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Abstract

The product of matrix logics, possibly with additional interaction
axioms, is shown to preserve a slightly relaxed notion of Craig inter-
polation. The result is established symbolically, capitalizing on the
complete axiomatization of the product of matrix logics provided by
their meet-combination. Along the way preservation of the metatheo-
rem of deduction is also proved. The computation of the interpolant in
the resulting logic is proved to be polynomially reducible to the com-
putation of the interpolants in the two given logics. Illustrations are
provided for classical, intuitionistic and modal propositional logics.
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1 Introduction

After the seminal paper [5] by Craig, interpolation has been investigated in
many logics and variants, with applications in definability and automated
reasoning. More recently, Craig interpolation has been applied in modular
specification [2] and model checking [16, 12, 17] of computer applications.
The property of Craig interpolation has been established by model-
theoretic means, namely in [11, 6], and using proof-theoretic techniques, as
in the original paper [5] and in [3]. Some negative examples are also reported
in the literature, namely concerning modal and relevant logics in [19, 21].



In the field of combination of logics, the preservation of the Craig interpo-
lation property has been established for fusion [13] and, providing that there
is a suitable bridge between the component logics, for fibring [4], model-
theoretically and proof-theoretically, respectively. Some negative results are
also reported in the literature, namely concerning the product of Kripke
semantics in [15].

Herein, we investigate if Craig interpolation is preserved by the product
of two logics endowed with matrix semantics, capitalizing on its axiomati-
zation provided by their meet-combination, a new truly conservative way
of combining matrix logics proposed and shown to preserve soundness and
completeness in [20]. Furthermore, we also study preservation of interpola-
tion in the presence of additional interaction axioms with connectives from
both logics.

The product of logics endowed with matrix semantics is relevant for
expressing properties of the two logics at the same time. For instance,
assuming that we have a logic for reasoning about time and a logic for
reasoning about space we may want to express properties involving time
and space. On the other hand, the meet-combination of two connectives
captures the common properties of both.

In the product logic one finds combined propositional symbols that are
not independent of each other. The presence of such propositional symbols
requires a natural relaxation of the interpolation property. For instance if

TEy

and the combined propositional symbol [g1g2| occurs in y but not in ¢ and
g2 occurs in ¢, we allow the interpolant to use go.

After a brief summary of meet-combination of logics and its main proper-
ties in Section 2, the proposed variant of Craig interpolation is presented in
Section 3. The enrichment of the meet-combination with interaction axioms
is also introduced in Section 2. Therein we also provide a sufficient condition
for the preservation of the metatheorem of deduction that will be needed for
proving preservation of interpolation in the presence of interaction.

The preservation of the interpolation property by the product of matrix
logics assumes that the two given logics have the identity connective, in
addition to verum and falsum, as explained at the end of Section 2. Clearly,
this assumption is not restrictive because, if missing, adding identity changes
nothing of import.

After some technical lemmas, the main preservation result is construc-
tively established by proof-theoretic means in Section 4, taking advantage of



the axiomatization of the product of matrix logics provided by their meet-
combination. As a corollary, we also establish a couple of weaker results
on the preservation of interpolation in the presence of interaction axioms.
Examples are delayed until Section 5.

In Section 6, an algorithm for computing the interpolant in the product
logic is extracted from the preservation proof. Its worst-case complexity is
established and it is shown that the computation of the interpolant in the
resulting logic has only a polynomial penalty over the computation in the
two given logics.

2 Meet-combination of logics

For the convenience of the reader we provide here a brief review of [20]. By
a matriz logic over a given set @ of propositional symbols we mean a triple!

L=(XA,M)
where:

e The signature ¥ is a family {¥,, },eny with each ¥,, being a set of n-ary
language constructors® and such that

Q C Xo.

Formulas are built as usual with the constructors and the propositional
or schema variables in 2 = {& | k € N}. We use L and L(E) for
denoting the set of concrete formulas® and the set of all formulas,
respectively. If a formula contains schema variables we may emphasize
this fact by saying that it is a schema formula. Schema formulas are
useful for writing schema inference rules so that in a combined logic
they can be instantiated with formulas from outside the original logic.

e The Hilbert calculus A is a set of finitary rules of the form

a7 (67°%
B

!Taking a logic as a triple allows to deal with logics where the calculus and the semantics
were developed independently of each other. For instance, in the case of a modal logic
endowed with a matrix semantics M induced by its Kripke semantics.

2We use the term constructor to refer to any constant, like t, connective, like A, and
operator, like .

3Formulas without schema variables.




where formulas aq, ..., oy, are said to be the premises of the rule and
formula S is said to be its conclusion. A rule without premises is said
to be axiomatic and its conclusion is said to be an axiom. Derivability
and derivation sequences are defined as usual for Hilbert calculi. We
write

I'kFe

for stating that there is a derivation sequence of formula ¢ from set
I of hypotheses. When () - ¢ we say that ¢ is a theorem and write
simply F .

e The matrix semantics* M is a non empty class of matrices over X.
Recall that each such matrix M is a pair (2, D) where 2 is an algebra
over Y and D is a non-empty subset of its carrier set A. Denotation,
satisfaction, entailment and validity are defined as usual for matrix
semantics. Namely, we write

F'Ee

for stating that, for each matrix M = (2, D) and assignment p : & —
A, if [v] , € D for every v € I, then [l s, is also a distinguished
value.

p

We need to work with logics fulfilling some additional assumptions. By a
suitable logic we mean a logic such that (i) there is a concrete formula, that
we call verum and denote by tt, which is a theorem, (ii) there is a concrete
formula, that we call falsum and denote by ff, from which all formulas are
derived, and (iii) for each n > 1, there is a formula qﬁ("), with schema
variables &1, . .., &,, which is a theorem.”

In the context of a suitable logic, for each n > 1, we introduce the n-ary
connective (™ as follows:

£ (1, ., 0n) Zabby, 958

4Matrix semantics was introduced by Tarski (although implicit in previous works of
Lukasiewicz, Bernays and Post among others) and has the advantage of providing a uni-
form general semantics for a wide variety of logics namely intuitionistic and modal logics
as well as many-valued logics and some paraconsistent logics.

SFor instance, in the context of classical and intuitionistic logics we can take

(EG2&)N ... A (D)
as ¢(™.



where ¢(") ]f}l’;_‘j_’?gn is the formula obtained from ¢(™ by the uniform and si-
multaneous substitution of ¢1, ..., ¢, for &1, ..., &,, respectively. Moreover,
we may write tt(©) for t.

Given a suitable logic £ = (X, A, M) over @, we assume without loss
of generality that 3o \ Q) contains the constructors t, ff and, in general, %,
contains (™ for each n € NT, as introduced above.

Given two suitable logics £1 = (X1,A1, M1) and Lo = (X2, Ay, Ms)
over @1 and @2, respectively, with ¥; = {31, }hen and Yo = {3o), bnen,
their meet-combination is the logic

[L1L2] = (X121, A121, M[12))

over

Qna = {[aitt2] g1 € @1} U{[tt1g2] g2 € Q2} U{[q1¢2] |1 € Q1,92 € Q2}

where Y157, Arg) and M9 are as follows. In the sequel, we denote by

ttlgn) the n-ary constructor in X, for k =1, 2.
The signature Y97 is such that, for each n € N,

Snom = {[cic2] | c1 € B1p, c2 € Yo}

The constructor [cice]| is said to be the meet-combination of ¢; and cy. As
expected, we use Lr12) and Ly;21(Z) for denoting the set of concrete formulas
and the set of all formulas over X1y9), respectively. Observe that we look at
signature Y157 as an enrichment of ¥ via the embedding

m el [cltt;n)} for each ¢; € ¥1,,.

Similarly, for ¥ we use the embedding 79 : co — [ttgn)cﬂ for each 3 € Xo,,.
For the sake of lightness of notation, in the context of X7, from now on,
we may write

cy for [cﬂtgn)] when ¢; € X1,

and ¢y for ﬁtgn)cﬂ when ¢y € Yg,. We refer to these constructors as the in-

herited constructors and refer to the other constructors in 1) as the proper
combined constructors. In this vein, for k = 1,2, we look at ), as a subset
of Qa1 at Ly as a subset of L9 and at Li(Z) as a subset of Ly19)(Z).
Given a formula ¢ over Y157 and k € {1,2}, we denote by

ok



the formula obtained from ¢ by replacing every occurrence of each combined
constructor (proper and inherited) by its k-th component. Such a formula
is called the projection of ¢ to k.

The calculus A1 is composed of the rules inherited from A (via the
implicit embedding 71) and the rules inherited from As (via the implicit
embedding 73 ), plus the rules imposing that each combined connective enjoys
the common properties of its components and the rules for propagating
falsum. More precisely, A9 contains the following rules:

e for k = 1,2, the inherited rules from Ay:

— every non-liberal rule (that is, a rule where the conclusion is not
a schema variable) in Ag;

— every tagging of every liberal rule r of the form

a1 ...
3
in Ay, that is, for each ¢ € Y, and n € N, the rule r, of the form
oz1|gC O‘m’,%c
Be
where 8. = ¢(&+1,-..,&j+n) With j being the maximum of the

indexes of the schema variables occurring in r;

e the lifting rule (in short LFT)

@\1 <P’2
(p 9

for each formula ¢ € L19)(Z);
e the co-lifting rule (in short cLFT)

P
(P|k7

for each formula ¢ € Li21(Z) and k = 1,2;
e the falsum propagation rules (in short FX) of the form

ff1 ff5
ﬁ—2 and ﬂTl



At first sight one might be tempted to include in Apjoy every rule in
A1 UAs. For instance, if modus ponens is a rule in Ay one would expect to
find in Apyg7 the rule

§&1 (&10162)
&2 '
However, as discussed in [20], this rule is not sound. Instead, we tag such
a liberal rule, including in Aoy, for each ¢ € ¥y, and n € N, the c-tagged
modus ponens rule
&1 (§1D1¢(83,-- -5 &4n))
(&3, &a1n) '

The lifting rule is motivated by the idea that [¢1c2] inherits the common
properties of ¢; and cs. The co-lifting rule is motivated by the idea that
[c1c2] should enjoy only the common properties of ¢; and cs.

Observe that although we may write, for example, D for [Dﬂtg)], the
lifting and co-lifting rules also apply to such inherited constructors. For
example, in the calculus of the meet-combination,

—1(61016)  —o(6ity)6)
[—172](§1 D1 &2)

is an instance of LFT.
The semantics M) is the class of product matrices

{My x My | My € My and My € My}
over Yo7 such that each
My x My = (241 x g, D1 X D3)
where
Uy X Ry = (A1 x Ag, {[erca] : (A1 x A2)" — A1 X Az | [e1e2] € Ep12)n }nen)
with
M((al, bi), ..., (an,bn)) = (ci(a1, ..., an),ca(br,...,byn)).

Observe that the meet-combination [£1L2] of two given suitable, sound
and complete matrix logics £; and Lo provides an axiomatization of the
product of their matrix semantics since it preserves soundness and com-
pleteness, as shown in [20].



It should also be stressed that we were able to define the meet-combination
of two given logics only when they are suitable. In fact, the verum is needed
for setting up the combined connectives and the falsum is needed in the
calculus.

For this reason, from now on, when discussing the combination of £
and Lo, we assume that £1 and L, are given suitable logics over )1 and @2,
respectively. As shown in [20], their combination [£;Ls] is a suitable logic
over Qry2]-

In some cases we may want to impose some interaction between connec-
tives of the two logics. Interaction is stated by axioms.

Given logics £1 and L2 and a set Ax of interaction axioms in L191(Z),
we denote by

[L1L2] o = (B12] Af12] +a%0 M12] 4Ax)
the logic obtained by enriching [£1Ls] with Ax as follows:
® Ay yax = Az UAX;
o Mpzysax = {Mi x My: My x My € Mpyz) and My x My by Ax}.

Moreover we write I' -12] ;.ox ¢ whenever there is a derivation sequence of
@ from I'in [£1La] A,

For instance, given the meet-combination of two modal logics £1 and Lo,
assume that Ax includes the following interaction axiom:

(C16) [2122](028)

stating that necessitation [J; in logic £1 implies necessitation [Js in logic L.
Hence, if logic Lo has axiom 4 (2£&) D2 (02 0=2€) then one should expect
to be able to obtain that

Frig) +ax (018) [D1D2](02026).

Until the end of this section, we recall the following two results (the
proofs can be seen in [20]) and prove some additional technical lemmas
that are needed later on. Namely we prove a sufficient condition for the
preservation by meet-combination of the metatheorem of deduction.

Proposition 2.1 For each k = 1,2, let I' U {¢} be a set of formulas in Ly
such that I' by . Then, I' Fri9) .

Proposition 2.2 For each k = 1,2 and ¢ € L9, ffx Fpio7 ¢
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Proposition 2.1 means that [£;L3] is an extension of each of the given
two logics with respect to concrete formulas. Proposition 2.2 states that the
falsum of each of the given logics is also a falsum in [£;£2]. It is worth
mentioning, albeit not used in this paper, that [£1L£s] is a conservative
extension of the component logics and that if the latter are both sound and
complete, then so is the former (see [20]).

The following result establishes a relationship between substitution in
the combined logic and substitution in each of the component logics.

Proposition 2.3 For each k = 1,2 let 0 : = — L9) and oy : E — Ly be
substitutions such that oj(§) = o(§)[,. Then

op(¥) =0o(¥)], for every ¢ € Ly.

Proof: The proof follows by a straightforward induction on . QED

The following useful result relates derivability in the combined logic with
derivability in each component logic.

Proposition 2.4 Let T'U{¢} C L) be such that I' 1197 ¢ with a deriva-
tion sequence not using the FX rules. Then

L, Fr ol for k=1,2.

Proof: Let v ..., be a derivation sequence in [£1Ls] of ¢ from I' not
using the FX rule. We prove the result by induction on n:

(1) ¢ € I'. In this case, it is straightforward to obtain the thesis.

(2) p is an instance of an axiom « in [£1L2] with substitution o : = — Lpja7.
Suppose without loss of generality that « is inherited from a; in £7. Then:

(i) k = 1. If oy is a schema variable then - ¢|; immediately. Otherwise,
take 01(§) = o(§)|; for every £ € Z. Then, ¢|; = o(a1)|; = o1(a1), by
Proposition 2.3. Hence, ¢|; is an instance of a1, that is «, by o7.

(ii) £ = 2. Since the main constructor of ¢ is from ¥; then the main con-

structor of ¢, is ttén) for some n. The result follows straightforwardly.

(3) ¢ is obtained from 1)y, . ..;, using an inherited rule r = ({aq,...,an}, 5)
with substitution o : & — Lpjo7. Then, I' b7 ¢y, for j =1,...,m and so,
by the induction hypothesis

[}y 1/%5‘1 and Ty o T/Jijb



for j =1,...,m. Suppose without loss of generality that r is inherited from
rule . = ({of,...,a,},8") of L1. Then:

(i) k = 1. If r is liberal then let ¢’ : £ — L1 (Z) be a substitution such that
o'(") = p and o'(§) = & for every £ # (3, otherwise let ¢’ be the identity.
Observe that a; = o'(a)) for j = 1,...,m and g = o'(8'). Take 01(§) =
a(§)]y for every £ € Z. Then, ¢y |; = o(aj)|; = o1(ay) = o1(d' () =

j
(o100")(a}) for j =1,...,m, by Proposition 2.3. Then, by rule ry,

L)y k1 (o1 00")(8).

The result follows since (o1 0 0’)(8') = 01(8) = o(B)|; = ¢|;, by Proposi-
tion 2.3.
(ii) £ = 2. Since the main constructor of ¢ is from ¥; then the main con-

structor of ¢, is ttgn) for some n. The result follows straightforwardly.

(4) ¢ is obtained from ¢|; and ¢|, by rule LFT. Then, by the induction
hypothesis,

Ly F1(ely)ly and Ty 2 (¢lh)]2

and
Ll F1(elg)ly and Ty F2 (¢la)lo-

The result follows since (||, = |, for k =1,2.
(5) ¢ is 1|, using rule cLFT. Then, by the induction hypothesis,

Ll Fr ey and Ty 29y

and, so:
(i) k = 1. Clearly, I'|; F1 ¢|; since ¢|; is (¢];)];, that is, ;.

(ii) k = 2. The result follows since the main constructor of ¢ is from Lj;.

(6) ¢ is 1|, using rule cLFT. The proof is similar to case (5). QED

We now investigate sufficient conditions for the preservation of the metathe-
orem of deduction. The results we get will be used to prove preservation
of interpolation in the presence of interaction (see Theorem 4.5). For this
purpose we start by introducing the following notion. A calculus A is said
to be a calculus with implication O when D € X9 and the following holds:

e metatheorem of deduction (in short MTD) with respect to D:

if I'nke¢ then T'FnDy;
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e modus ponens (in short MP) with respect to D:

if 'knpandI'FnD¢ then I'F .

Observe that imposing MP as above is equivalent to stating the following;:
if TEFnDe then I')nk .

In the proof of the following result we use the notion of a formula de-
pending on an hypothesis in a derivation.

Given a derivation 9y ..., of ¢ from I' U {n}, we say that v; depends
on 7 in this derivation if either ¢; is n or ¢; is obtained using a rule with at
least one of the premises depending on 7.

Notwithstanding the fact that the metatheorem of deduction may have
been proved in the original logics in a standard way (for example, using
Frege’s syllogism, the simplification axiom and modus ponens, as in [8]),
the proof of the metatheorem of deduction in their meet combination will
always be more complicated since there are new rules (e.g. the LFT and
the cLFT). Moreover, the following preservation result is also applicable to
logics with other rules besides modus ponens.

Theorem 2.5 (Preservation of metatheorem of deduction)
Assume that £; and L9 have MP and MTD with respect to D1 and Do,
respectively, and let I' U {n, p} C L. If

I',n "[ 12] ¥
with a derivation sequence not using the FX rules, then
[ Frgp n[D1D2] ¢
with a derivation sequence not using the FX rules.

Proof: Let ¢ ..., be a derivation sequence for I',; ) F-r19) ¢ not using FX
rules. We consider two cases:

(1) ¢ does not depend on 7. Then I F19) ¢. Observe that

@l Ml Fr ply, for k=1,2.

Hence, by MTD for Ly,

Ol Fr nlp Dk g, for k=1,2

11



and so, by Proposition 2.1,

@l Frio) Mg Dk @ly, for k=1,2.

Thus, by cLFT and transitivity,

¢ Frioy 1l Dk @y, for k=1,2
and, by LFT
¢ Fri21 1 [D102] .
The thesis follows by transitivity.

(2) ¢ is either n (the proof follows straightforwardly) or is the conclusion of
an instance of a rule r, other than FX, with a non empty set of premises
and where at least a premise depends on 7.

(a) Either r € Ay is a non-liberal rule or r is the tagging of a liberal rule
in Ag. We assume without loss of generality that & = 1 and that r has m
premises.

Then, I',n Fr9) ¢; where @; is a premise of the instance of rule r for
j=1,...,m. Then, by the induction hypothesis,

I Frigy n[D122] g5

with a derivation sequence not using the FX rules for j = 1,...,m. Then,
by Proposition 2.4,
Lly Funly D1 el

for j =1,...,m. Note that

Nl D1 ¢1l1s -5 ml D1 @mlrsnl F1oely
and so by MTD for £,

Nl D1 @1lys---ml D1 @mly F1 1l D1 ¢l

Thus, by transitivity,
Ly Funly D1l

On the other hand,
Dly.mla B2 ¢ls

since the head of ¢|, is a verum connective and so by the MTD over L

[y F2 1)y D2 ¢l

12



Therefore, by Proposition 2.1 and monotonicity,

Lly, Tl Frigy mli D1 ey and Ty, Ty Frig) nl D2 ¢l

Thus, by cLFT and transitivity,

Loy nli D19l and T gy )y D2 ¢l

Finally, using LFT, the thesis follows.

(b) 7 is LFT. Then, I';n ko) ¢l;, for j = 1,2 and so, by the induction
hypothesis, I' Fr191 7 [D122] ¢|;, for j = 1,2. Hence, by cLFT and transi-
tivity,

I Frigy nli D1y and T iz mly D2 ¢,
since ¢|;]; is ¢|; and ¢ly|s is ¢|y. The result follows by LET.
(c) 7 is cLFT. Then, I',n tr197 ¥ and ¢ is 1[,. Assume without loss of
generality, that £ = 1. Hence, by the induction hypothesis,

[ Frigp n[D1D2] 9.
We consider two cases.
(i) ¢ is not in =. By cLFT
I Frigp nly D19k

and so
I Frigy nl D1 (¥lh)1s-
On the other hand,
nla F2 (Y]1)]2

since the conclusion is a verum formula. Hence, by MTD for Lo,

F2 nly D2 (¥]1)o-
Therefore, by Proposition 2.1 and monotonicity,

I Frio nly D2 ([1)]-

Finally, by LFT, we get the result.

(ii) ¢ is in =. The thesis follows immediately by the induction hypothesis
since 9], is 1. QED

13



Note that metatheorem of deduction is also preserved in [£1Ls],, for
any set Ax of interaction axioms but we shall not need this result in the
sequel. Modus ponens is also preserved under similar conditions as we now
discuss.

Theorem 2.6 (Preservation of modus ponens)
Assume that £ and £y have MP with respect to Dy and Ds, respectively,
and let T'U {n, o} C L9 If

I Frigpn[D102] ¢

with a derivation sequence not using the FX rules, then

Iinbro e

with a derivation sequence not using the FX rules.

Proof: Assume that I' ko7 1 [D1D2] ¢ with a derivation sequence not
using the FX rules. Hence, by Proposition 2.4,

Ll Finl D1ely and Ty k21l D2 0.
Then, by MP for £1 and Lo,

Ll Frely and Ty, nla B2 ¢l
The result follows by Proposition 2.1, cLFT and LFT. QED

We observe that modus ponens is also preserved in [£1La],, for any set
Ax of interaction axioms but we shall not need this result in the sequel.

In order to establish the preservation of interpolation, we need in addi-
tion to consider logics endowed with identity. The identity constructor plays
an important role when transforming an interpolant in a component logic to
an interpolant in the combined logic, as made clear in the proof of the main
theorem of Section 4 and illustrated in one of the examples of Section 5.

More concretely, we say that a given logic £ = (3, A, M) is endowed
with identity if it contains a unary constructor, say id, in the signature such
that:

e its denotation is the identity map idy; : b — b in every matrix M in

M;

e o ¢ and ¢’ ¢ where ¢’ is a formula obtained from ¢ by removing
0 or more applications of each id.

14



In the sequel, for such a logic with identity, we denote by
yrid

the formula obtained from the formula 3 by removing every application of
id. The following result becomes handy in Section 4:

Proposition 2.7 Let I' U {¢} be a set of formulas in a logic with identity.
Then, _ _
Tk iff TR g™

Proof: The result follows by a straightforward induction on the length of
the derivation sequence. QED

It is possible to introduce id as an abbreviation in most logics. Otherwise,
it is feasible to enrich the signature, the calculus and the matrix semantics
in order to make it available, while preserving soundness, completeness and
Craig interpolation.

3 A relaxed notion of Craig interpolation

For the sake of generality, we address turnstile interpolation, instead of the
more common theoremhood interpolation using implication, since it may
be the case that the logics at hand do not have implication (observe that
implication is not required for preservation of interpolation when there is no
interaction). Let £ = (3, A, M) be a logic over @ and

symb: L — pQ

be such that symb(v)) is the set of propositional symbols occurring in .

Recall that the “standard” turnstile notion of Craig interpolation (see [6])
is as follows. Logic L is said to enjoy the Craig interpolation property if, for
every U {p} C L with T'F ¢,

there is © C L such that
(1) symb(©) C symb(I") N'symb(yp)
(2) T H6foreach# € © and OF ¢
whenever symb(T") Nsymb(p) # 0,
otherwise either I' - ff or F .

When symb(I") N symb(p) # 0, such a © is said to be an interpolant for
'k op.

15



As explained in Section 1, we need to relax this notion in order to be
able to address the existence of pairs of propositional symbols in meet-
combinations. To this end, it is convenient to introduce the following relation
between propositional symbols of the combined logic.

Given [L£1L2] over Q12), let C be the componentship relation defined as
follows:

e cLC cfor every c € Qi);
e ¢ C [ciep] for every ¢, [cie2] € Qg and k = 1,2.

Furthermore, let
symb%m : Lig) = Q2
be such that

symb%m () = {c € Qpg) : there is ¢’ € symbyy91(¢) such that ¢ C ¢},

The meet-combination [L£;Ly] is said to enjoy the relazed Craig inter-
polation property if, for every I' U {p} C L7 with T' 97 ¢,

there is © C Ly such that

(1) symb%m (©) C Symb%m I)n symb%m ()
(2) T'Fpy9) 0 for each 6 € © and © Fy97 ¢

whenever symb%z] ()N symb%z] () # 0,
otherwise either I'Fryg) ff or o7 .

When symb%m (TN symb%m (p) # 0, such a O is said to be a relazed inter-
polant for T Fria7 .

The definition of relaxed Craig interpolation is easily extended for meet-
combination of logics with interaction. More precisely the definition is the
same except that we consider 9] 4 instead of tpy97, for a given set of
interaction axioms Ax.

Observe that, in the presence of pairs of propositional symbols, it is only
natural that their components should also be allowed in the interpolant.

Note also that the relaxed notion of interpolation collapses into the stan-
dard one if the second condition of the componentship relation is deleted.
To this end, one needs to extend the relaxed notion of interpolation to any

logic, by confusing each ¢ with the pair [gq].
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4 Preservation of interpolation

From now on we assume that £; and L9 are suitable matrix logics with
identity over )1 and @2, respectively.
In the sequel we denote by 71 : L[12) — Lyi2) the map such that

n() = {([idlttél)l V) if ¥ € Xg10

P otherwise,

and define 75 similarly. Observe that, if o is an atom of L5y, then:

7i(a) = (fiditty)] )

while
m(a) = ([tVida] ).

The non-atomic formulas are not affected.
Furthermore, for each k = 1,2, by a right inverse of the k-th projection
or simply a right k-inverse we mean a map

Jr: Qr — le

such that fi(q)|, = ¢ for each ¢ € Q). Such a right k-inverse is canonically
extended to Ly as expected: for each 6y € Ly, fr(0) is the formula obtained
by replacing in 6 each propositional symbol ¢; € Qk by fr(ck).

Towards the envisaged preservation result, we establish the following
technical lemmas where id and the maps defined above play an important
role.

Proposition 4.1 For each k = 1,2, let 0 € Ly and fi be a right k-inverse.
Then,

Ti(fre(Ok)|k Frio) Ok and Ok Frio) Ta(fr(0k)) g

Proof: Without loss of generality, we assume that £k = 1. Consider two
cases.

(1) f1(91) S 2[1210. Hence

T (f1(61)) = (lich s ] f1(61)).

Then
T (f161))], = (lidit$)] f1(80)]y = (id161).
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Thus 7'1(f1(91))|1 |—[12] 61 and 6 l_(lﬂ Tl(fl(el))h by Proposition 2.1.
(2) f1(61) & Xp1210- Then, 71 (f1(61)) = f1(61). Since it is easy to show that

T1(f1(01))], = b1,

the result follows immediately. QED

Proposition 4.2 For each k = 1,2, let 6, € L; and fi be a right k-inverse.
Then,

"(12] Tk(fk(ek))‘g
where 1 =2 and 2 = 1.

Proof: Assume without loss of generality that & = 1. We consider two
cases.

(1) fi1(61) € ¥r1270- Hence

T (f161)) = (lich s ] f1(61)).

Then
T (f1(00))5 = (Tidits"] £1(61)) ]2 = 57 (£1(61)],)-

The result follows since 19 tgl)(f1(91)|2).

(2) f1(61) ¢ Zpig70- Then, 71(f1(61)) = f1(f1). Observing that the main
constructor of 81 is in X1, then the result follows since the main constructor
of T1(f1(61))]y is ttén) for some n. QED

Proposition 4.3 Let I'U {¢} C Lrj2). Then,

symb; (I'[;) Nsymb; (¢[;) #0  or  symby(T'|y) N symby(ply) # 0
iff

symb%m (') N symb%m (p) #0.

Proof: Assume with no loss of generality that ¢; € symb;(I'|;)Nsymb; (¢|;).
Then, [cica] € symb; (') and [¢1,] € symb; (¢) for some ¢z, ¢, in X9 of arity

0. Hence, 1 € symb%m ()N Symb%m (¢)-

Conversely, assume that sym b%m (I")Nsym b%m (p) # 0andlet c € symb%m (TN
symb%m (¢). Then, we can consider the following cases:

(a) ¢ = [c1ca] where cq, ¢ are propositional symbols. Then, ¢;, € symb, (I'|,)N
symby(¢l,) for k =1,2.
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(b) c = {cltéo)]. Then, either [¢1ca] or [clttgo)} occurs in I' and either [¢1¢5]
or [cltgo)1 occurs in ¢. Hence, ¢; occurs in I'|; and ¢; occurs in ¢|;. Then,
¢1 € symb; (T'];) Nsymby (@], ).

(c) e= [ttgo)cﬂ. Similar to case (b). QED

With the results above at hand, we are ready to establish the key result
concerning the interpolation property in meet-combinations.

Theorem 4.4 (Preservation of interpolation)

Let £1 and Ly be suitable matrix logics with identity and enjoying the
Craig interpolation property. Then, their meet-combination [£1L2] enjoys
the relaxed Craig interpolation property.

Proof: Let £ and L2 be logics over sets (1 and Q)3 of propositional sym-
bols, respectively, enjoying Craig interpolation, and T'U{p} C L12). Assume
that I' 127 ¢o. We need to consider two scenarios:

(A) symb%m T) N symb%m (@) = 0:

Then, symb,,(T'|,) N symby(¢|,) = 0 for k£ = 1,2. Hence, for each k = 1,2,
either ', I ffj, or Fy ¢[,. Thus, either I' o7 [ff1ff2] or 9] ¢. Indeed:

(1) If 1 ¢|; and 2 |y, then, by Proposition 2.1, 191 ¢l for k = 1,2. So,
by LFT, we have 119 .

(2) Otherwise, I'|; i1 ff1 or T'|, 2 ffa. Assume, without loss of generality,
that I'|; -1 ff1. Observe that by cLFT, T' b9 T'|; and, by Proposition 2.1,
['|; Frig) ff1. Thus, T' Fr9) ff1 and so, by Proposition 2.2, ' 9 [ff1ff2].
(B) symbpy (T) Nsymbp . () # 0:

Assume that d is a derivation sequence of ¢ from I". We consider two cases:

1) d uses an FX rule. Thus, I o7 ff;. Then, {ff;} is an interpolant for
[12]
[ 1127 . Indeed:

i) symb%m({ffl}) =0 C symb%m (T) N symb%m (). (i) T Frig) 1 and

(
(iii) ff1 Fp127 o using Proposition 2.2.
(2) d does not use FX rules. Then,

[l F1 ¢l and Ty k2 ¢l

by Proposition 2.4. Moreover, by Proposition 4.3,

symb; (I'[1) Nsymb; (¢[) # 0  or  symby(T'|3) N symby(ply) # 0.
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Before proceeding, observe that there is a right 1-inverse f; such that, for
each ¢ € symb; (I'|;) N'symb, (¢|):

e fi(n) € symb%m (N symb%m (p);

o if there is ¢, # tto with [c1c)] € symb%m ()N symb[;m () then

fi(er)|2 # .

Similarly, there is a right 2-inverse fa such that, for each ¢z € symb,(I'|5) N
symbs(¢pfy):

o foco) € symb%m (N symb%m (p);

o if there is ¢} # tt; with [cje] € symb%m ()N symb%m (p) then

fa(ca)l1 # t.

We consider two subcases:

(a) Both symb (I'|;)Nsymb; (¢|;) and symby(I'|5) Nsymby(¢|5) are non empty.
Then, for each k = 1,2, there is O C L such that

() symby(O) < symby,(T'l,) N symby (2],,);

(1) Tl F& Ok for each 6, € ©f, and Oy by |-

Take f1 and fo fulfilling the conditions above and let

O = 11(f1(81)) U 2(f2(O2)).

Then, © is an interpolant for I' o7 ¢. Indeed:
(i) symbF5(©) C symbp, (T) Nsymbp ().

Let c € symb%m (©). Assume that c € symb%m (11(f1(©1))). Then,

¢ € symbr o (f1(01)).

Thus, ¢ = fi(c1) and, so, ¢ € symb%m (') N symb%m (¢). The other case
follows similarly.
(ii) T' Fp1g) 0 for each 6 € ©. Assume, without loss of generality, that
0 e Tl(fl(@l)). Let 60 = Tl(fl(el)) where fi (01) is obtained from #; € ©; by
replacing each propositional symbol c; by fi(c1). Observe that I' ko) T
by cLFT. Hence, by (),

[ Frig 61

20



Therefore, by Proposition 4.1,
On the other hand, Fr27 0], by Proposition 4.2. Thus, the result follows by
LFT.
(iii) © Fr127 - Assume, without loss of generality, that the main constructor
of ¢ is in ¥7. Observe, by cLFT, that
Hence, by Proposition 4.1
and so, by (1), © 127 ¢[;- On the other hand, © F197 ¢, since the main
constructor of ¢, is ttén) for some n. The result follows by LFT.
(b) Otherwise, without loss of generality, let symb; (I'|;) N symb,(¢|;) # 0
and symby (T'|5) N'symby(p|y) = 0. Then, there is ©; C L; such that

(1) symb;(©1) € symb,(I'|;) Nsymb, (¢, );

(1) |y F1 01 for each 0; € O, and ©; 1 ¢|;.
In this situation, f; as used in (a) does not help since f1(©1) = 0. Accord-

ingly, let
@ = 7'1(@1).

Then, © is an interpolant for I' 127 ¢. Indeed:
(i) symb%m (©) C symb%m N symb%m ().

Let c € symb%m (©). Since ©; C L; then,

symb%m (0) = symb%m (©1) = symb;(0;)

and, therefore, ¢ = (clﬁ:go)} = ¢1. Since symby(T']5) N symby(p|y) = 0 and
¢ € symby(I'|;) Nsymb;(¢|;) we can consider two cases:

e cither [ciea] or ¢; occurs in I [ejca] does not occur in ¢ and ¢; occurs
in .

e cither [cica] or ¢1 occurs in ¢, [¢1¢2] does not occur in I' and ¢1 occurs
inT.

21



Then, in both cases, ¢; € symb%m ()N symb%m ().

(ii) T i1 6 for each 6 € ©. Let 6 = 71(61). Observe that I' =197 I'|; by
cLFT. So, by (11), T 127 61 and, thus, by Proposition 4.1,

Moreover, since f1(61) = 61, by Proposition 4.2, b-(19] 0|, and, so,

Therefore, the result follows by LFT.

(iii) © k191 . Observe, by cLFT, that © t97 ©[;. Hence, by Proposi-
tion 4.1, © I-1197 ©1 and, so, by (1),

© "[12] ©ly-

Moreover, ', 191 ¢[, by Propositions 2.4 and 2.1. So, 2 ¢|, because Lo
enjoys the Craig interpolation property, symby(T'|,) N symby(ply) = 0 and
|5 /2 ffa. Hence, by Proposition 2.1 19 ¢[, and, so,

O 12 @la-
The result follows by LFT. QED

Therefore, if £1 and Lo are suitable matrix logics with identity, with
componentship relation coinciding with the diagonal and enjoying the re-
laxed Craig interpolation property, then, their meet-combination [L£;Ls]
also enjoys the relaxed Craig interpolation property.

Furthermore, as an immediate corollary of Theorem 4.4, we obtain: given
two azxiomatized suitable matriz logics with identity and enjoying the Craig
interpolation property, their product enjoys the relaxed Craig interpolation
property.

Observe also that these results are easily extended to the meet-combination
and product of n matrix logics. Therefore, one can use them for establishing
the relaxed Craig interpolation property of the combination of combinations
of logics by flattening.

Finally, note that the relaxed interpolant obtained in the proof of The-
orem 4.4 coincides with the usual notion of interpolant when

(symbyy21(T") M symbyy5) ()= = symbpsy, (T') N symbp y, (10).

Indeed in this case, if I" =197 ¢ and

symbyy51(I") N symbpyg () # 0
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then
symbyi51(©) C symbpyo)(I') N symbpy1 ()
where O is the interpolant obtained following the proof of the theorem.
We now investigate preservation of interpolation in the presence of in-

teraction axioms. We start by defining two relevant notions. Given a set
L'U{p, ¥} C Lpg), the formula ¢ is separable for I' and ¢ whenever:

(SH) either symbps y, (v) € (Qpaz\symb g (T))U(symb y; (T)Nisymbis 1 ());

(SC) or symb 4 (1) € (@121 \ symbpy (9)) U (symbis g (T) M symbps 51 (9))-
Moreover, the set W C L9 is separable for I' and ¢ whenever:

e cach 1 € U is separable for I and ¢;

e given ¢’ ¢" € W such that ¢’ satisfies (SC) and " satisfies (SH) then
symb%m (¥ N symb%m (") C symb%m )N symb%m ().

Theorem 4.5 (Preservation of interpolation with interaction)

Let £1 and Ly be suitable matrix logics with identity and enjoying the
Craig interpolation property, the MTD and the MP with respect to D; and
Do, respectively. Let Ax a set of interaction axioms. Assume that d is a
derivation sequence for

I'Frioj4ax @

where the set of instances of axioms in Ax used in d is separable for I' and
¢. Then, I" -r19) ax ¥ has a relaxed Craig interpolant.

Proof: We consider two cases.

(A) symbp,, (I') M symbis () = 0.

Then, symby, (T'|,) N symby(¢|,) = 0 for k& = 1,2. Hence, for each k = 1,2,
either [, F ff, or ¢ [,. Therefore, either T' Fry97 yax [ffiff2] or Frig) yax
¢ since either T' 97 [ff1ffa] or 1197 ¢ with a proof similar to case (A) in
the proof of Theorem 4.4.

(B) symb%m (N symb%m (p) #0.

(1) d uses an FX rule. Then, {ff1} is an interpolant for T' Fpi9) yax -
Indeed:

(i) symb%ﬂ({ffl}) =0 C symb%m TN symb%m(gp); (i) T Fpi9) 4ax 1 and
(iil) {ff1} Fri214ax ®-
(2) No FX rules were used in d. Let ¥/ = {41,...,4,} be the set of instances

23



of axioms in Ax occurring in d satisfying (SC) and ¥" = {¢{,...,¢",} be
the set of instances of axioms in Ax occurring in d satisfying (SH). Then

Fawlla s 7w;1,’7w/1,7 s 7¢Z” }_flﬂ ®-

Hence, using m/”-times the MTD, see Theorem 2.5,

(1) Ty, st Frioy @1 [D1D2] (- - (W [D1D2] ) -+ .).

By Theorem 4.4, let © be the interpolant for (). Then

I'Frio] 4ax ©
and

© "(12] +Ax ¢
since

67 wlllv s 7¢§7{” l_[lﬂ ‘2

using n”-times the MP (see Theorem 2.6). It remains to show symb%m (@) C
symb%m In symb%m (). Indeed,

® symbfiy; () C (symbpyy) (T)Usymbiy) (9))N(symbi (1) Usymbp (97));

° symb%m (N symb%m (p) C symb%m ()N symb%m (p);

. symb%m ()N symb%m (¢ C symb%m In symb%m (p);

. symb(gm ()N Symb[glﬂ (") C Symb%ﬂ (N symb%m (e).

So © is also a relaxed Craig interpolant for I" Fr9) 4 ax ¢- QED
We now present an example of non preservation of interpolation in the
presence of interaction when the conditions of Theorem 4.5 are not fullfilled.

Let CPL be classical propositional logic and [CPLCPL] the meet combination
of CPL with CPL. Assume that Ax is a singleton with the axiom

[tp1] [DD] [patt] .

Then
(%) [tp1] Frig)+ax [pott]

and there is no relaxed Craig interpolant for the obvious derivation sequence
of (*) since
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-

o symbr, ([tp1]) N symb%ﬂ((mtﬂ) =0

o [ttp1] 7[12] +ax fF;
® 17197 4 Ax [P2t].

Observe that Theorem 4.5 is not applicable since [ttp;]| [DD] [pott] is not
separable for [ttp;] and [pott].

As an immediate consequence of Theorem 4.5 we get the following result
that guarantees the existence of interpolant independently of the derivation
sequence at hand when the additional axioms introduce interaction in a very
restricted way.

Corollary 4.6

Let £1 and L9 be suitable matrix logics with identity and enjoying the Craig
interpolation property, the MTD and the MP with respect to D1 and Do,
respectively. Let [c1ca] be a propositional symbol of [£1L2] and Ax a set of
interaction axioms each with no schema variables and with no propositional
symbols besides [cica]. Then, [£1Ls],, has relaxed Craig interpolation.

5 Worked examples

Taking advantage of the constructive nature of the proofs of Theorem 4.4
and Theorem 4.5, we proceed to illustrate the computation of interpolants
in three representative scenarios, one of them with interaction.

Matrix product of classical and intuitionistic logics

We start by considering the classical propositional logic CPL = (X¢, Ac, Mc)
over the set {qc; : j € N} of propositional symbols and the intuitionistic
propositional logic IPL = (X, A}, M) over the set {¢; : j € N} of proposi-
tional symbols, as defined in [20]. Clearly, these two logics are both suitable
and with identity (idcy defined as ttc D¢ ¢ and idjp as tt) Dy ¢). Accordingly,
e Yco = {qc; 1 j € N} U {ttc, ffic};
, 1
Y1 = {—c, Idc,ﬁ(c)};
2
Y2 ={Dc, Ac,\/cﬂt(c)};
Yo = {ﬂ'_(cn)} for n > 3.
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o Yo ={q;:jeN}uU{ty,ffi};
En = {, idl,ttfl)};
T2 = {21, A\, \/|7’¢|(2)};
n= {ttl(n)} for n > 3.
Let CIPL be [CPLIPL]. Observe that, by Theorem 4.4, CIPL has the
relaxed Craig interpolation since:

e CPL and IPL enjoy theoremhood Craig interpolation (see [11]);

e and, so, CPL and IPL enjoy (turnstile) Craig interpolation, since they
have the metatheorems of deduction and conjunction.

In the sequel, we denote by —¢|, Ac and V¢ the meet-combined con-
structors [—c 7], [AcAr] and [Vc V], respectively. Moreover, we denote by
qci; the meet-combined constructor [gc;q;] for j € N.

We now illustrate the interpolant construction for

(t)  gcin Aar (e gei2) Fa (mc —c ~argeiz) Ve qas-

following the proof of Theorem 4.4. Observe that there is a derivation se-
quence for (1) not using the FX rules. Then, following that proof we observe
that:

(a) symbg,(gciiAci(—ci gei2))Nsymbg (= = =cr geiz) Vaigas) = {dc2, qi2, qcia}-
b) symbc(gc1 Ac (—c gea)) Nsymbe((—c —c ~c gc2) Ve ges) = {gca}-

¢) symby(gi Ar (=1 aiz)) N symby (£ () (=1(g12)))) Vi ai3) = {aia)-

d) gc1 Ac (mcqca) Fe (mc —c —c ge2) Ve qes.

) an A (rae) (e (Y (i(a))) Vi s

f) ©c = {—c qca} is an interpolant for (d).

g) ©1 = {—1 ¢} is an interpolant for (e).

)
h) O¢ = {—c qci2; 71 gci2} is an interpolant for (f). Indeed:

(
(
(
(e
(
(
(
(

h1) gcn Aci (—aigeiz) Fa ©¢ since

1 qcin Aar (e qei2) HYP
2 qci Ac (—cac) cLFT 1
3 —cqe TAUT 2
4 1 () e
5 —cqci LFT 3,4
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and similarly for —j gcjs2.

(h2) Oci Fai (mc —c i geiz) Vi gais since

1 —cqae HYP
2 —iqae HYP
3 cqce cLFT 1
4 (-c-c-cqc2)Veqes  TAUT 3
5" () (-1 q2) e
6 (tfl)(tfl)(ﬁl ¢2))) Vigiz TAUT 5
7 (=c—c—ciqcz) Vagaz LFT 4,6

(h3) symbg,(©ci) € symbg (gen Act (—cigciz)) N symbg ((=c —c =i gci2) Ve
gci3). Immediate since symb%l((ag) = {qc2, 012, qci2}-

Matrix product of modal logics

Consider the S4 modal logic MSPL = (X5, As, Ms) over the set {gs; : j €
N} of propositional symbols, as defined in [20]. Let INTL = (3, A, M\)
over the set {q; : 7 € N} of propositional symbols be the propositional
interpretability logic presented in [1]. Clearly, these logics are both suitable
and with identity (introduced as in CPL). Accordingly:

o ¥so ={gs; : j € N} U {tts, ffs};
Ys1 = {=s, s, idsvﬁg)};
Yso = {Ds,/\s,\/sﬂtg)};
Yon = {tén)} for n > 3.
o Yo ={qu;:j€NpU{t, F};
Yu = {0, 00, idL,ﬁ(Ll)};
Yo = {DL,/\L,\/L,DL,tt(LQ)};
Y = {t(l_n)} forn>3
Let SL be [MSPL INTL]. Then, by Theorem 4.4, SL has the relaxed
Craig interpolation since:

e MSPL has theoremhood Craig interpolation (see [10, 7]).

e MSPL enjoys (turnstile) Craig interpolation. Indeed assume that ¢ FyspL
¥ and symbg(¢) Nsymbg (1)) # (). Then, by the metatheorem of deduc-
tion,

FmspL (Os @) Ds .
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Using the theoremhood Craig interpolation, there is a formula 6 such
that symbg () C symbg(Cs ¢)Nsymbg (1), FmspL (Os ¢) D6 and Fuspr
0 Ds ¥. We now prove that 6 is also the interpolant for ¢ FymspL .
Indeed:

(a) ¢ FmspL 0. A derivation sequence is easily built using necessitation
and tautological reasoning;

(b) 6 FmspL ¢ by MP;

(c) symbs (6) C symbs (i2) 1 symbs (1)) since symbs (i2) = symbs (s ¢)-

e INTL enjoys (turnstile) Craig interpolation (see [1]).

In the sequel, we denote by —s;, (s, As. and Vs the meet-combined
constructors [-s |, [OsOL], [AsAL] and [VsV| ], respectively. Moreover,
we denote by ¢s; the meet-combined constructor [gs;q ;] for j € N.

We now illustrate the interpolant construction for

(+) gst1 Ast (Os gst2) Fst gsti [AsVi] gsie-

This case will illustrate the role of the identity constructor. A derivation
sequence for (4) is as follows:

1 gsu1 Ast (Os gsi2) HYP
2 gs1 As (Os gs2) cLFT 1
3 gs1 TAUTS 2
4 Osqgs2 TAUTs 2
5 (Osgs2) Ds gs2 Ts
6 gs2 MPs 4,5
7 gs1 /s qs2 TAUTs 3,6
8 qui /AL tt(Ll)(CIu) cLFT 1
9 TAUT, 8
10 qu1 Vi que TAUT, 9
11 gsi1 [AsVi] gsL2 LFT 7,10.

Then, following the proof of Theorem 4.4, we have:

(a) symbg; (gsi1 AsL (Os gstz)) N symbg; (gsL1 [AsVi] gsiz) =
{asL1, qsL2, g1, qL1, 952, Lo}
(b) symbs(gs1 As (s gs2)) N symbs(gsi As gs2) = {gs1, gs2}-
1
(c) symby (qL1 AL tt(._ )(qL2)) Nsymby (g1 Vi qi2) = {av1, g2}

(d) gs1 As (Os gs2) FL gs1 As gsa.
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(e) a1 ALt (gr) Fs a1 Vi ace.

(f) ©s = {gs1, ¢s2} is an interpolant for (d).

(g) ©L = {qu1} is an interpolant for (e).

(h) Os. = {[idstt{"(gs11). [idstt;" ] (gs2), [t idL ] (gst1)} is an interpolant
for (4). Indeed:

(h1) gst1 Ast (Os gsi2) Fsi Ost.
(h2) Ost Fsi gsL1 [AsVL] gsLe-
(h3) symbg; (©s1) C symbg; (gsi1 Ast (Os gsie)) N symbe; (gsi1 [AsVi] gsia)-

We now illustrate the interpolant construction for
(1) ((Orgsir) D gsir) Ast (Os Os(gsir As gi2))
Fsi (Osw gsi1) Ast ((Ost gst2) Dst (Ost Ost gsL2))-

For a better understanding we build a derivation sequence for (1) in two
parts. Let d; be the derivation sequence

I ((Ouqui) DLaun) Au (t(Ll)(it(Ll)(tt(LQ)(qu, q2)))) HYP
2 (Ovuqui) DLau TAUT, 1
3 Ou((Ouqir) DL gu) NEC, 2
4 OLqur Lob + MP 3
5 (OLq2) Do (OL 0O qi2) 4
6 (Ouqu) AL ((Ouqz) Do (OLOc qr2)) TAUT| 4,5
and dy the derivation sequence
1 (‘i(SQ) (té”(qsﬁ, gs1)) As (Os Os(gs1 As té‘”)) HYP
2 OsOs(gs1 As té‘”) TAUT 1
3 Os(gst As t(so)) Ts + MPs 2
4 (Osgs1) As (Os ttg))) Ks + MPs 3
5 Osgsi TAUTs 4
6 (Osgs2) Ds (Os Os gs2) 4g
7 (Osgs1) As ((Os gs2) Os (Os Os gs2)) TAUTS 5,6
Hence, a derivation sequence for (I) is as follows:
1 ((OLgsL1) DL gsL1) Ast (Os Os(gsLt As qre)) HYP
2...6 d;
7...13 do
14 (OsL gst1) Ast ((Ost gst2) Dsi (Ost Ostgst2)) LET 6,13
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where the justification of steps 2 and 7 is cLFT 1. Again, we follow the
construction of the interpolant in the proof of Theorem 4.4:

(a) symbg, (((OLgst1) DL gsi1) Ast (Os Os(gstt As qie)))

N symbg; (Tst gst1) Ast ((Ost gste) Dsi (Ost Ost gs2))

= {gs1,qL1,qsL1, QL2 }:
(b) symby (O qu1) DL aun) Ac () (@Y (1 (a1, a12))))

N symby ((OLgu1) Ar (O gr2) O (Ou O qi2))) = {au1, a2 }s
(c) Symbs(('ftg) (ﬁg)(%l), gs1)) As (Os Os(gs1 As tt(so))))

N symbg((Os gs1) As ((Os gs2) Os (Os Os gs2))) = {gs1}:
(d) ((OLaqu1) DL gur) AL (t(Ll)(‘i(Ll) (W(LQ)(Qu, q2))))

FL(Ouqur) AL (O que) DL (OL O que)) (see dy above);
(e) (& (15" (gs1). g51)) As (Os Os(gs1 As tS))

Fs (Os gs1) As ((Os gs2) Ds (Os Os gs2)) (see da above);
(f) OL = {(OL qu1) AL ((OL qr2) DL (OL O gL2))} is an interpolant for (d);
(g) ©s = {Os gs1} is an interpolant for (e);
(h)
f

h) ©s. = {(Oc gst1) AL ((OLqr2) DL (OL 0L qr2)), Os gsit } is an interpolant
or (). Inded:

(h1) ((Ougsi1) Do gsit) Ast (Os Os(gsL1 As qu2)) Fsi Os;

(h2) Ost Fsi (OsL gsL1) Ast ((Osi gsL2) Dsi (Osw Os gs12));

(hs) symbg; (©s1) C symbg; (O gst1) D gst1) Ast (Os Os(gstr As qi2))
N symbg; (Tst gst1) Ast ((Ost gste) Dst (Ost Ost gsi2))-

We now exemplify a case where there are no common propositional sym-
bols between the formulas obtained by projection of the hypothesis and the
formula obtained by projection of the conclusion to one of the component
logics of the combination. Consider the following assertion:

(%)  OsLgsi1 Fst (OsOs gs1) Vsi qis.
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A derivation sequence for (*) is as follows:

1 OsLgsL1 HYP
2 [sgs1 cLFT 1
3 (Osgs1) Os (Os Os gs1) 4s
4 OsOs gs1 MPs 2,3
5 (Os 0s q51) Vs ) TAUT; 4
1 0)
6 tf >< < £0>> i,
7 €M) vi s TAUTL 6
8 (OsOs q$1) VsL qu3 LFT 5,7.

Then, following the construction of the interpolant in the proof of Theo-
rem 4.4:

(a) symbg; (Ost gsL1) N symbe; ((Os Os gs1) \/SL q3) = {gs1};

(b) symbg(Os gs1) M symbsg((Os Os gs1) Vs 115 N = {gs1}-

(c) symby (T qu1) N symby (Y (e () Vi qrs) = 0.

(d) Os gs1 Fs (Os Os gs1) Vs 2.

(e) ©s = {Ds Os gs1} is an interpolant for (d).

(f) 75(©s) = {Os Os gs1 }-

(g) ©s. = {OsOs gs1} is an interpolant for (). Indeed:

(21) Ost gst1 FsL Ost.

(g2) OsL FsL (Os Os gs1) VsL qL3-

(g3) symbg, (Os1) C symbg, (Os gst1) N symbg, ((Os Os gs1) Vst qu3)-

Matrix product of modal logics with interaction

Consider the K4 modal logic M4PL = (X4, A4, My) over the set {ga; : j € N}
of propositional symbols and the T modal logic MTPL = (X1, Ay, M) over
the set {¢T; : j € N} of propositional symbols. Clearly, these logics are both
suitable and with identity (introduced as in CPL). Accordingly:

o Y40 ={qa; : j € N} U {tts, ffa};
Y4 = {ﬁ4,D47id4,ﬁ£1)};
Y2 = {34,/\4,\/4,&5;2)};
Yan = {tgn)} for n > 3.
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e Yo = {qu 1] € N} U {ﬂ'.T,fFT};

Y = {_‘T7DTaidTatt'(r1)}§

Stz = {7, AT, VT 1)
Y1n = {tt(Tn)} for n > 3.

We assume that both logics are endowed with deductive systems for local
derivability (necessitation only applies to theorems). Observe that both
M4PL and MTPL enjoy modus ponens and the metatheorems of deduction
with respect to D4 and D, respectively.

Let 4TL be [M4PL MTPL]. Then, by Theorem 4.4, 4TL has the re-
laxed Craig interpolation (with respect to local derivability) since M4PL
and MTPL have (turnstile) Craig interpolation (with respect to local deriv-
ability) because they have theoremhood Craig interpolation (see [7]).

In the sequel, we denote by =471, OaTL, D47L, Aa1L and Va1 the meet-
combined constructors [—4 —7], [daOT], [DaDT], [AaAT] and [VaVT], re-
spectively. Moreover, for j € N, we denote by gsi; the meet-combined
constructor [qajqrj|-

Let Ax be the singleton set composed by the axiom:

Oa(&1 A4 &2) Dati Oati(&r VaTL &3)

We now illustrate the interpolant construction for

(*) (04 qatL1) NaTL gaTL2 FaTi+ax Oati(gaTi1 VaTL ¢aTL3)-

based on the following derivation sequence:

1 (OaqatiL1) AaTL gaTL2 HYP
2 (Oaqa1) Na qaz cLFT 1
3 Oagm TAUT, 2
4 a(qa1 Na qar) M4PL 3
5  (Oa(gatii N4 qatL1)) DatL Dati(gaTir VaTL 94TL3) Ax
6 (a(ga1 Aa qa1)) DaOa(qa1 Va qas) cLFT 5
7 Oa(ga1 Va qa3) MP4 4,6
8 (tt(Tl)(ttﬁ-Q)(qn, qt1))) O1 O7(gT11 VT ¢T3) cLFT 5
9 ﬂ:%'l)(t%?)(QTl» qt1)) Loy
10 Ov(gT1 VT q13) MP~ 8,9
11 Oati(gaTir VaTL 94TL3) LFT 7,10.

Then, following the construction of the interpolant in the proof of Theo-
rem 4.5:
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(a) symb%TL((EM ¢aTL1) AaTL @aTL2) N symb%TL(D‘lTL((MTLl VaTL GaTL3))
= {qaTL1, 981, qL1 }-

(b) (Da(gatL1 As qati1)) DatL OatL(gaTL1 VaTL @aTL3) IS the instance of Ax
used in the derivation sequence.
(c) symbgr, ((Oa(gatir Aa qati1)) Dati Dt (qaTi1 VaTi datis)) =
C
{gaTL1, 041, L1, @aTL3, @43, qu3} € symbgr (OatiL(gaTL1 VaTL 9aTL3))-

(d1) (Oa qa1) Na qaz -4
((Oa(qa1 Na qa1)) D4 Ta(qar Va qa3)) Da (Dalqa1 Va qa3)).

(42) (¢ (g1)) AT gr2 F1
(@ (@ (g1, 411))) D7 O7 (g1 VT 473)) O (T7 (971 VT 473))-
(el) ©4 = {a qa1} is an interpolant for (d1).

(€2) O = {tt(Tl)(qu)} is an interpolant for (d2).

(f) O41L = {04 Q4T|_1,1IS|-1)((]4TL1)} is an interpolant for (x).

6 Interpolation algorithm and its complexity

Let £1 and L9 be suitable logics with Craig interpolation and identity. The
objective is to extract, from the proof of Theorem 4.4, an algorithm for
computing interpolants in [£1L2]. We assume that an algorithm for finding
interpolants in each of the component logics is available.

The envisaged interpolation algorithm for [£1L2] is required to produce
an interpolant only for any given derivation sequence of ¢ from I' fulfilling
the following requirements:

e [ is finite and consistent;

° symb%ﬂ ()N symb%m (p) # 0.

More concretely, for each k = 1,2, let IAlg, be an algorithm for Ly
that, given a finite set of formulas 'y, and a formula ¢y such that 'y F o
and symby, (T'y) N symby (¢r) # 0, returns an interpolant ©y.

Consider the algorithm IAlg(., £, presented in Figure 1 where the aux-
iliary algorithms, possibly extended as expected to finite sets of formulas,
are as follows:

e symb;, receives a formula in Ly and returns the set of propositional
symbols in Q) occurring in the given formula, for k =1, 2;
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e sym b%m receives a formula in Ly;57 and returns the set of propositional

symbols in Q2] occurring in the given formula together with their
component propositional symbols;

e .|, receives a formula in L12) and returns a formula in Ly, with the
same structure where each constructor [cica] is replaced by ¢y, for
k=12

e 71 receives a formula ¢ in L9) and returns the same formula if it is
not a 0-ary constructor, otherwise 7; returns

i8] v
(similarly for 7);

e f1 receives a finite set of formulas © contained in L1, a finite set I" and
a formula ¢ both in Lj;57 and returns a finite set of formulas © in L9
such that each #’ € ©’ is obtained from a formula 6 € © by replacing
each propositional symbol ¢; by [¢1ez] in symb%m (TN symb%m (p)
such that if there is

¢ # )

with [e1d,] in symb%m ()N symb%m () then

co # ﬁgo)

(similarly for fs).

Observe that the algorithm [Alg,, 0, in Figure 1 follows closely the
steps in the proof of Theorem 4.4 and so its correctness comes directly from
that proof.

We now analyze the time complexity in the worst case of algorithm
|Alg[z, £,7, that is, the time complexity class of the running time of IAlg(., £,
in the worst case. In the sequel, we denote by RT(A) the running time of
algorithm A (which is a function of the total length of the arguments of A).
Furthermore, as usual, we denote by Pol the class of all polynomials on a
single variable.

We start by investigating the time complexity of the auxiliary algorithms.
We assume an appropriate representation of formulas (using, for example, a
prefix notation). Then

e RT(symb;), RT(symb,) and RT(symb%ﬂ) are in Pol;
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IAlg L, 2,7 (T, @)

if symb%m ()N symb%m (p) = 0 then
return
“Hypotheses and conclusion do not share propositional symbols”

fi;

Iy =Tl o1 =oly;

Ty =Ty; 02 = @ly;

if symby(T'y) Nsymby(ps) = 0 then
©1 =I1Alg, (1, ¢1);
return 71(©1)

fi;

if symby(T'1) N'symby (1) = 0 then
O2 = lAlg,, (T2, p2);
return 72(02)

fi;

O1 = lAlg,, (T'1,¢1); O

Oz = lAlg,, (T2, 02); O3 = f2(02,T,0);

return 71(©]) U 12(0%)

Figure 1: Interpolation algorithm |Algrz, 7.

e RT(-|;) and RT(-|5) are in Pol;

e RT(71) and RT(m2) are in Pol;
e RT(f1) and RT(f2) are in Pol.

We denote by Cj the time complexity class of RT(lIAlg,, ) for & = 1,2.
Note that the worst case of the running time of algorithm IAlgrz, ,,7 for

arguments I' and ¢ is when symb%m () ﬂsymb%m () # 0 and symb, (T'[,) N
symby(¢|,) # 0 for £ = 1,2. Hence, modulo the cost of basic effective
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operations (like assignments to variables), we have

RT(1Alg,,)(IT] + @) < RT(symbS, ) (7)) + RT(symb5 ) (o)) +
RT(-[)(IT]) + RT( ) (lel)+
RT(-[o)(IT]) + RT(:
(symby)(
( (RT(:
( (
(RT(: |2) o))+
ni + ng +mp + mo+

RT(71)(m1) + RT(72)(m2)
where, for k = 1,2,
o nj = RT(IAlg, )(RT(- |)(IT]) + RT( ) (I¢]);
o mi = RT(fi)(nk + [L] + [e0])-
Since RT(-|,,) and RT(f;) are in Pol, if Pol C Cj, for k = 1,2 then

RT(1Alg., ) o RT(: ;) € Ci;
RT(fr) o RT(lAlg., ) € Cy.

So, we have the following result:

Theorem 6.1 (Complexity of the interpolation algorithm)

For each k = 1,2, assume that Ly is a suitable matrix logic with identity and
enjoying the Craig Interpolation property. Furthermore, for each k = 1,2,
assume that |Alg, is an algorithm, with time complexity Cx 2 Pol, for
computing interpolants within L. Then, the time complexity of IAlIgz, ,.
is max(Cy, Ca).

Observe that, barring specially designed logics, the time complexity of
the interpolation algorithm is expected to be greater than polynomial. In-
deed, it was proved in [18] that for classical propositional logic the exis-
tence of a polynomial-time interpolation algorithm implies that P = NP or

NP - CoNP.
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7 Outlook

Capitalizing on the axiomatization of the product of two matrix logics
provided by their meet-combination, we were able to establish by proof-
theoretic means that such a product preserves a variant of the Craig inter-
polation property. The proposed variant seems to be quite natural within
the relevant setting of product of signatures. We also prove weaker results
for the preservation of interpolation in the presence of interaction axioms,
taking advantage of the preservation of the metatheorem of deduction by
meet-combination.

The computation of the interpolant in the product of two matrix logics
was shown to have only a polynomial penalty over the computation in the
two given logics.

Concerning further work, it seems worthwhile to investigate the preser-
vation of alternative interpolation notions, like extension interpolation [6]
and Maehara interpolation [14]. Moreover, we intend to investigate preser-
vation of interpolation from a semantic point of view motivated by the recent
results and techniques in [9].

In another front, it seems promising to apply the algorithm proposed
in this paper for computing the interpolant to the field of model checking
when dealing with logics that can be obtained as products of simpler matrix
logics.
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