the one step construction, that guarantee that the
functor corresponding to its iteration w-times, is useful for proving quantifier
elimination. The theory of algebraically closed fields is used to illustrate these
results. Finally in Section 6 we draw some concluding remarks and highlight
future work.

2 Preliminaries

In this section we recall and introduce some basic facts and definitions. We
consider that first-order signatures include a binary predicate = for equality,
and assume that the denotation =P of 2 is =. As usual, a literal is either an
atomic formula or a negation of an atomic formula, and a theory over a signature
is a set of sentences (that is, formulas with no free variables). We write p =, o
to indicate that assignments p and o over a same interpretation structure are
z-equivalent, and assume, with no loss of generality, that each quantifier free
formula is presented as a finite disjunction of a finite conjunction of literals (that
is, is presented in disjunctive normal form).

Given a signature X we say that a set I' of formulas locally entails a formula ¢,
denoted by I' i=l2 ¢, if for every interpretation structure I over ¥ and assignment
pover I, IplFs ¢ whenever Ip by ', and ' entails ¢, denoted by I' Fy, ¢, if for
every interpretation structure I over ¥, I s ¢ whenever I Iy I'. Entailment
and local entailment coincide when I is a set of sentences and ¢ is a sentence.
Given a set I' of formulas we denote by '™ the set of formulas entailed by I'. In



the sequel, in order to simplify the presentation, we implicitly assume that an
interpretation structure I is the tuple (D,-F,-P), an interpretation structure I’
is the tuple (D', F -P,)7 an interpretation structure I is the tuple (Dy,-F,.P1),
and so on so forth.

A formula ¢ is said to be universal if ¢ is Vi for some quantifier free formula
1, and given a theory ©, we denote by ©Y the set of all universal sentences in
©F=. Given formulas ¢ and @9, a theory ©, and a set of literals € over 3, we
say that o1 is equivalent to pg in the context of O, denoted by p<g w2 whenever
O Fy ¢1 < 2. Moreover, we say {2 is O-exhaustive, whenever for every literal
v in L(X), there is a quantifier free formula ¢ using only literals in € such that
¢ <o v. A variable z is (0, )-essential in a literal v € Q if whenever p <g v
then x occurs in y, for every p € Q. The concept of (©,Q)-essential generalizes
to any set of literals contained in €2 in the expected way.

Recall that {Vy, }nen, {V; }nen, {3ntnen and {3 },en are the families of sets
inductively defined as follows:

e Yo, Jo are the set of quantifier free formulas;

® V.1 is composed by formulas of the form Vi) where 1 € 3, and 3 is the
least set such that 3, C 3 and is closed for conjunction and disjunction;

e 3,41 is composed by formulas of the form Ji) where 1) € V,\', and V. is the
least set such that V,, C V;\ and is closed for conjunction and disjunction;

and, given interpretation structures I and I’ over a signature X, an homomor-
phism h from I to I’, denoted by h : I — I', is a map h : D — D’ such
that

o h(fE(di,. .. dn)) = fF (h(dh), ..., h(dn));
o if pP(dy,...,dyp) =1 then p? (h(dy),..., h(dy)) = 1;

and an embedding h from I to I' is an injective homomorphism from I to I’
such that pf(dy,...,d,) = 1if p? (h(dy), ..., h(dyn)) = 1.

We denote by Inty, the category whose objects are the interpretation struc-
tures over % and the morphisms are the embeddings between those interpreta-
tion structures.

Proposition 2.1 Let h: I — I’ be an embedding, p : X — D an assignment
and ¢ a quantifier free formula. Then

1. Iplky @ if and only if I’ h o p IFs ¢;

2. if Ip ks 3z then I' ho p by zp;

3. if I' IFx ¢ then I Iy

4. if I' IFy Vo then I Iy V. 0

We omit the proof of the previous proposition, Proposition 2.1, since it fol-
lows straightforwardly. The result on item 2. of Proposition 2.1 can be extended
to formulas in EIT as we now state.



Proposition 2.2 Let h: I — I’ be an embedding, p : X — D an assignment
and ¢ a formula in EIIr with free variables x1, . .., z,. Then I’ hop IFs, ¢ whenever
Ip ks . 0

Given a set I' of formulas over 3, we denote by Mod(I") the category whose
objects are the models of I' and the morphisms are the embeddings between
those models. We observe that Mod(©) is a subcategory of Mod(6©Y) for any
theory ©. Whenever Mod(Y) is a subcategory of Mod(I'), we denote the in-
clusion functor from Mod(Y) to Mod(I') by Jy . Moreover, we denote the
inclusion functor from Mod(Y) to Inty, by Jy 5.

Proposition 2.3 Let © be a theory over ¥ and h : I — I’ an embedding in
Mod(©). Then h(I) is also a model in Mod(©). o

We omit the proof of the previous proposition, Proposition 2.3, since it
follows straightforwardly.

Proposition 2.4 Let I and I’ be interpretation structures over X, h : I — I’
an embedding and © a theory over ¥. Then, I € Mod(@") if I’ € Mod(©).

Proof: Assume that I’ € Mod(©). Let (Vo) € ©Y where ¢ is a quantifier free
formula. Then, I' ks (V) and so, by Proposition 2.1, I by (Vo). QED

3 Reflecting satisfaction of existential formulas

In item 2. of Proposition 2.1 we stated that satisfaction of Jp formulas where
 is a quantifier free formula is preserved by embeddings. The reflection of the
satisfaction of those formulas by an embedding does not hold in general. In this
section we provide a sufficient condition for the reflection to happen. Such a
sufficient condition is based on the notion of (3, z)-adequate.

Let © be a theory over a signature 3, {2 a ©-exhaustive set of literals, ¥ C Q
and = a (©,Q)-essential variable in ¥. We say that O is (3, x)-adequate for U
and () if for every

e embedding h: [ — I’ in Mod(©);
e assignment p’ over I’ with p/(z) in D'\ h(D) and p'(y) in h(D) for y # x;

e quantifier free formula \/;;1 0; with literals in € and 4 in 1,...,n such
that I'p’ I+ &;;

there is an assignment p over I such that
e o) =, hop;
e for every literal v in §;, if v € ¥ then Ip IFx v;

o if v € O\ ¥ and z is (©,2)-essential in v then v is not in J;.



A theory O is 3-adequate whenever it is (3, x)-adequate for some variable x and
sets (2 and W.

Observe that W should be chosen so that when proposing such an assignment
p we should look only for the satisfaction of the literals of d; in ¥. Note also
that if a theory © is (3, z)-adequate for some variable x and sets 2 and ¥ then
for every variable y there is a set W, such that © is (3,y)-adequate for {2 and
v,.

Proposition 3.1 Let © be an JF-adequate theory and ¢ a quantifier free formula
over a signature ¥, h : I — I’ in Mod(©) and o an assignment over I. Then
Io Iy 3z whenever I' ho o Iy Jzp.

Proof:

Assume that © is (3, z)-adequate for a ©-exhaustive set Q of literals and for a
set ¥ C Q and that x is (0, Q2)-essential in ¥. With no loss of generality, assume
that ¢ is a quantifier free formula \/}"_; d; whose literals are in 2. Suppose that
I'h oo lby drp. Then there is an assignment p’ such that p’ =, h oo and
I'p ks . Assume that I'p’ IFy §;. Let p be an assignment over I satisfying
the conditions in the definition of (3, x)-adequate and v a literal in §;. We have
two cases to consider:

(1) v € ¥ and so Ip IFx v;
(2) v ¢ W. Observe that v € Q. Then, x is not (0, Q)-essential in v. Indeed,
otherwise v would not occur in §; by definition of (3, z)-adequate. Denote by

u the literal equivalent to v in which = does not occur. Therefore I'p’ IFy p.
Then I'h o p IFsy u, hence by Proposition 2.1, Ip Iy p and so Ip IFy v.

On the other hand, p is z-equivalent to o: p(y) = o(y) for any variable y # x
since h(p(y)) = p'(y) = h(o(y)) and h is injective. Therefore, Io Iy Jxp. QED

The F-adequate property is satisfied by a wide range of theories. As illustra-
tion, we now show that the theories for non-trivial torsion free divisible Abelian
groups, Presburger arithmetic, real closed fields and algebraically closed fields
are J-adequate.

Non-trivial torsion free divisible Abelian groups

Let Yitdag be a signature such that Fy = {0}, F1 = {—}, Fo = {+} and P, =
{22}, and Oysdag be a theory for non-trivial abelian groups, see for instance [26],
enriched with the following axioms, for any n > 0:

o (Va((=(z =0)) = (=(nz =0))));
o (Vy(Bz ((nz = y)));

where
r+---+x ifz>0
N e’

z times
—x +---+ —x otherwise.
—_—

Zx 18

—z times



We can assume that each literal is either of the form
—(t=0)ort=0

where t is z1x1 + ... + ...zpx, for non-zero integers zi,..., 2z, and pairwise
distinct variables x1, ..., x,.

Given a model I of ©yfqag, @ and b in D, and an integer z such that za = b,
we denote such an element a by g. Observe that if also ¢ € D is such that
zc = b then a = c¢. Given an embedding h : I — I' in Mod(Oytdag), if g exists

then @ exists and h(g) = @. Indeed zh(g) = h(zg) = h(b).
The cardinality of the models of ©y¢qag plays an important role in the exis-

tence of the assignment required by the 3-adequate condition.
Proposition 3.2 Every model of O4,¢ has an infinite domain.

Proof: We show that for each model of Ottqag there is an injective map from N
toit. Let I be a model of Otgag. Then D has at least one more element besides
OF. Let d be one such element. Consider the map h : N — D such that

h(m) = dm.

and assume that mj #% meo. Suppose without loss of generality that m; < ms.
Then

dm1 = OF +F dm1
£ d(my—mp)+Fdmy (1)
= dTTLQ

and so h is injective. Regarding (), let p be such that p(z) = d. Then Ip IFs,,..
(=(z =2 0)) and so Ip ks, (=((m2 —m1)x = 0)) by Offdag. Therefore oF +#
d(mg — my) as we wanted to show. QED

Let Qit4ag be the set of all literals over Yitqag and Wiggag the set of literals
of the form
—((t + zz) = 0)

where x does not occur in ¢ and z is non-zero such that there is no equivalent
literal in the context of Ottqag in which x does not occur.

Proposition 3.3 The theory Oqag is (3, x)-adequate for Wifgae and Qisdag-

Proof:

Let h: I — I’ be an embedding in Mod(Oifdag), p' an assignment over I’ such
that p'(z) € D"\ h(D) and p'(y) € h(D) for every y # z, and \/}_, 0; a quantifier
free formula such that I'p" IFs .. d; for some i =1,...,n.

Let =((t1 + z12) = 0),...,7((tn + znx) = 0) be the literals of Wifqag in 0.

Consider the assignment p over I such that:

_ 1l'p
pla) ¢ (UL

- c1=1,...,n}.



and p(y) = h™'(p'(y)) for every y # z.

Note that [[ti]]llp "¢ h(D) since, by hypothesis, x does not occur in ¢;. Observe
also that there is such a value for p(z) since D is infinite by Proposition 3.2.
Then:

(a) p' =4 h o p: Immediate by definition of p.
(b) Let v € 0; be such that v € Wigq,e. Hence v is of the form —((¢; + z;z) = 0)

for some ¢ = 1,...,n. Suppose, by contradiction, that Ip Iy =((t; + z;z) = 0),
that is, Ip IFx, ((t; + ziz) = 0). Then [t;]"” = —Fz;p(z) and so

O Y ()
Zq N Z

pz) =

which is a contradiction with the definition of p(z).

(c) Let v € Qtdag \ Yitdag- Assume that z is (Otdag, Qtfdag)-essential in v. Hence
v is of the form ((¢+zx) = 0) where z is a non-zero integer and x does not occur
in t. Suppose, by contradiction, that v occurs in §;. Then I'p’ by (t 4 2x) 20,
hence [t]"” = —F zp/(x) and so

I'p Ip
/ F 1] Flt]
= - -4 = h _
() — = n(-FEL)
which is a contradiction with the initial hypothesis on p/. QED

Presburger arithmetic

Consider the theory of arithmetic as proposed by Presburger, see [30, 26|. Let
Ypa be the signature where: Fy = {0,1}, Fi = {-}, Fo = {+}, P ={p, :n =
2,3,...} and P, = {=, <}, and O, be the theory composed by the sentences:

o Vz(—(x <x));

o VaVyvz(((z < y) A (y < 2)) — (z < 2));

o VaVy((z <y)V(z=y)V (y<2));

o VaVyVz((z <y) — ((x+2) < (y +2)));

o VaVy((x +y) = (y+));

o Vz((0+z)xux);

o VoVyVz((z + (y +2)) = ((x +y) + 2));

o VavyVz(((z + (—y)) = 2) & (= (y + 2)));
e 0<1;

o Vz((x<0)V(z>1));

o Vz (pn(x) < Iy (z = ny)) for each n =2,3,...;



o Va (V"o (pulz +71) A Nizr 7Pn(z +1i1))) for each n =2,3,....

Observe that p, is interpreted as the elements divisible by n. We start by
discussing the cardinality of the models of ©p,.

Proposition 3.4 Every model of O, has an infinite domain.
Proof: Let I be a model of ©,. Consider the map h : N — D such that
h(m) = 1Fm.

Then:

(a) OF <F 1Fm for every positive natural m. Base: m is 1. Then the thesis
holds immediately by the axiomatics in ©p,. Step: m > 1. Then:

oF <F 1f
— 1F4FQF
<F 1F4+F1F(m — 1) by the axioms in O, since 0F <F 1F(m — 1) by HI
= 1Fm.

(b) h is injective. Assume that m; # ms and suppose with no loss of generality
that m; < ms. Then

1le = 1Fm1 +F oF
<F 1Fmy +F 1F(ma —m1) by Opa and (a) since 0F <F 1F(mg — my)
= 1Fm2
and so h(mq) # h(ms). QED

Let €2y, be the set of literals of the form

pn(t), s<t and t=0
where s and t are terms.
Lemma 3.5 The set {2, is Opa-exhaustive.

Proof:
It is enough to observe that

« () eon Vo pals+i);

o ((s=1) 2o, (s <)V (E<9));
o (2(s <)) 2oy, (s=1) V(E<s)).

QED



Let Wy, be the set of literals of the form
pn(t + zz), t < zx and zax <t

where x does not occur in ¢t and z is a non zero integer. It is obvious that z is
(Opa, Qpa)-essential in Wp,.

Proposition 3.6 The theory ©,, is (3, z)-adequate for ¥, and Qy,.

Proof:

Let h : I — I' be an embedding in Mod(Oy,), = a variable, p’ an assignment
over I’ such that p'(y) € h(D) for every y # x and p/'(x) € D'\ h(D) and \/"_, 0;
a quantifier free formula whose literals are in €, such that I'p/ IFs. 0; for some
1=1,...,n.

In the context of ©p,, observe that u < v is equivalent to —v < —u and
pn(t) is equivalent to p,(—t), and given natural n’ > 0, p,(t) is equivalent to
Pon(n't) and u < v is equivalent to n'u < n'v. So with no loss of generality
let pny(mz + t1),..., Py, (MT + ty), 81 < MT, ..., 8my < ma and mz <
V1,...,mT < Uy, be the literals of ¥, occurring in J; where m is a non-zero
natural and x does not occur in t1,...,tm,, S1,...,Smy, and v1,..., Ups.

Let 7 be an assignment z-equivalent to p/ such that §'(z) = mp/(z) and d; the

formula
(/\pnl(ac—ktz))/\(/\ 55 < a:)/\(/\ x < V).
i=1 j=1 k=1

Then I'p IFs,, ;.
Denote by ¢; the element of D’ such that

P (@) +F [t = nid.

Observe that for every assignment o over I such that h oo =, p’ there is no
natural number n such that

max([s1]%%, ..., [sm,]'7) =" min([v1]"%, ..., [vms]"7) = niF

as we now show: let ¢ be an assignment over I such that hoo =, p' and
suppose, by contradiction, that there is such a natural number n. Then

1A N4 . N N4
max([s1]"7, ... [smo]'?) =F min(Jur]"”,. .., [oms]"?) = n1".

Note that there is no natural number n’ less than n with

N4

max([s1]77, ... [smo] "7 ) +F 017 <F mp/(2)

and

mp' () < max([s1]77, .. [smo] " ?) +7 (0 + 1)1F

since otherwise

0" < mp'(z) =7 max([[sl]]llpl, ce [[st]]I,pl) —F 1t < 1F

10



which cannot happen by ©,. Therefore, since < is a total order and

N4 N

max([[sl]]lp e, [[3m2]]I 7 <F mp'(z) <F min([[vl]]I LA [[vmgﬂlp)
there is a natural number n’ with
max([s1]77, ... [smy]" 7)) +F n/1F = mp/(z)

which implies that p'(z) € h(D) which is a contradiction;

Let 0 <7/ < nj...n, be a natural and ¢’ an element of D’ such that
—F o)+ 1 = mng o
and 0 <r < mny...n; anatural and ¢ an element of D with
h_l(max([[sl]]ll’”/, ey [[st]]I/p/)) +Fr1F = mng .. g
So, take an assignment p over I with ho p =, p’ such that:
plx) = h_l(maX([[Sﬂ]Fp,, ce [[SmQ]]I/p/)) +F (r 47" +mny...onp)1F

Observe that D is infinite by Proposition 3.4. Then:
(1) Ip ks &;. Let # be a literal in §;. We have to consider the following cases:

(i) vis sj <z for jin {1,...,ma}. Then
557 <P h a1 o] ™)
<F Y max([s1]"7, . [smo]T 7)) 4F (r "+ mng .. ong)1F

()

>

and so Ip lFy 7;

(ii) v is x < v for 7 in {1,...,ms}. Suppose, by contradiction, that

R~ (min([or]"7, . [oms] ")) <F p(2).

Then

N4

h min([ui "7, [oms )T 7)) =F pla) <F OF.

Hence

N} /

h—l(min([[vl]]l P ey [[Um3]]1’[)/)) _F h—l(max([[sl]]l’p - Hst]]I/p/))
<F
(r+r" 4+ mny...np)1F

which contradicts the fact that for any assignment o over I with hoo =, p there

is no such natural number. Similarly if hil(min([[vﬂ]]/p,, ce [[vms]]llp/)) = p(x).
Hence ., .
ple) <F h M (min([o]"7 . [omg] "))
SF II,Uk]]Iﬁ

11



and so Ip lFy, 7;
(iii) © is pp,(x + t;) for i in {1,...,my}. Observe that

px) = hl(max([s1]"", ..., [smo]" ) +F (r + ' + mny .. .np)1F
= mni...npq +"1IF +Fmng . onglF
1P +F mny . ong (g +F 1F)
and so
h(p(z)) =17 +F mny . ng(h(q) +F 17).
Since
hpx) +F [6]"7) = 17 +F mng . one(h(q) +F 1F) +F [6,]77

= mny...npg 5§ () +F mng . ong(h(q) +F 1F) +F

= mng..oned 5 nig, +F mng nk(h(q) +F 17
then

Ph, (h(p(x) +7 [1]"7)) =1
and so, since h is an embedding,
ph(px) +7 [6]"7) = 1.
Therefore Ip ks, ¥

(2) Ip ks, pm(x). Capitalizing in some parts of (iii)

hpa) = 17 +F’mn1... b(h(g) +F 1)

mny ... +F P () +F mng nk(h(q>+F

= mny...npd 7 mp (@) +F mng g (h(g) 7 1F).

Hence

P (h(p(2)))
and so, since h is an embedding,

P (p(2)) = 1.
as we wanted to show.

So, let d € D be such that
pla) = md

and let p be an assignment z-equivalent to p(x) such that p(z) = d. Then

pla) = mp(a)

[t:""

and since Ip IFg 5; and taking into account the definition of §; we can conclude

that
Iplks,, 0

as we wanted to show. Moreover:
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(a) It is immediate to see that p' =, ho p.
(b) Let v € 0; be such that v € ¥p,. Then Ip by, v since Ip IFy , §; as we

showed above.

(c) Let v € Qpa \ Ypa be such that x is (Opa, Qpa)-essential in v. Then v is
of the form ((s + wz) = 0) where w is a non zero integer and s is a term not

containing x. Assume, by contradiction, that v € ¢;. Then I'p’ IFx_, v, hence
p'(z) € h(D), which is a contradiction. QED

Algebraically closed fields

Consider algebraically closed fields, see [22, 26]. Let X¢ be the signature for fields
where: Fy ={0,1}, Fy = {—}, F» = {+, x}, and P» = {=}, and ©y the theory
containing the field axioms. Let ¥, = X¢ be the signature for algebraically
closed fields, and ©,. an enrichment of O¢ with the following sentences:

(1) Vaop...Va, Iy @™ +oy" '+ 42, 20),
for every n > 0.
Proposition 3.7 Every model of ©,. has an infinite domain.

Proof: Let I be a model of ©,.. Assume by contradiction that it is finite.
Consider the map ¢ : D — D such that

q(d) = &® +F (=F1F)d.

Then ¢(0F) = 0F and ¢(17) = 0F. Hence ¢ is not surjective and so there is a € D
such that q(d) # a for every d in D. That is, d> +F (=F1F)d # a for every d in
D. Hence d? +F (—=F1F)d +F (—Fa) # OF for every d in D. Therefore there are
values of x1 and xo for which the polynomial equation y2 + x1y + 22 = 0 does
not have a root in D, and so, I does not satisfy the axiom (f) in O,¢.  QED

Observe that each atomic formula can be seen as a polynomial equation
q(wla s 7xn7x) =0.

Let Q.. be the set of all literals and W,.s be the set of all negations of atomic
formulas
“(q(z1,...,2n,x) =0)

where x is (Oacf, Qact)-essential.
Proposition 3.8 The theory O, is (3, x)-adequate for W, and Q,et.

Proof:

Let h : I — I’ be an embedding in Mod(©,¢f), p' an assignment over I’ such
that p/(y) € h(D) for every y # x and p/(x) € D"\ h(D) and \/}__, d; a quantifier
free formula such that I'p Iy, d; for some i =1,...,n.

Assume that —=qi(z11,...,Z1n,2) =2 0,...,2qk(Tk1, - -+, Thn,, x) = 0 are the

13



literals of W, in 9;.

Let p be an assignment over I such that hop =, p’ and p(x) is not a root of the
polynomial equation ¢f (R=1(p'(z11)), ..., h " (0 (zin,)), ) = OF fori =1,...,k
which exists since D is infinite, see Proposition 3.7, and the number of such
roots are finite. Then:

(i) Let v in 6; be such that v € Wy, Then Ip IFy, v by definition of p.

(ii) Let v € Qo, ; \ Vact. Assume that x is (Oaer, Qact)-essential in v with respect

to Qe, - Then v is of the form g(z1,...,zp,2) =2 0. Assume, by contradiction,
that

q(x1, ..., xp,x) =0 € 0.
Then I'p s, q(21,. .., 25, 2) = 0 and so p'(z) is a solution of the polynomial

equation ¢ (¢ (1), ..., p (xn),2) = 0F". Let m be the number of roots of the
polynomial equation ¢ (p(z1),...,p(zn),2) = OF in D and dy,...,d,, those
roots. Note that h(dy),...,h(dy,) are also the m roots in D’ of the equation
¢ (W(p(x1)), ..., h(p(x,)), ) = OF. So p'(z) = h(d;) for some j in {1,...,m}
since p'(z;) = h(p(x;)) for i = 1,...,n, which contradicts the fact that p/(z) €
D'\ h(D). QED

Real closed fields

Let Yo be the enrichment of the signature ¥¢ with a new binary predicate
symbol <, and Oy, the theory of real closed ordered fields, see [26, 19, 6], an
enrichment of the theory ¢, for ordered fields, with the following axioms:

o Vai... Vo, Iy ((y* +xy" 1+ 421y +x,) = 0) for every odd natural
number 7n;

o Yoy ((y* = x)V (y* = (—2));
o Vry... Vo, ~((22 4 -+ 22 +1)20).

Recall that an ordered field is a pair (R, <) where R is a field and <C R? is a
linear order such that for every elements r, 1 and ro of R: (1) 1 +7 <rg+r
whenever 71 < r9; and (2) 0 < 71 X ro whenever 0 < 71 and 0 < r3. So
Oof extends O with the axioms for linearity as well as axioms representing the
properties above. Observe that, in an ordered field, for every elements r, rq,
ro, 13 and r4 of the field: (1) either —r <0 <rorr=0orr <0< —r; (2)
r1+7r3 < ro+rg whenever rq < rg and r3 < r4; and (3) r1 X r < ro X r whenever
r1 <rgoand 0 <r.

A real closed field can be ordered by a binary relation defined such that
the relation holds between any two of its elements whenever their difference is
a nonzero square. That ordering is the only possible ordering of a real closed
field, see [26]. The models of O, are exactly the models induced by real closed
fields with that unique ordering. Observe that

Orcot Fry VaVy((z < y) < F2 ((~(2 2 0) A ((z + 2°) 2 y))).
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In fact, for every real closed field there is a model of O,¢of with the same domain
such that a set is definable over the real closed field if and only if it is definable
over the ©,.or model.

Proposition 3.9 Every model of ©,..¢ has an infinite domain.

Proof: Let I be a model of O, Assume by contradiction that it is finite.
Consider the map ¢ : D — D such that ¢(d) = d® +7 (=F1F)d. Then ¢(0F) = oF
and ¢(1F) = 0F. Hence ¢ is not surjective and so there is a € D such that
q(d) # a for every d in D. That is, d> +F (=F1F)d # a for every d in D. Hence
d® +F (=F1F)d +F (=Fa) # OF for every d in D. Therefore there are values of
x1, T2 and x3 for which the polynomial equation y3 + z1y? + z2y + 23 = 0 does
not have a root in D, and so, I cannot satisfy all the axioms in Oct. QED

Let Q,cof be the set of all atomic formulas, that is, with no loss of generality,
formulas of the form

q(z1,...,Tp,x) =20 or 0<q(x1,...,zpn,x).
Lemma 3.10 The set Qcof i8 Orcor-exhaustive.

Proof:
It is enough to observe that

e —(q(x1,...,xp,x) = 0) is equivalent to (0 < —q(z1,...,2p,2)) V (0 <
Q($1a e 71'77,71:)) in @rcof;

J

(0 < q(z1,...,2n,x)) is equivalent to (q(z1,...,2n,z) = 0) V (0 <
—q(1, ..., Tp,T)) I Oreof.

Let W,.or be the set of atomic formulas of the form
0<q(xy,...,xn,x)
where x is (Oycof, Qrcof)-essential.
Proposition 3.11 The theory ©,.f is (3, x)-adequate for WU cor and Qpcof.

Proof:
Let h : I — I’ be an embedding in Mod(©,¢.f), p' an assignment over I’ such
that p/(y) € h(D) for every y # x and p/(x) € D"\ h(D) and /|-, d; a quantifier

free formula such that I'p’ b5, 0; for some i =1,...,n.

Assume that 0 < ¢ (211, ..., Z1ny, @), ..., 0 < @ (ks - - - Thon,, , ) are the literals
of Wyeof in 0;. Since I'p' IFs,, 6; then p'(z) is a solution of the polynomial inequal-
ities OF <F qu (p,(fﬁn), s 7p/(x17741)7 $)> v 70F <F QIE (p/(xkl)a ERR) pl(xknk)7 l’)
Observe that each root of ¢f' (p/(z11), ..., ¢/ (Z1n, ), z) in D’ is in k(D). Suppose
by contradiction that there is a root d’ of ¢ (p'(211), . .., p'(Z1n,), ) in D’ which
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is not in A(D). Then I’ is a proper algebraic extension of h(I). But this can
not happen since h(I) is also a model of O,¢.f, by Proposition 2.3, and so does
not have any proper formally real algebraic extension.

Let a} be the root of ¢F (o' (1), . . ., ' (#in, ), ) less than p/(z) closest to p/(z) if
the polynomial has a root less than p/(z), otherwise let a be undefined. More-
over let b} be the root of ¢ (p'(xi1), ..., p'(in,), z) greater than p/(z) closest to
p'(x) if the polynomial has a root greater than p’(z), otherwise let b, be unde-
fined. Let o’ be the maximum of the a} that are not undefined, or be undefined
if all the @} are undefined. Similarly, let ' be the minimum of the b, that are
not undefined, or be undefined if all the b} are undefined.

Let p be an assignment over I such that hop =, p’. Observe that D and D’ are
both infinite by Proposition 3.9. In order to define p(z) consider the following
four cases:

(i) @’ and ' are defined. Then o’ and ¥/ are in (D), o/ <F p/(z) and p/(z) <7 ¥/.
Hence a’ # b and so h™1(a’) # h=1(1/). So there are an infinite number of el-
ements of D strictly between h~!(a’) and h=1(b) since I is a real closed field.
Let p(z) be one such element;

(ii) @' is undefined and b is defined. Then for every ¢ = 1,...,n there is no
root in D of ¢f (™ (p'(%i1)), - -, h (0 (Tin;)), ) whose image by h is less than
¢/ (z). Observe that b’ is in h(D). Let p(x) be an element in D less than h=1(V);

(iii) @’ is defined and b is undefined. Let p(x) be an element in D greater than
h=(d);

(iv) @’ and V' are undefined. Let p(z) be any element of D.

Hence by the intermediate value theorem and since h is an embedding, p(z)
is a solution of the inequalities OF <F ¢F(h=1(p/(z11)),..., A= (0 (2in,)), x) for
1=1,...,n.

Therefore:

(i) Let v in 0; be such that v € W,cor. Then Ip Iy v by definition of p.

(i) Let v € Qycof\ Yrcor be such that x is (Oycof, Qreof)-essential in v. Then v is of

the form g(z1, ..., 2y, z) = 0. Assume, by contradiction, that ¢(z1,...,xy,, ) =
0 € 0;. Then I'p' ks q(x1, ..., 2n,2) = 0 and so p'(z) is a solution of the poly-
nomial equation ¢ (p'(z1),...,p'(zn),z) = 0F . Hence, by the observation at
the beginning of the proof, p/(x) € h(D) which can not happen by the initial
hypothesis over p'. So q(x1,...,2n,x) =0 ¢ §;. QED

4 Quantifier elimination via adjunction

In this section we establish sufficient conditions for a theory to have quantifier
elimination. We start by recalling and introducing some useful notions and
stating some needed results.

A theory © over X has quantifier elimination providing that for every formula
@ there is a quantifier free formula ¢* such that © Fy ¢ < ¢* and ¢ and ¢*
have the same set of free variables.
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Proposition 4.1 Let © be a theory over ¥. Assume that for every quanti-

fier free formula v, with {z,z1,...,2z,} as the set of free variables, there is a
quantifier free formula 1, with {z1,...,2,} as the set of free variables, such
that

0 Fx (HZBLZJ) = 1;

Then, © has elimination of quantifiers. o

The following result establishes a relationship between the existence of a quan-
tifier free formula equivalent to a given formula in the scope of a theory and the
satisfaction of that formula by models of the theory.

Proposition 4.2 Let ¥ be a signature, © a theory over ¥ and ¢ a formula over
3. Then the following statements are equivalent:

e there is a quantifier free formula ) over ¥ such that fvy(¢) = fvy(¢) and
O Fs (p=v);

o [1g1oplky ¢ if and only if Iy g2 0 p Iy ¢ for all p over I whenever I;
and I are models of © and [ is an interpretation structure such that there
is an embedding g; : I — I; for j =1,2. o

For the proof of Proposition 4.2 see [26].

Let © be a theory over X, g; : I — I; an embedding in Mod(0") for j = 1,2
with 11, I, € Mod(©). We say that I; is g1, g2-equivalent to Iy in O, written
L=, Iif

Iigi o plFs Jxp if and only if Isgs o p by Jzp
for every = € fvy(yp), assignment p over I and quantifier free formula ¢ over 3.

Proposition 4.3 Let © be a theory over ¥ and g; : I — I; an embedding in
Mod(0Y) for j = 1,2 with Iy, I, € Mod(©) such that

~0©
I =g, g, 2.

Then © has quantifier elimination.

Proof:
Let ¢ be a quantifier free formula such that = € fvy(p) and p an assignment
over I. From the hypothesis we can infer:

Ligioplk (3zp) if and only if Iy gs0plF (Fzp).

By Proposition 4.2, we conclude that there is a quantifier free formula v with
fvs (1) = fvs(p) \ {z} and such that

OFs (< (Fzy)).

Finally, by Proposition 4.1, © has quantifier elimination. QED
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Given functors F, H : C — D, a natural transformation o : F — H is a
family
a={ac: F(c) — H(C)}ce\(}\

of morphisms in D such that

H(f)oaa:aczoF(f)

for every morphism f :c¢; — co in C.
Quantifier elimination can be characterized in a more algebraic way, using
the concept of natural transformation, as we now establish in Lemma 4.4.

Lemma 4.4 Let © be an J-adequate theory over 3. Assume that there is
a natural transformation ngv : idgv — Jg gv o Egv g such that given any
embedding h : I — Jg gv(I’) in Mod(©Y), there is a morphism h : Egv o(I) —
I' in Mod(©) such that Jg gv(h)ongv; = h. Then © has quantifier elimination.

Proof: We show that under the hypothesis of the lemma the conditions of
Proposition 4.3 hold. Let I and I} be models in Mod(0), I an interpretation
structure over X, p an assignment over I, hy : I — I{ and hg : I — I} em-
beddings and ¢ a quantifier free formula such that x € fvs(p). Let ngv be a
natural transformation satisfying the conditions of the lemma.

Observe that I € Mod(©Y), by Proposition 2.4, and I{ and I} are Jg gv(I]) and
Jo ov(I3), respectively. Therefore, hy : I — Jg gv(I]) and hy : I — Jg gv(I3)
are embeddings in Mod(©Y). Then, using the hypothesis, there are embeddings
hy: Egvg(I) — If and hy : Egv o(I) — I in Mod(©) such that hio(ngv)r = h1
and hg o (ngv); = ha.

According to Proposition 4.3, to conclude that © has quantifier elimination it
is enough to show that

I1hy o plky Fzp if and only if Iihs o p lby Jxe.

Suppose that
I{ hl op ”_E (ElJI QD)

Then, since hy o (ngv); = h1,
1 hy o (ngv)roplks (3z ).
Hence, by Proposition 3.1, since © is F-adequate
Egvo(I) (nev)roplrs (3z ).

Therefore
Iy hy o (nev)roplrs Bz )

by Proposition 2.1, and so
I, hooplbg Jap

since hy o (ngv)r = he. Similarly for the other direction. QED
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It is possible to go further in the algebraic characterization of quantifier elim-
ination by connecting it with the existence of an adjunction between Mod(©Y)
and Mod(©). We now recall the concept of adjunction.

Let F: C — D and H : D — C be functors. Functor F is said to be left
adjoint of functor H, denoted by

F-HH
if there is a natural transformation
n:idg — H o F,

called the unit of the adjunction satisfying the following universal property:
given any morphism h : ¢ — H(d) in C, there is a unique morphism A : F(c) — d
in D such that

H(h)one = h.

We say that there is an adjunction between categories C and D if there are
functors F': C — D and H : D — C such that F 4 H.

Using Lemma 4.4 it is possible to conclude that a theory enjoys quantifier
elimination whenever there is a left adjoint for the inclusion functor Jg gv from
Mod(©) to Mod(6Y) and © is F-adequate. We omit its proof since it follows
straightforwardly.

Theorem 4.5 Let © be an 3-adequate theory over . Assume that there is a

left adjoint Egv g of Jg gv. Then © has quantifier elimination. o
E(—)V,(—)
—>
Mod(6Y) Mod(©)
J@,(—)V
padic)
Nev
[ —1> Jo ev(Egv (D)) Egvo(1)
L - Jo v (h) h
Joev(I') I

Figure 1: Adjunction between Mod(6©Y) and Mod(©)

We now apply Theorem 4.5 to the theories of non-trivial torsion free divisible
Abelian groups, Presburger arithmetic and real closed fields. The elimination
of quantifiers for ©,f is used as illustration of the results in Section 5.
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Non-trivial torsion free divisible Abelian groups

Due to Theorem 4.5 since Oyqag is J-adequate by Proposition 3.3 it is enough
to show that J®tfd 0% has a left adjoint in order to conclude that ©yfqag has
agm ag

quantifier elimination.

Proposition 4.6 Functor Jg LY. has a left adjoint.
ag» ag

Proof:
Let E@V

tfdagzgtfdag

be a functor from Mod(@tvfdag) to Mod(Oysdag) such that:

(I) = I where I, denoted by I = (D.,-F,-P) is the interpre-

tation structure over Yisgags defined as follows:

o F.v
@tfdagvetfdag

— the domain D. of I is the quotient of the set {(d,n) : d € D,n €
N,n > 0} by the binary relation ~ such that (di,n1) ~ (d2,n2) if
nady = nydy;

[(d1,n1)] +F [(d2, n2)] = [(nad1 +F n1da, niny)];

= (dy,n)] = [(=Fdi,m));

= 0F =[(07, 1)];

o Fg (h)([(d1,n)]) = [(h(d1),n)] for any h : [} — Ia;

4
tfdag’etfdag

Observe that I is a model of Ottdag and Ee\zfd
ag’

Orrang (1) 15 well defined. That is,

Bot, o W11 10) = Boy, o (1)(((dan2)

whenever (da,n2) € [(di,n1)].

Consider the map ny : D — D.. such that

ni(d) = [(d,1)]
for each d € D.

1. ny is a group homomorphism. For instance

77](d1 +F d2) = [(dl +F dgil)]
- [(dh 1)] +_F [(d27 1)]
= nr(di) +F n(da)

The other conditions are omitted since they follow similarly.

2. mr is injective.
Assume that n7(d1) = nr(dz2). Then [(di,1)] = [(d2,1)] and by definition of ~
d; = da.
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3. n is a natural transformation from ldMod(@deag) to J®tfdag,®¥fdag

OE@

deag’etfdag ’
In fact, given h: [} — Io,

(J041105:0%h40g © FOYagsOuttng W) 0 ML) = ((o,14,,0%.. © Fo Outang () (11(d1))
= (611405, 071n, © L0700 Outaa (1) ([(d1; 1)])
= [(h(d1),1)]
= i, (h(d1)

)
= (01, 0 h)(dr)
= (nr, 0id(h))(d1)

4. Universal property.

Let h: I — Jetfdag@l’fdag

(I') be an embedding in Mod(@\tffdag). Let h: D — D’
be a map such that

h(l(d,n)]) = d
where d' is the unique element of I’ such that nd’ = h(d).

(a) h is a group homomorphism.

P(((di,m)] +F [(d2yn2)]) = h([nady +F nudz, nani])

h(’l’Lgdl +F nldg)
ning

h(nle) +F’ h(nldg)

ning ning
_ Nldy) e h(da)
ni no

= ([(dr,n1)] +F h([(d2, na)].

(b) h is injective.
Assume that h([(d1,n1)]) = h([(d2,n2)]). Then

h(di)  h(dy)

ni n2

I

hence nah(dy) = nih(dy) and so, by the injectivity of h, nad; = nids. Therefore,
(dl,m) ~ (dg,ng) and so [(dl,nl)] = [(dg,ng)].

(c) hony, = h. In fact:

(honr)(di) = h(nn(di))
= h([(d1,1)])
= h(d1)
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(d) if ¢’ ony, = h where ¢’ is a embedding in Mod(Otfdag) from Egv

_ tfdag’gtfdag (II)
to I’ then ¢’ = h. In fact:

g ([(di,n1)]) = mig'([(d,1)]) where n1[(d, 1)] = [(d1,71)] by Otfdag
= n1((¢' onp,)(d))
= ny1h(d)
= mh([(d,1)])
= h(ml(d,1)])

= h([(d1,m)]).

Hence, 7 is the unit of the adjunction. QED
So we can now conclude that ©Oytqag has quantifier elimination.
Theorem 4.7 The theory ©Oytqa.s has quantifier elimination. o

The proof of Theorem 4.7 is omitted since it follows immediately by The-
orem 4.5 taking into account that ©isgae is 3-adequate by Proposition 3.3 and
that Je)tfdagyev has a left adjoint by Proposition 4.6.

tfdag

Presburger arithmetic

We start by defining how to obtain a model of ©,, extending in a minimal way
a model of @Za. The minimality of the extension is confirmed when establishing
the adjunction in Proposition 4.9. Given I € Mod(@ga), let

j = (D7 'F7 IS)
be an interpretation structure over ¥, defined as follows:

e D is the quotient of the set {(d,n):d € D,n € Nand (n =1 or PP(d) =
1)} by the equivalence relation ~ where (d1,n1) ~ (da,n2) if and only if
OF = ng(—Fdl) —|—F nldz;

[(d1,n1)] +7 [(d2, n2)] = [(n2dy + nida, nana));
[(=Fdi,m1)];

[ ]

|
—
.

=

3

S

Il

. Pn's(ci) _ {1 if d is nd, for some n € N and d; € D.

0 otherwise

We now show that the interpretation structure I defined in this way is indeed
a model of Op,.
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Proposition 4.8 Given I € Mod(©),) then I € Mod(6p,).

Proof: The proof follows by showing that I I 6 for each 6 in ©,. For instance:

- I IF Vo((z + (—x)) =2 0). Let p be an assignment over I. Suppose p(z) =

[(d,n)]. Then

[(d,n)] +F (Fldn)) = [ n)) + ?[( Fd, )|
[(nd +7 n(="d),n?)]
[(0,n2)]

-IIF0< 1. In fact
1(—FOF) +F 1(1F) — OF +F 1F
— 1F
>P OF
The proofs of the other cases are omitted since they follow similarly.

Proposition 4.9 The functor J®pa,@§a has a left adjoint.

Proof:
Let Eg,, be the functor from Mod(@ga) to Mod(©pa,) such that:

o Eo,.(I)=1I;
e Fo,.(h)([(d1,n)]) = [(h(d1),n)] for any h : Iy — Iy;

and 7 a family {m}IeMod(@\ga) of embeddings in Mod(©7,) where n; :

J@pa’@ga(E@pa (I)) is such that n;(d) = [(d,1)]. Then:

1. n is a natural transformation. Indeed: let h € Mod(@ga)(h, I5). Then:

(11, ©idytoacey,) (M) (d1) = (11, 0 h)(d1)

([
—
— 3
> &
S —~
S
= —
~ Q.
—
— = =

1|
Y
o P

g
@-o®<(
<(’§~7
ohj
G
@

>

Il
o
g
g
o)
<E
o
S
@

— (o, o, © Fop ) () o1, (1)

QED

I —

2. let h: I —Jo, ey, (I') be an embedding in Mod(@lvm). Consider the embed-

ding 2¢ in Mod(©,,) from Eg_,(I) to I’ such that

h(d)ifn=1
h(y) otherwise, where y € D such that d = ny

h([(d,n)]) = {
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Then h9on; = h. In fact

(hfonr)(d) = h¥([(d,1)])
= h(d)

3. there is a unique embedding ¢’ in Mod(©,,) from Eg_,(I) to I’ such that
J@pa@ga(g’) onr = h. Let ¢’ be an embedding in Mod(©,4) fro_m Eeo,.(I) to I'
such that J®pa,®§a(9/) onr = h, and [(d,n)] be an element of D. Consider two
cases:

-n=1. Then
g ([(d.n)]) = ¢ n(d)
— Jo,. ey () (d)
(Jop..01,(9) o nr)(d)
= h(d)
h9([(d, n)])

as we wanted to show;

-n # 1. Let y € D be such that d = ny. Then [(d,n)] = [(y,1)]. So

g((dn)]) = 41
= g'(m(y))
= Jo,, 0y, (9')( 1(y))
(Jopa.01,(9) o nr)(y)
— hy)
ha([(d, n)])
as we wanted to show. QED

Theorem 4.10 The theory O, has quantifier elimination.

Proof:
The result follows by Theorem 4.5 since Oy, is 3-adequate by Proposition 3.6
and since, by Proposition 4.9, J@pa,@\;a has a left adjoint. QED

Real closed fields

In order to use Theorem 4.5 to prove that O,cof is a theory with quantifier
elimination, we show in this section that the functor J@rco oY, has a left ad-
joint, denoted by Egv Oreot” We capitalize on the fact that the composition

of adjunctions is also an adJunctlon and define the functor E@v Oreor B the
composition of the functor RC with the functor oFF as depicted Tere:

' Mod(@of) 25 Mod(Oreor)

E

MOd(@rcof)

4
rcopercof
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where oFF is introduced in Proposition 4.11 and RC is introduced in Proposi-
tion 4.15.

We recall that a field is said to be real or formally real if —1 is not a sum of
squares, and is real closed if and only if it is real and has no proper algebraic
extension which is real. It can be proven that a field is orderable if and only if
it is real. Moreover a orderable field has characteristic zero. As a consequence,
finite fields cannot be ordered. Recall also the basic concept of zero divisors,
integral domain and ordered integral domain. More specifically, elements 1 and
r9 of a ring are said to be zero divisors whenever r; and r9 are not zero and its
product is zero. An integral domain is a commutative ring with no zero divisors
such that the zero and the unit are distinct. An ordered integral domain is an
integral domain with a linear order such that for every elements r, r; and 79 of
the ring: (1) 71 + 7 < r9 + r whenever r; < ry; and (2) 0 < 71 X 79 whenever
0< 7y and 0 < ry.

Observe that the models of the theory @Ycof are precisely the interpretation
structures induced by ordered integral domains.

Proposition 4.11 Let oFF = (oFFy,oFF;) be such that, given a model I of
@V

rcof?

OFFO(I) — (D*, 'F*’ P*),
where:

e D* is the quotient of the set (D x (D\{0F})) x (D x (D\{0})) induced by
the equivalence relation ~ where (d1, ds) ~ (ds,d4) if and only if dy x Fdy =
d3 XF d2;

o 7 ([(dy1,d2)], [(d3,ds)]) = [(d1 xF dy +F d3 x da, dy xF dy)];

o —T([(d,d2))) = [(Fdu, do)];

o xF([(d1,d2)],[(d3,ds)]) = [(d1 xF d3,da xF dy)];

e 07" = [(0F,d)] for some d € D\ {0F};

o 17 =[(1F,17)];

o =F([(dy,d2)], [(ds,dy)]) = 1 if and only if [(d1, do)] = [(ds, dy)];
[(d1,d2)] <P [(d3,d4)] whenever

— either 0F <P d3 xF dy +F (=Fdy) xF dy and 0F <P dy xF dy;
— or d3 x" dy +F (=Fdy) xF dy <P 0F and dy xF dy <P OF;
and
oFFi(h: 1 —1I'): oFF(I) — oFF(I")
is such that
oFF(h)([(d1, d2)]) = [(h(d1), h(d2))]

for every [(di,ds)] in oFF(I). Then oFF is a functor from Mod(©Y, ;) to
MOd(@Of).
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Proof:

(1) oFF(I) is well defined. In particular, the operations are well defined. For
instance, consider the case of =, that is, we show that if (d3,ds) € [(d1,d2)]
then (—ng,d4) € [(—Fdl,dg)]. Assume that (ds,dy) € [(dl,dg)]. Then, by
definition of ==,

d1 ><Fd4 = d3 ><Fd2
and so
—Fldy xF dy) = =F(ds xF dy).

On the other hand,
(d1 xF d4) +F ((—Fdl) xF d4) = OF,

hence

((=Fdi) xF dy) = ((="d3) x" do)
and, therefore, (=Fds, dy) € [(=Fdy, do)].
(2) oFF((I) is a model of ©,¢. For instance:

(i) oFFo(I) IFy (Vx ((z4+0) = z)). Indeed, let p be an assignment over oFF(I)
and p' =, p. Then

oFFo(I)p s ((z +0) = z)) iff p(z) +F 0F = p(z)
iff +F/([(d17 dQ)]? [(OFv d)]) = [(dh dQ)]
iff [(dl ><F d, dg XF d)} = [(dl,dz)]
iff [(d1,d2)] = [(di,da)]

i true

(ii) oFFo(I) IFy (Vz3y ((z x y) = 1)). In fact, let p be an assignment over
oFF((I), and assume that p(z) = [(d1, d2)]. Consider p’ =, p such that p'(z) =
(dg, dl) Then

oFFo(I)p" IFs ((z xy) = 1) it (p'(z) x (y))—[(lF,lF)]
iff ([(d1,d2] [(d2ad1)] [(1F,17)]
iff [(dl X dQ,dQX dl)] [( F,lF)]
iff [(d1 xF dg,d1 xF dg)] = [(1F, 1F)]
iff  true

(3) oFF(h) is injective. Indeed:

oFF;(h)([(d1,d2)]) = oFF1(h)([(ds,ds)]) (def of oFF;(h)) iff

[(A(d1), h(d2))] = [(h(d3), h(ds))] (def of ~) iff

h(dy) wF” h(dy4) = h(ds) wF h(ds) h homomorphism iff
h(dy xF" dy) = h(dz xF dy) h injective iff

dy xF dy = d3x" dy (def of =) iff

[(dy, d2)] = [(d3,d4)]

(4) oFF;(h) is an embedding. By (3) and taking into account, for instance,
that:
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(i) oFF1(h)(0F") = 0F" . Indeed:

oFF1(h)(0F") = oFF(h)([(0F,d)]) def of OF
= [(h(0F), h(a))] def of oFFy(h)
[(0F', h(d))] h embedding

— o def of OF"

(ii) oFF; preserves the order. Assume that h(ds) xF h(ds) >P" 0F and that
[(d1,ds)] <P [(d3,dy)]. Since h is an embedding, then do xF dy >P 0F. Then

OF <P ds ><F do +F (—Fdl) ><F dy
and so 0F <P’ h(ds xF dy +F (=Fdy) xF dy). Since, h is an homomorphism
0F <P h(ds) xF h(ds) +F (=F h(dy)) %' h(dy))

and so [h(dy), h(d2))] <P [h(ds), h(d4))] as we wanted to show.
Similarly for the other function and predicate symbols.

(5) oFF; preserves identities and composition. The proof is omitted since it
follows straightforwardly by case analysis. QED

Given a model I of ©Y . the interpretation structure oFFo(I) is called the
ordered field of fractions induced by the ordered integral domain I. Observe
that Mod(©.t) € Mod(6Y ;) since every ordered field is an ordered integral

rcof

domain. Let Jg_ ov f: Mod(O.) — Mod(OY ) be the inclusion functor.

rcof

Proposition 4.12 Functor oFF is left adjoint of the inclusion functor Jo..0v

rcof

Proof: Given I in Mod(0Y, ;) take n; : D — D* such that n;(d) = [(d, 1F)] for
every d € D. Then:

(a) nr is injective. Indeed:

ni(di) = ni(da) if and only if
di xF1F = dy xF1F  if and only if
dl = d2.

M) nr: I — Jg , ov f(OFF(I)) is an embedding. By (a) and taking into account,
for instance, that: -

(i) n7(0F) = 0F". Indeed:
nr(0F) = [(0F,1F)] = 0F".
(i) n7(dy xF da) = nr(dr) xF nr(dz). Indeed:

77[(d1 XF dg) = [(dl XF dg,lF)]
= [(d1, 17)] ™" [(do, 17)]
= nr(di) X7 nr(dy).
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(iii) n; preserves the order. That is, if d; <P dg then n;(d;) <P nr(dz). Assume
that d; <P dy. Then

dy xF1F +F (=Fa) xF1F = dy +F (=Fdy) > oF
as we wanted to show.

¢) the family n = {97} remod(o is a natural transformation. The proof is
€ ( fV)
omitted since it follows straightforwardly.

We now show that oFF is left adjoint of Jg oY, having 7 as the unit of the
I’amodelof@ofandh I —Jg . ev (I

cof

adjunction. Let I be a model of ©Y

rcof?

a morphism in Mod(©Y_ ). Consider the map h: D* — D’ such that:

h([(d1, da)]) = h(d1) X7 h(dy) ™"
Then:
(1) h is injective. Indeed:

h([(d1, d2)]) = h([(ds,da)]) iff

h(dy) xF h(dy)™' = h(ds) ><F’ h(dy)~t  iff

h(d) xF h(ds) = h(ds) xF h(ds)  (inverse)iff

h(dy xF dy) = h(dy x dg) (h homomorphism) iff
d1 XF d4 = d2 ><F d3 (h injective) iff

[(d1, d2)] = [(ds, d4)]

(2) h is an embedding. By (1) and taking into account that:

h([(d, d2)] xF" [(ds, dy)]) = [d1>< d3,d2>< d4])

1 xF dg) xF h(dg xF

h(

(d d)”!
(1) ¥ h(dz) x h(d4) x h(dz)_i
( xF
h(

h

Il
>

h

dy) (2)_ <P h(ds) <" h(ds)~
[(d1,d2)])>< " h([(ds, da)])

and similarly for the other conditions for function and predicate symbols.
(3) Jo,per. (B () = Jg v ()([(d,17)]) = h(d) xF 17 = h(d).
(4) Unicity. Assume that ¢’ : oFFo(I) — I’ is an embedding such that

Joov (9') oni(d) = h(d).

Then
([d1, d2]) g'([d1,17] [d2,17]7%)
g'([d1, 1F]) x*' ¢/ ([do, 17))
= h(dy) x" h(dy)~
= h([dr, 1)) xF h([d, 17))
= h([d1,ds])
as we wanted to show. QED
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The objective now is to define the functor

Mod(04) 25 Mod(Oreof).

For this purpose, we need some results related to the real closure of an
ordered field (for more details, see [9]). Recall first that a field F” is called a
real closure of an ordered field (F,<) whenever: (1) F' O F is an algebraic
extension of F'; (2) F’ is real closed; and (3) the unique ordering of F” extends
the ordering of F', i.e., the inclusion of F' into F’ preserves the ordering. The
results are the following:

Proposition 4.13 Every ordered field has a real closure. Given two real clo-
sures of an ordered field there exists a unique isomorphism between them coin-
ciding on the elements of the ordered field. o

Proposition 4.14 Let (F, <) be an ordered field, R a real closure of (F, <)
and R’ a real closed extension of F' whose ordering extends that of F. Then
there exists a unique F-homomorphism from R to R’. o

Observe that any field homomorphism is either identically zero or is injective,
see for instance [12].

Proposition 4.15 The pair RC = (RCy, RCy) such that
e RCy(I) is a real closure of I;

e RCi(h : I1 — 1) is the unique embedding from RCy(I;) to RCy(I2)
extending h;

is a functor RC : Mod(Of) — Mod(O;cof)-

Proof:
The element RCy([) is a real closed field by definition.

The proof that RC; preserves identities and composition follows immediately
using the uniqueness condition of the embedding, see Proposition 4.14. QED

We now show that RC is left adjoint to the inclusion functor Jg_ ;. 0;-

Proposition 4.16 The functor RC is left adjoint to the inclusion functor Jg
from Mod(Oycof) to Mod(Opf).

K‘COf:eOf

Proof:
For each model I of ©u let n; be a map from I to RC(I) such that n;(d) = d
for each d in I. It is immediate to conclude that 77 is an embedding. Denote by

n the family {ns}remod(e,,)- Then 7 is a natural transformation from idyeq(e,,)
to Jo .o RC, that is, RC(h) oy, = ny, o h. In fact

h)(d)

reof,Oo

RC(h) onp (d) = ROC(
h(d)
= 15, (h(d))
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as we wanted to show;

Let h : I — Jo,..0,(I') be an embedding in Mod(6f). Then by Proposi-
tion 4.14 there is an embedding h from RC(I) to I’ that extends h to RC(I).
So hon; = h. The uniqueness condition is satisfied since by Proposition 4.14
there is a unique embedding from RC(I) to I’ extending h. QED

Theorem 4.17 The theory O,.of has elimination of quantifiers.

Proof:

The result follows by Theorem 4.5 since O, is F-adequate by Proposition 3.11
and since, by Proposition 4.16, Jeo e, has a left adjoint, by Proposition 4.12,
Jo..ev . has aleft adjoint, and the composition of those left adjoints is the left

rcof

adjoint of the appropriate composition of the inclusion functors. QED

5 Adjunction from a one step endofunctor

There are cases where a model of © extending in a “minimal" way a model
of T, where Y is contained in © and contains ©, is obtained from successive
applications of a certain construction. This construction applied to a model of
T produces a model of T extending the given one while being “closer", in some
sense, to be a model of O, such that, by applying the construction at most w
times, it is possible to obtain a model of ©. Observe that the models of © are
also models of Y.

In this section we explicitly define what we consider the w-“limit" functor
E¥ of another functor By and provide sufficient conditions over the base functor
FEvy in order for the “limit" functor to satisfy the appropriate conditions of our
results of quantifier elimination.

Let T be a theory over a signature 3, Ey : Mod(Y) — Mod(Y) an end-
ofunctor and 7y : idyeq(y) — Ex a natural transformation. For 0 < a < w,
consider

E$ : Mod(Y) — Inty

and
n% :JTQ3—+<E%

where n§ = {(n$)r : I — E$(I)} remod(r), defined as follows:
o EY = idyoaer) and (n})r = idy;
o EY*' = Ex o EY and (nF™)r = (1v)pa(ry o (0§15
o E¥(I) = (D, v, -Pv), where
— D, is composed by all sets
[d) = {d": (nx™)1(d) = d" or (nx"™)1(d') = d, k,m € N},

de |J D,

0<y<w

for
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where
(¥™)1 « B (I) — EXT™(I)

)

is inductively defined as follows: (77@0) risidpge gy and for any positive

natural m
(0x™)1 = (17) gicrm1 gy © -+ © (117) e (1
= fRe(ldily o [da]) = [Py ) () - O™ ) 1 aga)):
= P (], [dn]) = PP () (), () 1 )5

where pq,) € [di] N Dy, is such that for every d; € [d;] there is m] such
that &} = (™) (uga)) for i = 1,...,n and k = max(ky, ..., kn);

o E¢(h)([d]) = [E%(h)(d)] where d € Dy;

o (7%¢)1(d) = [d].
Observe that
k,n kn—1
(77T7 )= (UT)E?rnfl(]) © (77T’ )

We omit the proof of the next result, since it follows immediately by a
straightforward induction taking into account that the composition of functors
is also a functor.

Lemma 5.1 For every natural number k, E% is a functor from Mod(Y) to
Mod(Y). 0

We now show that the families nf;’” are indeed natural transformations.

Lemma 5.2 For every naturals k& and n, the family 77@’" is a natural transfor-
mation from EX to Efﬁ".

Proof: The proof follows by induction on n. The base is immediate. Step:
Assume that 77?"_1 is a natural transformation. Then

= (nT)E§+n71(I/) o E!;‘i‘n_l(h) ° (ni\,n—l)l

= (70) gy © (") 0 B ()

k,n
= (y")r o B%(h)
where h : I — I' is an embedding in Mod(Y). QED

The denotation of a term is preserved by the appropriate natural transfor-
mation n@’m over the image of an interpretation structure I by functor El}, as
we now show.
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Lemma 5.3 Let t be a term, I a model of T, and k and k&’ natural numbers
with &' < k. Then

W[ P ) = [ PO

where pF and p*" are assignments over E’{n (I) and EA’}/(I ) respectively such that
k _ K k=K I : .
pi(x) = (ny )1(p" (x)) for every x occurring in ¢.

Proof: By induction on ¢.
Base: tis z € X. Indeed,

(1) ) = A0 (@) = o (a) = ] PEOV

Step: tis f(t1,...,tn). Then,

() ([ Oy =
e Ol N T

FER (R ([t PR O R ([P D)) =
FRR(a] PO [P =

[f(tr,. .., ta)] P DP"

as we wanted to show. QED

With respect to EY we can only show by now that it is a functor from
Mod(Y) to Inty and that 7% is a natural transformation from Jyyx to EX.
Later on, we will show in Proposition 5.10 that EY is indeed a functor from
Mod(Y) to Mod(Y) if T is contained in V5. In this case, n4 is in fact a natural
transformation from idygeq(y) to EY.

Furthermore, in Proposition 5.11, we prove that E4 is a functor from Mod(Y)
to Mod(©) whenever O contained in Vo contains T, and an additional condition
is satisfied. Then 7% is even a natural transformation from idyjoq(y) to Jo o E5
(see Proposition 5.11).

Proposition 5.4 The map E% is a functor from Mod(Y) to Inty and 7% is a
natural transformation from Jy » to E5.

Proof: In fact:

(1) E£(I) is an interpretation structure. We have to show that fF~ and pP~ are
well defined. We only show that the first is well defined. Assume that d; € [d;]
fori=1,...,n. We show that

wa([dlL ceey [dn]) = wa([dll]v sy [d;’L])
Indeed
R, lda)) = PR ), 0 ) (gan)

P () ), - - G ) 1 g )]
= fre(d], -, ldn)).
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2) E4(h) is in Inty, for every h: I — I' in Mod(Y). In fact:

EX(h)(dy)]

(e ><E’f1<h><d1>>]

Eécrz(h)(( bk )(d1))] by Lemma 5.2
B2 (h)(dy)]

= B(h)([da]);

(it) BL(h)(f([di], .- [dn])) = f
I — I' be an embedding in Mod(T).

Ex(h)([d]) =

2
2]
F

“(E ( )(dl); - Ex(R)([dn])). Let b -
Then

(kg ("™ k")l(ﬂ[dn])

) =

e (Y )] =

dl]», B () 1 ()] =
)

)y oo (e E TRy p (B (1) (py,)))] =
k

where p; is ,LL[E? () )] for i =1,...,n. Similarly, for p € P.

(3) E% is a functor from Mod(Y) to Inty. Taking into account (1) and (2) it
remains to show that:

(5) B(idr)([d)) = idpg 1) ([d)). In fact:

Ex(idr)([d]) =
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(it) B4(K o h) = E%(K) o E£(h). Indeed:

Eyp(hoh)(d]) =

&

I
o
S R

I
SSeS
SE RSE
—~

=

(4) (n%)r is an embedding in Inty, from I to E5(I) for every I in Mod(Y). In
fact (N r(fF(dy, ..., dn)) = fFe()1(dr), ..., (1%)1(dn)) as we now show:

(n%)f(f':(dlv <o 7dn)) =

[fF(dy,. .., dn)] =
LR 1 Gagan)s - -+ Oy ) (pga,))] =
Fre(ldal, -, [dn])

fre(m)i(d), ... (n)r(dn))
and similarly for p in P.

(5) n% is a natural transformation from Jy . to E4. Taking into account result
(4) above it remains to show that:

Ex(h)((ny)1(d)) = Ex(h)([(nr)1(d)])
= [Ex(h)((rr)1(d))]
= [(nr)r(h(d))
= ()r(h(d)
as we wanted to show. QED

Our next goal is to refine the class where the images of E5 belong. For that
we will now prove some lemmas relating the behavior of 5 with the behavior
of EZ} with respect to denotation of terms and satisfaction of formulas.

Lemma 5.5 Let I be a model of T, p* an assignment over E{(I), ¢t a term

with variables x1,...,%n, k; such that pye s,y € Dy, k = max(ki,..., k), and

p¥ an assignment over EX(I) such that p*(z;) = (n?’k_ki)j(upw(xi)). Then

[[t]]EWI)ﬂ“ _ [[[t]]E%?(I)p’“}.

Proof: By induction on t.

Base: t is x; for ¢ in {1,...,n}. Indeed,

L] B D) = [pF ()] = (0 ) (s ()] = [t )] = 0% () =[] PFDP°.

34



Step: tis f(t1,...,ts). Then

(Lt >nE¥<”p’“] =

P[] PR [[tn]] ) = |

PP () (1] P ’“'1>,...,(n§ R ([t P P ) =

7 (ry i ) T g, @ () agan)] =
[FF (O = ’“”>I<u[dﬂ> <n#’“ ’“”) (1)) =

(0 S (Ca *’“”> (gan)s - - (5 F R (R ) (paga,))) =
[ ) 1P (™ ™) 1)) -3 (R 5 1 (g )] =

5 () 1 gy ) - <n£’ e *’”) ()] =

wa([[[tl]]ET (np* 1]’ L [[[tn]]ETn(I)p n]) _
wa([[tl]]Eq“f(I)pW’ o [[tn]]E:;([)pw) _
If(ts,... ,tn)ﬂEg’r([)pw

k! /
where d; = [t;]r De" and k" = max(ky, ..., k'), using the induction hypoth-
esis and Lemma, 5 3. Observe that k > k{,... k), kl <k} fori=1,...,n and

»"Yno

that p*(z;) = (nT kki Nr(pFi(x)) for i =1,...,n. QED

The following result is a direct consequence of Proposition 2.2 since (nﬁl}’m) I
EX(I) — E§+m(1) is an embedding in Mod(Y) and so we omit its proof.

Lemma 5.6 Let ¢ be a formula in EIT with free variables x1,...,x,. Then, for

every natural number m, EXT™(I)p*™ ks, ¢ whenever E£(I)p* IFs ¢, where
k

P (@) = (™) 1(p" (). 0

We start by showing that satisfaction of quantifier free formulas is preserved
from E!} to E¥. It is shown to be preserved from E% to E’{A in order to deal
with negation.

Lemma 5.7 Let ¢ be a quantifier free formula with free variables 1, ..., z,.
Then, for every assignment p* over E{ (), natural number &; such that pi,. (i)
is in Dy,, and natural number k greater than or equal to max(ki, ..., kp),

EX(Dp” ks ¢ if and only if EX(I)p* IFg ¢
where p¥ is an assignment such that p*(z;) = (nf}i’k_ki)[(upm(xi)).

Proof: The proof follows by induction on (.
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Base: ¢ is p(t1,...,tm). Observe that

[[p(tla v 7tn)]]Egr}(I)pw

PP ([ 5507 [t ] P =

P[P0 ([ BV ) =

PP (™ ) 1)) G TR 1) =

PP (R (g >< dlm Y L T ga)) =
PP (g " ’“”>I<ud> Y 1 (aga,) =

(U »((?’“ ><u[dl]>> T (T H(ga,)) =
PP ([ P D) R ([ ] B ) =

pPE(Ial O HEW >

[[p(tlv cee atn)]]El%(I)p

k! /
where d; = [t;]"* (I)pkl, using also Lemma 5.3 and Lemma 5.5. Then E(I)p® IFs
p(t1, ... ty) if and only if EE(1)pF ks p(t1, ..., tm);

Step:

(a) ¢ is —p1. Let p* be an assignment over E$(I), k; a natural number
such that piye(z,) is in Dy, and k a natural number greater than or equal to
max(ky,..., k). (=) Assume that E{(I)p” IFx —p1. Then ES(1)pY s ¢1
and so by induction hypothesis EX(I)p* I¥s; 1. Therefore EX(I)p* IFs .

The proof of the remaining cases in step follows straightforwardly and so they
are omitted. QED

Preservation of satisfaction is extended in Lemma 5.8 to formulas in EI;r
capitalizing on the result of Lemma 5.7 for quantifier free formulas. Observe
that it is crucial that negations can only be applied in quantifier free subformulas
of formulas in Eif.

Lemma 5.8 Let ¢ be a formula in Ell+ with free variables z1,...,z,. Then, for
every assignment p* over E4([), natural number k; such that Ppw(z;) € D,
and natural number k greater than or equal to max(ki, ..., k),

EX(I)p” Iy ¢ whenever EX(I)p* IFs ¢

where p* is an assignment such that pF(x;) = (n?’k_ki)[(upm(wi)).

Proof: The proof follows by induction on the structure of ¢ in Hf. Indeed:
(i) ¢ is a quantifier free formula. The result follows by Lemma 5.7;

(ii) ¢ is Jxp419 and ¢ is in 3. Assume that E@(I)pk IFy, 32,119 and let
k > max(ki,..., k). Let o be an assignment over EX(I), z,1-equivalent
to p* with EX(I)o* IFs t. Take k,41 such that ok (znin)] € D Note

n+1"°
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that & > max(ki,...,kn, knt1). Let 0¥ be the assignment over E{(I), xpi1-
equivalent to p* with 0 (x,41) = [0*(2n41)]. Then

oF (i) = My ) 1 (fw ()

fori=1,...,n+ 1. For i # n+ 1, the result follows since the assignments are
Tpy1-equivalents. For ¢ = n + 1 we have:

kn+1ak7kn+l

K1 bk
D) Ik () = (07 )1 (Ko (2s1))

Uk(fzn-&-l) = (ny
and so, by the induction hypothesis, E{(1)o* IFs 9);
The proof of the other cases follows straightforwardly. QED

The extension of the preservation result to formulas in Vo imply a strength-
ening of the sufficient conditions, as we show in Lemma 5.9. The extension to V;r
brings difficulties when the formula is a disjunction of formulas in Vs, for instance
1 and (g, since in this case from the hypothesis that El}(I)pk IFs 1 Vs for ev-

ery k > max(ky, ..., ky,) we can neither conclude that Ef}/([)pk/ IFs; 1 for every
k' > max(k}, ..., k) nor EE (I)p*" IFs oy for every k" > max(k?, ..., k).
Lemma 5.9 Let ¢ be a formula in Vo with free variables x1,...,x,. Then

EL(I)p* ks @ if for every k > max(ky, ..., ky), E%(I)p* IFs ¢

where p* and pF are assignments such that p*(z;) = (n?’kiki)[(ﬂpw(mi)) and k;
is such that pye(z,) € Dy,.

Proof: The proof follows by induction on the structure of ¢. Indeed:

(i) ¢ is a quantifier free formula. The result follows by Lemma 5.7.

(ii) ¢ is in 37 The result follows by Lemma 5.8.

(iii) ¢ is V&, 1t where 1 is in Vo. Let p* and p* be assignments fulfill-
ing the hypothesis. Assume El}(I)pk IFy ¢ for every natural number k >
max(ki,...,k,). Let 0¥ be an assignment over E¥(I) xn41 equivalent to p*.
Let k¥ be a natural number greater than or equal to max(ki, ..., kn,knt1)
where Ky is such that ugw(g,,,) € Dk, ,. Moreover, let pk/ be an assign-
ment over E’{:(I ) such that p* and p* are in the conditions of the lemma.
Observe that &’ > k. Let o* be an assignment over EX (I) such that o* (z;) =
(n?’ki*ki)j(uow(mi)) fori=1,...,n+ 1. Since 0¥ (x;) = p*(z;) fori =1,...,n

then (5% 75 [ (tgo(z) = (05 ) 1 (1o (e)) and so oF (z;) = p¥ (2;) for

i =1,...,n. Hence, we can conclude that o*" is z,,-equivalent to p*. Since
EE(Dp* ks ¢ then EX(I)o* IFg 1. So, using the induction hypothesis, we
conclude that E{ (1) Iy 1. QED

Capitalizing on Lemma 5.9, we can now finally prove that FY is indeed a
functor from Mod(Y) to Mod(Y) whenever T C V5. As mentioned in paragraph
immediately before Lemma 5.9, the result cannot be extended to a theory of
sentences in V; .
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Proposition 5.10 Assuming that T is contained in Vo then EY is a functor
from Mod(Y) to Mod(7Y).

Proof: By Proposition 5.4, it enough to show that, for every I in Mod(Y),
E4(I) is a model of Y. That is,

EX(1)p” ks @

for every ¢ in T and assignment p* over E4([). This fact follows immediately
by Lemma 5.9 since EX(I)p" IFs ¢ for every ¢ in T because EX(I) € Mod(Y)
by Lemma 5.1. QED

Let A be a set of sentences in Vo over the same signature > as Y. We say
that functor Fy and natural transformation ny induce satisfaction for A if

Ex(I)(nr)r o plFs 0 whenever Iplfs ¢
for every model I of Y, assignment p over I and § in 3] with V5 in A.

Proposition 5.11 Let T and A be sets of sentences in Vo over the same sig-
nature ¥. Assume that Fy and 7y induce satisfaction for A. Then, E is a
functor from Mod(Y) to Mod(Y U A).

Proof: Due to Proposition 5.10, we only need to verify that the image by E%
of a model of T satisfies the sentences of A.

Let V0 be a sentence in A. Therefore, § is in Elf. Assume that z1, ..., z, are the
free variables in §. Let p“ be an assignment over E¥(I) and k = max(k1,...,ky)
where k; is such that piye,,) € Dg,. Consider an assignment p¥ such that

ok () = (nffi’k_ki)I(ﬂpw(mi)). There are two cases:
(a) EX(I)pF Ik 6. Then EL(I)p” IFs 6 by Lemma 5.8.
(b) EX(I)p* s 6. Then E!}‘Fl(I)(nT)E?(I) o p¥ IFg 0. Observe that k + 1 >

max(ki, ..., kn) and that (nr) g ) (0% (@) = (10) g oy (08" 7)1t @,)) =
(n?’kﬂ_ki)l(upwm)). Therefore ES(I)p* IFx, § by Lemma 5.8. QED

Moreover, under suitable conditions, 75 is a natural transformation satis-
fying the conditions of Lemma 4.4, that is, such that, given any embedding
h : I — Jyoax(I’) in Mod(Y), there is a morphism h : EZ(I) — I’ in
Mod(Y U A) such that Jyua,r(h) o 1%, = h.

We say that the functor Ey and the natural transformation ny extend to
A whenever for every morphism h : I — I’ in Mod(T) with I’ in Mod(YT U A)

there is a morphism h : Ex(I) — I’ in Mod(Y) such that ho (ny); = h.

Proposition 5.12 Let T and A be sets contained in Vy. Assume that Fy and
ny induce satisfaction and extend to A. Then, given any embedding h : I —
Jruax(I’) in Mod(Y) there is a morphism h : B{(I) — I’ in Mod(YT UA) such
that JyuA’T(h) o 77%] = h.
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Proof: Observe that, under the hypothesis, there is a morphism B’i: EX(I) —
I’ such that h* o (n4); = h for each natural number k, and that h° is h. So

Rk o (n,lcrl’kfkl)[ e

Let h: I — I' in Mod(Y) with I’ in Mod(YT U A). Consider A% : EL(I) — I’
such that h¥([d]) = Bk(u[d}) where k is such that jug is in Dy.

(1) h¥ is well defined. Let d’ € [d]. In fact:

he([d]) = f:lk(ﬂ[d])
= flk(u[dq)
he([d']).

(2) h* is injective. ) ) )
Assume that h¥([d1]) = h¥([d2]). Then hk(,u[dﬂ) = hk(u[dﬂ), hence pijq,) = fiay]
and so [d1] = [da].

(3) h* is an embedding from E$(I) to I’. By (2) and taking into account that:

(R (), dal) = R ) Gagan)s - ) 1 (ga,)D)
- PR (S50 gy ) ,<n§””“"“")1(u[dn]>>]>

p(
= A

TR R (R4 1 )y (0 k= g 1))
SO (O ’“) () -+ (057 0, )
'( e T (gan)s - RO 1 (ga,))
= TR (), - PR ()

= [P ((d]), - ﬁ“’([dn]))-
and similarly for the predicate symbols.

(4) b o (1)1 = h.

|
3

Il
>
o

=

=
N—

as we wanted to show. QED

Putting all these conditions together and using Lemma 4.4 it is possible
to provide sufficient conditions for quantifier elimination. At the end of the
section we apply those sufficient conditions in order to prove that the theory of
algebraically closed fields enjoys quantifier elimination.

Theorem 5.13 Let © be a theory and T a set such that OY C YT C O. Assume
that:

e O CVy;
e O is J-adequate;

e Ey and ny induce satisfaction for and extend to © \ T;
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e the inclusion functor Jy gv has a left adjoint Egv .

Then © has quantifier elimination.

Proof:

Let 7 be the unit of the adjunction between Mod(©") and Mod(Y) by the func-
tors Jy gv and Egv v, and consider the natural transformation Jy gv(n§) on =
{(JT,QV(U%) on)r: 1 — Jr,ev(JG,T(Eqwr(E@V,T(I))))}IeMod(ev) from idMod(@V)
to (Jy gvodor)o (L5 o Egv ) such that (Jy gv(ng)on)r = Jy ov (WEGV’T([))O
n.

Let h: I — (Jy gvoJo,r)(I’) be an embedding in Mod(©Y). Since Egy y is left
adjoint to Jy gv then there is an embedding h: Egvx(I) — Jox(I') in Mod(T)

such that Jy gv(h)onr = h. Moreover, by Proposition 5.12 and the hypothesis,
there is h : E{(Egv (1)) — I’ in Mod(©) such that Jeo v (h) o %, = h.

GV,T(I)

Hence J’r‘gV(J@fI‘(h)) @) JT’@V (H%E@v T(I)) onr = h.

So, using the fact that © is an J-adequate theory, by Lemma 4.4, we conclude
that © has quantifier elimination. QED

When the “extension" condition on the functor Ey and natural transfor-
mation 7y is strengthen by imposing a uniqueness requirement it is possible
to characterize quantifier elimination through an adjunction between Mod(©")
and Mod(©), capitalizing on Theorem 4.5.

We say that Ey and natural transformation ny universally extend to A
whenever for every morphism h : I — I’ in Mod(Y) with I’ is in Mod(T U A)
there is a unique morphism h : Ex(I) — I’ in Mod(Y) such that ho (ny); = h.

Proposition 5.14 Let T and A be sets contained in V5. Assume that Ey and
Ny induce satisfaction and universally extend to A. Then E¥ is left adjoint of
Jyua,r with 9§ as the unit.

Proof:
We only show the uniqueness requirement of the adjunction since the proofs of
the other conditions are immediately obtained by the proof of Proposition 5.12.

Let g : E£(I) — I' be an embedding such that go (n%); = h. Let g* : EX(I) —
I’ be such that ¢g¥(d) = g([d]). We show first that g* is an embedding and
9" o (1¥)r = h.

(a) g* is injective.

Assume that ¢*(dy) = ¢*(da). Then g([d1]) = g([da]), hence [di] = [da] and so,
since dl,dg S Dk, d1 = ds.

(b) g* is an embedding. By (a) and taking into account that:
gk(ka(dh e 7dn)) =
g([fFe(dy, ... dn))) =
g (Y ) 1) 05 ) (g ) =
gL () 1 ) rgag ) R ) (™ ) 1 (aga)))) =
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! !

g([(h k- ’“) <ka/<< ) 1)), 08T g )] =

g1 () 1) - - - <n§%”“""’ )r(tan)))) =
g (i), ) =
7 (g(1d ]) o 9([da)) =

A 1),-~-7g (dn))

and similarly for predicate symbols.

(c) 9" o (W4 )r = h.

he(ld) = B (ug)
g°(

=49

= g

Hence 1% is the unit of the adjunction. QED

So, if the inclusion functor Jy gv has a left adjoint Egv y then Ef o Egy
is left adjoint to Jy gv o Jo 1, since the composition of left adjoints is a left
adjoint. Hence, if additionally © is an F-adequate theory, by Theorem 4.5, it is
possible to conclude that © has quantifier elimination. We have just proved the
following theorem, Theorem 5.15.

Theorem 5.15 Let © be a theory and T a set such that OY C T C 6. Assume
that:

e O CVy;

e O is J-adequate;

e Ey and ny induce satisfaction for and universally extend to © \ T;
e the inclusion functor Jy gv has a left adjoint Egv .

Then © has quantifier elimination. o

Algebraically closed fields
An algebraically closed field extending a field is herein obtained by applying

w-times a certain construction originally proposed by Emil Artin, see |3, 22].
So, for algebraically closed fields, T is O and E~ is the functor that associates
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with each field an algebraic extension of it such that every polynomial in one
variable of degree at least one with coefficients in the field, has a root in that
algebraic extension.

Recall the theory ©,¢ of algebraically closed fields presented in Section 3.
Observe that each model of @Zcf is an integral domain, since

Oact Fx, V1V (((m(z1 = 0)) A ((z2 2 0))) = (2(z1 X 22) = 0)).

The functor Fgyv Ot is defined by composition as follows:

ac

Ew
Mod(©%,) 5 Mod(©p) =5

acf

> Mod(Oacf)

Egv

acf’

(]

acf

where functor FF associates to each integral domain in Mod(©Y ;) its field of
fractions and functor Ef o _ associates to each field an algebraically closure
field extending it, obtained by the Artin construction.

The functor FF is identical to oFF except for the conditions for the order,
see Proposition 4.11. So the proof of Proposition 5.16 and of Proposition 5.17
are omitted since they follow almost identically the corresponding proofs for
the functor oFF, that is, the proof of the Proposition 4.11 and of the Proposi-
tion 4.12, respectively.

Proposition 5.16 FF is a functor from Mod(6Y ;) to Mod(©y).

acf

Given a model I of @Zcf the interpretation structure FFo(I) is called the
field of fractions or the field of quotients induced by the integral domain I.
Observe that Mod(0¢) C Mod(OY ;) since every field is an integral domain. Let
Joror, Mod(6f) — Mod(©Y ;) be the inclusion functor.

Proposition 5.17 Functor FF is left adjoint of the inclusion functor Jg gv .

acf

Now that we concluded that there is an adjunction between Mod(©Y ;) and
Mod(©¢) having the inclusion functor as the right adjoint, we concentrate on
E¢, o, For that we follow the work presented in the beginning of this section.
In this case T is the theory ©¢ and the base functor Eg, e, is the composition

of the functors PR and QF such that:

acf

Mod(0p) 8 pRg & Mod(6y).

where pRg is a category of polynomial rings, PR is a functor that associates
to each field a polynomial ring and QF is a functor that associates to each
polynomial ring a field generated by the quotient with a specific maximal field.
First, we need some preliminary notions.

Given a set V, let M(V) be the free monoid over V. A polynomial over I in
Mod(©f) and a set V is a map ¢ : M(V) — I with non zero values only for a
finite number of elements of M(V'). In general when defining a polynomial we
only indicate the non zero values. We may use M(v) for M({v}). A polynomial
q is said to be constant whenever g(m) = 0OF for every m € M(V) different from
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€. A polynomial g over a singleton set V' and a field I in Mod(©x) is said to be
monic if g(m) = 1F and q(m’) = OF for every m/ such that |m/| > |m].
Let I[V] be the set of all polynomials over V' and a field I in Mod(©y). The
tuple
(V] +1vy X1pv vy L)

where

® q1 +1v) @2 = ¢ such that g(m) = q1(m) +F ga(m);

® q1 X[v] g2 = q such that g(m) = Z q1(m1) xF ga(mo);

mp,mg
m=miimsa

e 0Oyjy) is such that Oy (m) = 0F;
° 1I[V] is such that IIM(G) = 1F and 1I[V}(m) =0oF otherwise;

is a ring called the polynomial ring over V and I. Let V be a singleton set.
Given I in Mod(Os) and a map p: V — D, we define the map

evy : I[V] - D

as follows:

evu(g) = Y pi(m)xFq(m),

meM(V)

where p* is the obvious extension of i to sequences where the concatenation is
replaced by product in I. For simplification we may omit x© when considering
ev,. Observe that ev, is a ring homomorphism from I[V] to I.

Given a polynomial g over V' and I, we denote by var(q) the set of elements
of V' in the sequences in {m € M(V) : g¢(m) # 0F}. Observe that this set is
finite.

Lemma 5.18 Let ¢ be a polynomialover Vand I, uy : V — Dand po : V — D
maps such that pi(v) = pa(v) for every v in var(q). Then

Vi (q) = €V (q>

The proof of this lemma is omitted since it follows straightforwardly by definition
of evy,.

According to Lemma 5.18 it is enough to consider a map u : var(q) — D
when evaluating a polynomial ¢. A map p : var(q) — D is a root of a polynomial
qifev,(q) = 0F. Tt is common to consider that the root of a polynomial is the
values given by p when applied to var(q).

It is possible to embed a field in an algebraically closed field. Most of the
proofs of this fact are non constructive and involve Zorn’s lemma. Herein, we
were inspired by the construction proposed by Emil Artin [3] for getting an
algebraic closure of a field. We start by setting up a category of polynomial
rings.
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Let pRg be the category whose objects are polynomial rings of the form I[V7]
for each I in Mod(©¢) where

Vi={vg:q€e x|t}

and I[x]" is the set of all non-constant polynomials in I[x]. For each element
d e I, let p{i be the constant polynomial in I[V7] such that p{i(e) = d and
ph(m) = OF for m # ¢, and piq the polynomial in I[V7] such that piq (vg) = 1F
and piq (m) = OF whenever m # v,. Let P; be the set {p} : d € D} and Py, the
set {pf)q tvg € Vit

A morphism in pRg from I1[Vy,] to I2[Vy,] is a map from [;[Vy,] to I>[V1,]
induced by an embedding h : I; — I in Mod(©¢), denoted by

h
such that

}\L(q) — Ay (h ° q)(UIIM .- 'UQM) if mg = Uhogi1 -« * - Vhogin
0F2 otherwise.

The composition in pRg of morphisms hy : L[V — I2[Vi,] and hy

—

L[V,] — I3]V5,], denoted by EQ o /ﬁl , is the morphism hg o hy.

The identity morphism in pRg of an object I[V7], denoted by idyy, is the
morphism 1d/\] R R

Observe that h(pgiﬂ) = pggwa and h(péll) = pff(dl). As expected, pRg consti-
tutes a category.

Proposition 5.19 pRg is a category.

The proof of Proposition 5.19 is omitted since it follows by a not so compli-
cated case analysis from the definition of pRg.

Proposition 5.20 Any morphism in pRg is a ring homomorphism.

Proof:

We only show that & : Iy [VI,] — I2|V1,] satisfies the homomorphism condition for
+1vy,)» that is, (g1 +1,1v,191) = M(@1) +1,(v3,) h(q1), since the other conditions
follow similarly. Let mg be in M(V7,). Consider two cases:

(a) m2 1S Vpogy; - - - Vhogu, - Lhen:

May +nvi,) 64)(m2) = (ho (a1 +n,14,) ) (Vs -+ Va,)
= h((¢ +11[V11] qll)(U!In e vqln))
= h(q1(Vgyy -+ Vgr,) +T @ (Vg -+ Vg1))
= h(q1(vgy, - vg,,)) +F2 M1 (vgys - - - vg1,))
= (hoq)(vg, ---Vg1,) +F2 (hoqi)(vg - vg,)
/l\L(ql)(vhoqn - Uhogi,) +F2 Tl(qi)(vhoqn < Vhogin )

~ ~

= (h@1) +1,p7,) P(d1))(m2)
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(b) myg is not of the form wvpeq,, - . - Vhog,,. Then:

Mg +npv,,) 1) (m2) = 072
oF2 +F2 oFz2

= hla)(mz) +7 h(gh)(m2)
= (@) +1pv,) () (m2)

as we wanted to show. QED

We are now ready to define a functor from the category Mod(O) to the
category pRg of polynomial rings described above. We omit the proof that it is
indeed a functor since it follows straightforwardly.

Proposition 5.21 The pair
((PR)o, (PR)1)
such that:
o (PR)o(I) = I[Vi];
o (PR)1(h) = I;
is a functor from Mod(©s) to pRg.

Our objective now is to associate with a polynomial ring I[V7], as defined
above, an element of Mod(Oy), that is a field, such that the polynomials in Py,
are roots of the corresponding polynomials in the image field.

Given a polynomial ¢ in I[x]™ denote by gy, the polynomial in J [V1] obtained
from ¢ by replacing = by vg, that is, such that g; (vg) = g(z") for every natural
number n and gy (m) = 0F when m is not of the form vy for some natural
number n.

Let Jy, be a maximal ideal of I[Vj] containing the ideal generated by the
set of polynomials ¢ for ¢ in I [#]T which can be shown to be proper.

Observe that, given an embedding h : I; — Is in Mod(©f) and a polynomial
q1 in I;[z]T, the polynomial h o g is in I3[z]T, and the polynomial ﬁ(qlﬁql) is
(ho ql)j‘}hoq1 and so is in the generators of the ideal that is encompassed by Jy,, .
So, we assume without loss of generality that

o~

h(‘]Vzl) < JVIQ

which is important when defining the functor QF from pRg to Mod(©f) in
Proposition 5.23. Furthermore if the image by h of a polynomial is in Jvi, then
that polynomial is in JVII, see Lemma 5.22.

Lemma 5.22 Given an embedding h : I; — I» in Mod(©s) and a polynomial
q in I[x]*, R
if h(q1) is in Jy, then ¢ is in Jy,.

Moreover, pyr is the only constant polynomial in Jy,, for any model I of ©y.
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Proof:

(1) If h(q1) is in Jv, then g is in Jy,. Suppose by contradiction that h(q) €
Jv, and ¢1 ¢ Jy,. Then Jy, + L[V}] X 1 is an ideal properly including
‘]Vll' Therefore, since JVI1 is maximal, we can conclude that JVI1 + I[Vy,] x
q1 = I1[Vy]. In particular, 1p vy, = "+, V,] q X1, [vy,] 41 Where q" € Jv,
and ¢ € I[Vy,]. Hence 112[‘/12] = h(llg[vl2]) = h(¢" +nvi,) q X1[vr,] Q) =

B) 10 D) vy B) € g, which can ot happen since i
maximal.

(2) poF is the only constant polynomial in Jy,. Suppose by contradiction that
pa € Jy; and d # 0F. Then P1F = Pd X1[v;] Pa—1 € Jv; and so Jy, would not be
proper, which contradicts the fact that Jy, is maximal. QED

We can now present the functor QF from pRg to Mod(©y) that, when com-
posed with PR, will constitute the counterpart, in terms of our study of quan-
tifier elimination for algebraically closed fields, of the functor Evy considered in
the general study of quantifier elimination presented in the beginning of this
section.

Proposition 5.23 The pair

((QF)o, (QF)1)
such that:

o (QF)o(I[V1)) = Irvy) sy, where Iy, g, = (I[Vil/Jv,, T~ -F~) is such
that:

— ]+~ [g2] = @1 +1pvy) @25
~lal = [=rvydl;
— @] x™ [g2) = @1 *1v) @2);
— 0~ = [07p,1);
— 15~ = [lpy);
o (QF)1(h: LVy] = LIV (@) = (h(a)];

is a functor from pRg to Mod(©y).

Proof:

(1) QF(I[V7]) is a field. We only show some of the conditions since the others
follow similarly:

(a) 0F~ # 1F~. It is enough to note that Ly ¢ 0F~. Suppose, by contradiction,

that 17, € 0F~. Then Livy) v (_I[VI}OI[VI]) = 17vy) +11vi) Orpvy) = iy €
Jy,. Hence q € Jy, for every ¢ € I[V7], which contradicts the fact that Jy, is
proper.

(b) For each ¢ € I[V}] such that [g] # 0F~ there is [¢'] such that [¢] x~[¢'] = 1F~.
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Let q € I[V;] be such that [q] # 0F~. Observe that

Jvi + vy LIVI) X 1vy) @

is an ideal properly including Jy,. Therefore, since Jy, is maximal, we can
conclude that Jy, +7v;) I1Vi] Xgv,) ¢ = I[Vi]. In particular, 1y, = ¢" 411y,
¢ X1v;) ¢ where ¢" € Jy, and ¢ € I[Vy]. Therefore 17~ = [¢"] +F~ [¢] x~ [q]
and so, since [¢”] = 0F~ we conclude that there is a multiplicative inverse for
[4]-

(2) QF(/E) is well-defined for every morphism h : Livy] — IQD/IZ] in pRg.
It is enoAugh to show that if g1 +7,p; | (_Il[vjl]qg) € Jy,, then h(q1) + (v,
(=1,[vi,)M(a2)) € Jv;,. Assuming that

@+ (v, (—Il[vfl]%) € Jv,
then
Mar +nv,) (=nvi ) € v,
since we are assuming that E(JVII) C Jy,, as justified in the paragraph immedi-
ately before this proposition. So the result follows since % is an homomorphism;

(3) QF( ) is injective for every morphism h:ly [Vll] — L[Vp,] in pRg. Assum-
ing that QF(h)(la1]) = QF(R)([g2]), then [h(qr)] = [A(g2)] and so h(ar) + 1,3,

(*IQ[VIQ]E(@)) € Jy,,. Therefore h(q +nvy,] (Fnvi,)%2)) € Jv,, and so by
Lemma 5.22, ¢; +nv,) (_11[V11}QQ) € Jy,, as we wanted to show.

(4) QF(E) is an embedding for every morphism & : I [V7,] — I2[Vy,] in pRg. By
item (3) and taking into account that:

QF()([@] +7~1 [a2]) = QF(R)([a1 +1,(vy, ¢2])
= [hla v, )]
[h(q )+12[V,2] )
[A(q1)] +F~2 [h(g2)]
= QF()(lq1]) +7~2 QF(h)([g2]))

and similarly for the other homomorphic conditions. QED
We now consider a natural transformation from idyreq(e;) to QF o PR that

together with the functor QF o PR, induce satisfaction for O, \ Oy, see Propo-

sition 5.26, and extend to Ot \ Of, see Proposition 5.27.

Proposition 5.24 The family of maps

{1+ I = Iy, 0, bemod(oy)

such that n;(d) = [p]] is a natural transformation from idyj,q(e,) to QF o PR.
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Proof:

(1) mr is injective for each I in Mod(©¢). Let dy and d be distinct elements
of D and suppose by contradiction that pél +rvy) (= I[Vz]péz) € Jy,. Since
pCIll +11vi] (—I[VI}PéQ) is the constant polynomial pcIll-i-F(—Fdz) then by Lemma 5.22

di +F (—ng) = 0F and so d; = dy which contradicts the initial assumption that
dy and dy are distincts.

(2) nr is an embedding for each model I of ©¢. By (1) and taking into account
that:

QF(h)([ar] +~1 [aa)) = QF()([a1 +1,1vs,) 22])
= [l +117, @)
[h(q1) (1) h(ga)]
[Ba)] +7~2 [(g2)]
= QF(h)([ar]) +F~2 QF (h)([q2)))
and similarly for the other homomorphic conditions.
(3) (QF o PR)(h) o ny, = 1, o h for every embedding h : Iy — Iy in Mod(©y).

In fact
(QF o PR)(h) onp,)(di) = (QF(PR(A))([pa;])
(QF(h))([pa,))
= [h(pay)]
= [ph(dl)]
= nr,(h(d1))
= (1, 0 h)(d)

as we wanted to show. QED

Observe that every non-constant polynomial of 7], Jy, [x] with coefficients

from [ has at least a root in 7], v, Indeed, in Proposition 5.25, we show that
given a non-constant polynomial ¢ in I[z], the polynomial n; o ¢ in I7y,), v, [x]
1 [VI]]

has at least the element [py, "] as a root in I 1[Vi)/ v, -

Proposition 5.25 Given a model I of ©f and a non-constant polynomial ¢ in
I[z], the map pu: {z} — I1v)/y, such that w(x) = [pU£ I]] is a root of ny o ¢ in

PR(QF(I)), that iS, in II[VI]/JVI'
Proof: Indeed:

evu(nroq) = > pf(m)x"n(g(m))
meM(z)
ml Fo IV,
= 2 b
meM(z)
= [ Y 0 sy ]
meM(z)
= la,]
— OFN
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as we wanted to show. QED

We now show that QF o PR and 7 induce satisfaction for ©,. \ Of and so,
using Proposition 5.11, that (QF o PR)% is a functor from Of to O,f.

Proposition 5.26 The functor QF o PR and the natural transformation 7 in-
duce satisfaction for ©,¢f \ Of.

Proof: Let I be a model of O, p an assignment over I and § a formula in 3}
such that V6 is in ©,¢¢\ O¢. Then § is of the form Jy (y” +z1y™ L+ +z, 2 0)
for n > 0. Observe that x1, ..., x, are the free variables of §. Let n be a natural
number greater than 0. Assume that Ip s, Jy (y"+x1y" 1+ 42, 2 0). Let
q : M({z}) — I be the polynomial such that q(x%) = p(x,_;) fori =1,...,n—1,
q(z") = 1F and ¢(27) = OF for j > n. Then, by Proposition 5.25, [pﬁgvl]] is a
root of ny o ¢ in PR(QF(I)), that is, in I[[VI]/JVI. Consider an assignment p’
over PR(QF(I)), y-equivalent to ny o p, such that p/(y) = [pi[[JVI]]. Since

1 PR(QF (1))’

evAy_[ping]](nz o) = [y + o1y + - + 7]

then PR(QF(I))p’ ks, v + 219" L + -+ + 2, 2 0 and so PR(QF(I))nr o p IFs,
Jy(y™ + :Ely”_l + - 4z, =20) as we wanted to show. QED

Similarly we show that QF o PR and 7 also extend to O, \ Of and so they
satisfy the conditions of Proposition 5.12.

Proposition 5.27 The functor QF o PR and the natural transformation 7 ex-
tend to Ouet \ Of.

Proof: Let h : I — I' be an embedding in Mod(©¢) with I’ in Mod(©gcs).
Observe that there are no proper algebraic extensions of I’ since it is an alge-
braically closed field, so ny is an isomorphism from I’ to PR(QF(I")). Consider
the map

n;' o PR(QF(h))

from PR(QF(I)) to I'. Then
(np' o PR(QF(R)) o = np' o (PR(QF(R)) o 11)

= np'o(npoh)
- h

as we wanted to show. QED

Hence we can now conclude that ©,. has quantifier elimination by Theo-
rem 5.13 since O, is contained in Vo, O, is F-adequate by Proposition 3.8
and since, by Proposition 5.26 and Proposition 5.27, the functor QF o PR and
the natural transformation 7 induce satisfaction for and extend to O \ Of,
respectively. So, we have just proved the following theorem, Theorem 5.28.

Theorem 5.28 The theory O,. has quantifier elimination.
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6 Concluding remarks

We introduce a new (categorial) perspective on model theoretic quantifier elim-
ination. A sufficient condition is proved which states that quantifier elimination
holds in a theory © whenever there is a close relationship between the category
of models of © and the category of ©7 as well as reflection of satisfaction for
existential formulas. A systematic way for proving quantifier elimination is de-
vised. We illustrated the results obtained by applying them to some first-order
theories.

We believe that the sufficient condition can be used in a wide range of
situations in order to prove that a certain theory has quantifier elimination
capitalizing on the generality of the approach. Moreover, it seems to avoid
some intricacies that can be found in some proofs of quantifier elimination.

We intend to explore the techniques presented herein to establish results
about the decidability of a theory © that comes as a combination of two de-
cidable theories ©®1 and ©5. Assuming that quantifier elimination was proved
in ©1 and ©4 using our sufficient condition, we want to investigate whether or
not the sufficient conditions also hold for ©, capitalizing and adapting some of
the work in [36, 37| on how to combine logics. A lot of research [44] has been
under way about preservation of decidability when combining theories since the
work of [29, 39]. Most of the methods are either syntactic or algorithmic, and
not algebraic/categorial as we intend to pursue, based on the results obtained
herein.
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