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to use the results published in this dissertation.



From January to May 2007 I worked with Professor Harry Buhrman at CWI - Centrum

voor Wiskunde en Informatica. I thank to all ISN4 members for receiving me and I

specially thank to Harry and Ronald de Wolf for the hospitality and great advices. It has

been a great pleasure meeting these great scientists. Thank you for teaching me Quantum

Computation and letting me work on Quantum Mastermind. I learned a lot during this

time and the (scientific!) advises that I got there are the most valuable lesson I took for

my research career.

In February 2010, I joined Sophie Laplante at the University Paris Sud XI for a short

visit. I thank her for the hospitality, sympathy and for the collaboration. The trip to

Paris was very fruitful and allowed me to share new ideas in some problems we were

working on. Hopefully we get it to the end.

In June 2010, I visited Professor Lance Fortnow at Northwestern University for few

weeks. I would like to thank him for the hospitality, the great concert at Ravinia and

specially for the brilliant ideas he shared. It was a great pleasure to work with someone

like you. Your knowledge and wisdom are far more advanced which means that I learned

a lot in those conversations we had. Complexity is sometimes complex to reach, but it

definitely worth to give it a try!

I can not forget my family and friends. I thank to my mother, father, brother, Manuela,

godfather, Fátima, uncles and cousins, Fernanda and Fernando Magalhães, Sameiro and
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Abstract

Kolmogorov complexity is a classical measure of information for individual objects – as

the length of the shortest description of it – and it can be used to characterize many

properties of computational complexity classes. In this dissertation, we explore this line

of research in three fundamental ways:

1. In the first, we use Kolmogorov complexity to (re)define the notion of sophistication

for infinite sequences.

2. In the second, we use Kolmogorov complexity, more precisely computational depth,

to describe some SAT formulas for which we can find assignments probabilistically

in polynomial time.

3. In the last one, we use a sublinear time bounded version of Kolmogorov complexity

to describe classes of languages that have Complexity Cores, i.e., sets of hardest

instances.

Random strings convey maximal information since they have higher Kolmogorov complex-

ity. However, it is very unlikely that these strings have “useful” or meaningful information,

as, in general, they are usually considered to be the result of noise. There are two known

approaches to quantify the subjective notion of meaningful information: Sophistication

and Computational Depth.

The Sophistication is usually based on the Kolmogorov structure function and essen-

tially measures the regularity present in the string. In this dissertation we revisit this

notion for infinite sequences, giving a meaningful definition of this measure and proving

some relationships with classical notions of dimension (Hausdorff and Packing).

Computational Depth is based on the difference between the time bounded Kol-

mogorov complexity and its unbounded version and, as a consequence, it measures the

effort required to produce the object from a short description. We studied the connection

between computational depth and sophistication for infinite sequences proving that they

are of different kind.



In recent years, much effort has been done to explore computational depth as a measure

in computational complexity. We continue this sequel proving that if a Boolean formula

has a satisfying assignment of computational depth d, then we can probabilistically find

an assignment for that formula in time exponential in d. Regarding the converse question

we show that under a standard hardness assumption the converse also holds and that

under the unlikely, but open case, that BPP = FewP = EXP, one can find formulas

that have a single solution of high computational depth which can be found quickly using

a probabilistic algorithm. Using similar techniques we show that one can not increase

the depth of a string efficiently and if BPP = EXP we show examples where one can

produce a string of high depth from a string of very low depth.

In the last part of this dissertation we study the connection between computational

depth and complexity cores. Informally, a polynomial complexity core of a language A is

the kernel of hard instances, i.e., given some polynomial time algorithm it only decides a

finite number of theses instances.

It is known that any recursive set that is not in P has an infinite polynomial complexity

core and that if each algorithm for a language has a non-sparse set of “hard” inputs, then,

in fact, the language has a non-sparse proper polynomial complexity core. In order to

establish a connection between computational depth of the characteristic sequences of

languages and the existence of (proper) complexity cores we study the computational

depth of sets in the classes P, EXP, FULL-P/log and P/poly. We give a character-

ization of the recursive sets not in P and thus admitting a polynomial complexity core

and also prove that if a recursive set is not in P/poly then the depth of its characteristic

sequence is high almost everywhere. We also prove that any Turing machine deciding a

proper complexity core of exponential density can not recognize the language in average

polynomial time when a time bounded version of the universal distribution is considered.



Resumo

A complexidade de Kolmogorov é uma medida clássica de informação para objectos indi-

viduais e pode ser usada para caracterizar muitas propriedades de clases de complexidade

computacional. Nesta dissertação, exploramos esta linha de investigação de três formas

fundamentais:

1. Na primeira, usamos a complexidade de Kolmogorov para redefinir a noção de

sofisticação para sequências infinitas.

2. Na segunda, usamos a complexidade de Kolmogorov, mais precisamente, a pro-

fundidade computacional para descrever algumas fórmulas de SAT para as quais

podemos encontrar atribuições em tempo probabiĺıstico polinomial.

3. Na última, usamos a versão limitada por tempo sublinear da complexidade de

Kolmogorov para descrever classes de linguagens que admitem Complexity Cores,

i.e., conjuntos de instâncias dif́ıcies.

Os objectos aleatórios contêm informação máxima uma vez que têm complexidade de

Kolmogorov máxima. Contudo, é muito improvável que estes objectos contenham in-

formação útil ou com significado uma vez que estes são considerados como sendo rúıdo.

Existem duas aproximações conhecidas para quantificar a noção subjectiva de informação

útil: sofisticação e profundidade computacional.

A primeira é usualmente baseada na função de estrutura de Kolmogorov e essencial-

mente mede as regularidades presentes num objecto. Nesta dissertação revisitamos esta

noção para sequências infinitas, dando uma definição desta medida e provando algumas

relações com noções clássicas de dimensão (Dimensão de Hausdorff e Packing).

A última medida é baseada na diferença entre a versão limitada pelo tempo da

complexidade de Kolmogorov e a sua versão ilimitada e, como consequência, esta mede

o esforço necessário para produzir o objecto partindo de uma sua descrição mı́nima.

Estudamos a relação entre profundidade computacional e sofisticação para sequências

infinitas provando que são de natureza diferente.



Nos últimos anos, tem sido feito um grande esforço para explorar a profundidade

computacional como uma medida para a complexidade computacional. Continuamos esta

linha de investigação provando que se uma fórmula, que tem uma atribuição satisfaźıvel

de profundidade computacional d, então podemos probabilisticamente encontrar uma

atribuição que torna essa fórmula verdadeira em tempo exponencial em d. No que diz

respeito à implicação contrária, mostramos que sob assunções computacionais standard

esta verifica-se e também que sob o caso improvável, mas ainda em aberto, em que

BPP = FewP = EXP, podemos encontrar fórmulas que têm uma única solução com

alta profundidade computacional que pode ser encontrada usando um algoritmo proba-

biĺıstico eficiente. Usando técnicas semelhantes mostramos que não podemos incrementar

a profundidade computacional eficientemente e no caso de BPP = EXP apresentamos

exemplos em que podemos produzir objectos de alta profundidade computacional partindo

de um com baixa profundidade computacional.

Na última parte desta dissertação estudamos a relação entre profundidade computa-

cional e complexity cores. Informalmente, um complexity core polinomial de uma lin-

guagem A é o núcleo de instâncias dif́ıceis, ou seja, instâncias que, excepto um número

finito, não podem ser decididas por um qualquer algoritmo em tempo polinomial.

É sabido que qualquer conjunto recursivo que não esteja em P admite um complex-

ity core polinomial infinito e que se qualquer algoritmo para essa linguagem tem um

conjunto de inputs “dif́ıceis” que não é esparso então, de facto, a linguagem admite

um complexity core polinomial próprio, também ele não esparso. Para estabelecer a

relação entre a profundidade computacional da sequência caracteŕıstica das linguagens

e a existência de complexity cores (próprios) estudamos a profundidade computacional

de conjuntos que estão nas classes de complexidade como P, EXP, FULL-P/log e

P/poly. Establecemos uma caracterização de conjuntos recursivos que não estão em P

e portanto que admitem um complexity core polinomial e provamos que se um conjunto

recursivo não está em P/poly então a profundidade computacional da sua sequência

caracteŕıstica é quase sempre alta. Provamos também que qualquer máquina de Turing

que decide um complexity core de densidade exponencial não pode reconhecer a linguagem

em tempo polinomial em média, quando consideramos uma versão limitada pelo tempo

da distribuição universal.
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Chapter 1

Introduction

“What is randomness?” This question has been capturing the attention of part of the

scientific community for long time. There are a few ways to define randomness. One

ancestor idea to rigorously define randomness was inspired by intuitions from gambling.

In practice, flipping coins is a random game exactly because one can not come up with a

gambling strategy for predicting if we will get head or tail in the next through. In this

dissertation we explore randomness using Kolmogorov complexity. The intuition for this

approach is that a random object has no easily discernible patterns or structures which

we could take advantage of to obtain a shorter description than just giving the object

itself.

Solomonoff [Sol64], Kolmogorov [Kol65] and Chaitin [Cha66] independently defined

complexity of an individual object. This measure is of different kind when compared with

computational complexity. Instead of looking to the evolution of the computational effort

necessary to decide larger and larger instances of a problem, turns its attention to the

description of individual objects, using the length of the shortest program describing the

object.

Lets compare the string “00000000000000000000” with the string of same length

“10010011001001111000”. Which of them is more complex? The first can be easily

described by a sequence of “20 zeros” while the second does not have a simple pattern,

or structure, that could be exploited to give a shorter description than just print it out

bit by bit. So, intuitively the second string seems to be more “random” than the first

one, although both of them have the same probability to be generated if we toss a fair

coin. It is easy to see that a randomly generated string has, with high probability, high

Kolmogorov complexity and thus it contains lots of information (see Theorem 2.3.13).

This information may not be meaningful or useful from a computational point of view,
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as it is usually considered to be noise.

In the literature we can find two different approaches to define useful information:

measuring the amount of planing necessary to construct the object (static resources) or

measuring the computational effort (dynamic resources), usually time, required to produce

the object.

The former was proposed by Koppel [Kop87, Kop95, KA91] and is based on Kol-

mogorov’s structure function (see for example [VV03]) which divides the smallest program

in two parts: one part accounting for the useful regularity (i.e., the amount of planning

used to describe the string) and another accounting for the remaining accidental infor-

mation present in the object (i.e., the information necessary to distinguish that object

among the objects sharing the same regularities). Kolmogorov suggested that the useful

information, i.e., the first part of the description, is a representation of a finite set in which

the object is a typical element, so that the two-part description is as small as the shortest

one-part description. Gács, Tromp and Vitányi [GTV01] generalized this approach to

computable probability mass functions. Koppel [Kop87, Kop95, KA91], using monotonic

Kolmogorov complexity, expressed the useful information as a recursive function and

called the resulting measure sophistication. The regularity turns out to be the length of

the total program p; and the accidental information, i.e. information that is consider not

to have structure, is expressed as the length of the data used by p to produce the string

or sequence. However, as Koppel observed, not all infinite sequences are describable and

thus, the notion of sophistication, is not properly defined. Later, Antunes and Fortnow

[AF09a] revisited the notion of sophistication for finite strings and proposed an alternative

definition based on total programs. They proved the existence of strings with maximum

sophistication. In this dissertation we revisit this notion of sophistication for infinite

sequences, giving a meaningful definition of this measure and proving some relationships

with classical notions of dimension, namely with constructive Hausdorff and constructive

Packing dimension (see for example [Lut00b, May02, Lut03]).

The latter approach was introduced by Bennett [Ben88] that called the effort required

to produce the object, logical depth. The intuition behind the definition of this concept

is that a computationally deep string should take a lot of effort to be recovered from

its shortest description while incompressible strings are trivially constructible from their

shortest description, and therefore computationally shallow. After some attempts, Ben-

nett [Ben88] formally defined the s-significant logical depth of an object x as the time

required by a standard universal Turing machine to generate x by a program p that can

not itself be obtained from a program that is s or more bits shorter than p. Thus, an
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object is logically deep if it takes a lot of time to be generated from any short description.

Latter Antunes et al. [AFvMV06] introduced the notion of computational depth, for

finite strings, as the difference between the time bounded and the traditional unrestricted

Kolmogorov complexity. We have seen a number of results about computational depth

such as a generalization of sparse and random sets [AFvMV06], a characterization of

worst-case running time of problems that run quickly on average over all polynomial time

samplable distributions [AF09b]. We study the connection between computational depth

and sophistication for infinite sequences proving that they are of different kind.

In order to show the applicability of computational depth we study its relationship

with the satisfiability problem. In this problem we are given a boolean formula and are

asked if there exists an attribution to the variables that turns the formula true. Cook

[Coo71] proved that this problem is NP complete i.e., if we can come up with an efficient

algorithm to satisfiability then we can efficiently solve any other NP problem. We study

the possibility of having a probabilistic efficient algorithm that produces a satisfying

assignment, proving that if a formula has an attribution of depth d then we can use a

probabilistic algorithm running in exponential time in d to find another true assignment

for that formula.

As another application of computational depth we studied a relationship with com-

plexity cores. Heuristically, a polynomial complexity core of a language A is the kernel of

hard instances, i.e., the instances whose membership in A is hard to decide in polynomial

time. Rather than being hard for just a machine, a complexity core is the set of instances

that, any machine, can only decide a finite number of its instances. The definition of

polynomial complexity core is due to Lynch [Lyn75], who showed that any recursive set

not in P has an infinite polynomial complexity core. Later, Orponen and Schöning [OS84]

showed that, if each algorithm for a language has a non-sparse set of “hard” inputs, then

the language has a non-sparse proper polynomial complexity core. Much work has been

done using complexity cores. For example, in [JL92] the authors showed that exponential

space complete sets have small complexity cores and in [Mun99], the author establishes

a connection between complexity cores and instance complexity, a complexity measure

derived from Kolmogorov complexity and proved that NP-hard sets must have super-

polynomially dense hard instances, unless P = NP.

The connection between computational depth of languages and the existence of com-

plexity cores is achieved by quantifying the computational depth of sets in the computa-

tional classes P, EXP = DTIME(2poly(n)), FULL-P/log and P/poly. First, we give

a characterization of recursive sets not in P and thus admitting a polynomial complexity
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core based on computational depth. Then, we prove that if a recursive set is not in

P/poly then the depth of its characteristic sequence is high infinitely often.

The complexity of a problem is usually measured in terms of the worst case behavior

of algorithms. Several algorithms with a worst-case bad performance have a good perfor-

mance in practice, since instances requiring a large running time rarely occur. This duality

was studied by Levin [Lev86], who introduced the theory of average case complexity, giving

a formal definition of Average Polynomial Time for a language L and a distribution µ.

Some languages may remain hard in the worst case but can be solved efficiently in average

polynomial time for all reasonable distributions. We show that a Turing machine deciding

a proper complexity core of exponential density can not recognize the language in average

polynomial time when a time bounded version of the universal distribution is used.

Thesis Overview

The rest of this dissertation is organized as follows:

• In Chapter 2 we introduce the basic concepts, terminology and notation necessary

for the rest of this work.

• In Chapther 3 we (re)define sophistication for infinite sequences and establish a

connection with constructive Hausdorff and Packing dimension and with variants of

computational depth. We also show that sophistication and computational depth

are measures of different kind.

• In Chapter 4 we explore computational depth as a tool for finding true assignments

for formulas in SAT. In particular, we show how probabilistically find an assignment

of a Boolean formula that has a satisfying assignment of low computational depth.

We also study if the converse holds and show that this is the case under reasonable

hardness assumptions. Using similar ideas we show that one can not significantly

increase the depth of a string in polynomial time. Once again if BPP = EXP we

show examples where one can produce a string of high depth from a string of low

depth. Finally, we explore the question as to whether a triangle inequality holds for

conditional computational depth.

• In Chapter 5 we study the relationship between complexity cores of a language

and the computational depth of the characteristic sequence of the language based

on Kolmogorov complexity. Motivated by the results of Chapter 4 we study the
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possibility of characterizing the set of hard instances for a probabilistic polynomial

time algorithm of SAT using computational depth. This turns out not to be possi-

ble. Although, we prove that a recursive set A has a complexity core (respectively,

proper complexity core) if for all constants c (respectively, all polynomial p(n)),

the computational depth of the characteristic sequence of A up to length n is

larger than c (respectively larger than p(n)) infinitely often. We also explore the

connection with average case complexity. In particular, we show that if a language

has a complexity core of exponential density, then it can not be accepted in average

polynomial time, when the strings are distributed according to a time bounded

version of the universal distribution.
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Chapter 2

Preliminaries

We introduce the terminology, notation and basic concepts from computational com-

plexity, Kolmogorov complexity as well as its main properties. For a deeper study

on these themes we suggest the reading of the following books and surveys:

• Computational complexity: [Pap85], [Sip97], [AB09], [BDG95];

• Kolmogorov complexity: [LV08], [Gác93];

The contents of this chapter is based on several sources, including [Ant02], [Lap97],

[For89], [Pin07], [Pap85], [Sip97], [AB09], [BDG95], [LV08], [Gác93], [Gol01],

[Vad99] and a few Wikipedia and Wofgang pages.

2.1 Notation and computational model

In this dissertation we use the binary alphabet Σ = {0, 1}, where 0 and 1 are called symbols

or bits. A string, or a finite word, is a finite “combination” of bits and usually is denoted

by small letters, like x, y, z. The set of all strings is represented by Σ∗; the empty word

in denoted by ε. A standard enumeration of the elements of Σ∗ is

(ε, 0), (0, 1), (1, 2), (00, 3), (01, 4), (10, 5), (11, 6), (000, 7), ...

This method of enumerating all strings, first ordering by increasing length and then, when

two strings have the same length, ordering by lexical order, is called lexicographic-length

conditional ordering.

Given a string x ∈ Σ∗, we define |x|, the length of x, as the number of bits composing

x. We denote the set of all strings of length n by Σn.
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Given x ∈ Σn and y ∈ Σm, the concatenation xy of x and y, is defined as the string

of Σn+m with the bits of x followed by the bits of y.

Definition 2.1.1. We say that a string x is a prefix of the string y if there is a string z

such that y = xz.

Given a string x ∈ Σn, xi and x[1:m] denote, respectively, the ith bit and the prefix of

length m of x.

Sometimes, it is useful to encode the strings by a self-delimiting code. Their utility

is due to the fact that it determines the end of code word. One way to construct x̄, the

self-delimiting code of x, is by considering x̄ := 1n0x. Notice that |x̄| = 2|x|+ 1.

A language over Σ is a subset of Σ∗ and is denoted by capital letters like: A, L...

A sequence is a infinite “combination” of bits and they are represented by small Greek

letters, e.g., α, β, ω.

Definition 2.1.2. The characteristic sequence of a language L is a sequence defined by

χL = χ1χ2χ3..., where χi = 1 if and only if the ith string in the lexicographic-length

conditional ordering is in L.

2.2 Turing machines and computational complexity

As a basic model of computation, we use the Turing machine, proposed by Alan Turing

in 1937 [Tur37].

In Alan Turing’s own words:

“The idea behind digital computers may be explained by saying that these

machines are intended to carry out any operations which could be done by a

human computer. The human computer is supposed to be following fixed rules;

he has no authority to deviate from them in any detail. We may suppose that

these rules are supplied in a book, which is altered whenever he is put on to

a new job. He has also an unlimited supply of paper on which he does his

calculations.”

Formally, a Turing machine can be defined in the following way:

Definition 2.2.1 (Deterministic Turing machine). A deterministic Turing machine is a

tuple (Q,Σ, Γ, δ, q0, qa, qr), where:
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• Q is the set of finite states.

• Σ is the input alphabet.

• Γ is the tape alphabet.

• δ : Q × Γ → Q × Γ × {L, R} is a partial function called transition function, where

L and R indicates the movement of the head. If at some point the function is not

defined the machine stops.

• q0 ∈ Q is the initial state.

• qa ∈ Q is the accepting state.

• qr ∈ Q is the rejecting state.

In the literature one can find different definitions of Turing machines, specially with

more than one accepting state and rejecting state, with more than one tape (with a

working tape, with an auxiliary tape), but these computational models are all equivalent.

Another formulation of Turing machine considers a finite state control with an input tape

and work tape (see Figure 2.2) and a read/write head for each of them. The finite control

is the set of states (including the initial and accepting state), a transition function δ and

the tapes’ heads. Each head is located over one of the cells of its tape and can be moved

right or left accordingly to δ. The transition function δ take the values under the head

of the input and work tape, the current state and describes whether to move the head

right or left, specify a possible change in contents of the work tape cell under the head

and switches to a new state.

Before the Turing machine starts its computation, an input string x is placed on the

input tape, one symbol in each cell. The tapes’ heads are positioned on the first cell of

each tape. The Turing machine accepts if it reaches the accepting state.

It is possible to define other variants of the Turing machine model where, for example

non-determinism (where the transition function δ is multivalued) and randomness are

allowed. Those models of computation are equivalent to the Turing machine model.

Definition 2.2.2. A Turing machine accepts a language L if it accepts, as input strings,

exactly those strings that are in L. We denote by L(M) the language accepted by the

Turing machine M.
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Control

Work Tape

Input Tape

Figure 2.1: A Turing Machine.

A Turing machine runs in time t if for all input x, the number of times that the

transition function is applied when the machine is initialized with x on the input tape,

does not exceed t(|x|). We will be denoting the running time of a Turing machine M on

the input x by timeM(x). It is an important question in Computer Science, known as the

“P = NP” question, whether a non-deterministic Turing machine can be simulated by a

deterministic Turing machine using polynomial number of extra steps.

Definition 2.2.3. Let f : Σ∗ → Σ∗ be a partial function and consider t : N → N. A

Turing machine M computes f in time t if for every input x ∈ Σ∗, the machine M when

initialized with the input x, halts accepting x outputting f(x) in t(|x|) steps.

Moreover, a Turing machine M computes a partial function f if on every input M

produces f(x). In this case we say that f is partial recursive. In particular, if f is a total

function we say that f is recursive or computable.

The last definition allows us to define recursive and recursively enumerable sets.

Definition 2.2.4. A set A is called recursive if the function χA is computable and is

called recursively enumerable if the semi-characteristic function

SA(x) =

{
1 if x ∈ A

↑ if x 6∈ A

is a partial recursive, where SA(x) =↑ means undefined.

One of the most well known example of a set that is recursively enumerable but not

recursive is the so called Halting Problem.

Definition 2.2.5 (Halting Problem). Given the description of a Turing machine M and

an input x, determine if M will halt on x.
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It is possible to enumerate effectively all Turing machines T1, T2, .... This enumeration

determines an effective enumeration of partial recursive function φ1, φ2, ... where φi is

the function computed by Ti for all i.

A Turing machine that can receive a codification of a pair of an encoding of any Turing

machine T and an input x to T , and is able to simulate T on x is called a Universal Turing

machine.

2.2.1 Computational complexity

One of the pioneer results in computational complexity, due to Hartmanis and Stearns

[HS65] shows that if more time is allowed to a Turing machine then it can decide more

languages. Once the model of computation is fixed we can group together languages that

can be solved using similar amount of resources. Usually, a complexity class is defined

by a model of computation and a resource bound for that model of computation.

When studying the computational complexity of a problem we are interested to know

how the resources needed increase as the input size grows. The resources that are

commonly studied are time and space. In the most part of this dissertation we will

be interested in the assimptotic behavior of the growth rate of resources up to constant

factors. So, we will be using the following notation:

Definition 2.2.6 (The Oh-notation). Let f, g : N → [0,∞) be two functions. We say

that:

• f ∈ O(g) if there is a constant c > 0 such that f(n) ≤ c ·g(n), for almost all n ∈ N.

• f ∈ Ω(g) if there is a constant c > 0 such that f(n) ≥ c ·g(n), for almost all n ∈ N.

• f ∈ Θ(g) if and only if f ∈ O(g) and f ∈ Ω(g).

• f ∈ o(g) if for any constant c > 0 and for sufficiently large n ∈ N, f(n) ≤ c · g(n).

• f ∈ ω(g) if for any constant c > 0 and for sufficiently large n ∈ N, f(n) ≥ c ·g(n).

Some of the most used bounds are: O(1) called constant, O(logn) called logarithmic,

nO(1) called polynomial, 2n
o(1)

called sub-exponential and 2n
O(1)

called exponential.

In this work all resource bounds t considered are time constructible, i.e., there is a

Turing machine whose running time is exactly t(n) on every input of size n.

Definition 2.2.7. Let t : N→ N be a constructible time bound. The class DTIME[t] is

the set of languages that are accepted by some Turing machine running in time O(t(n)).
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As examples of deterministic time complexity classes we have:

1. P =
⋃

k∈N
DTIME[nk], the class of languages accepted in polynomial time;

2. EXP =
⋃

k∈N
DTIME[2n

k

], the class of languages accepted in exponential time;

3. E =
⋃

k∈N
DTIME[2kn], the class of languages accepted in linear exponential time;

As mentioned previously we can allow the Turing machine to make guesses, by defining

the transition function as δ : Q × Γ → P(Q × Γ), i.e., at each state the transition for a

next state is not deterministic and, in fact, can be chosen between several alternatives.

We say that the non-deterministic Turing machine M accepts an input string x if there

is a choice of transitions that cause M to enter into an accepting state.

If no resource restrictions are considered then deterministic Turing machines decide ex-

actly the same languages that non-deterministic Turing machines do. In other words, the

models of computation are equivalent. When polynomial time constrains are considered

then it is unknown if the two models are equivalent.

Consider a time constructible function t. We define the class NDTIME(t) similarly

to DTIME(t) using non-deterministic Turing machines instead of using deterministic

ones. Thus, the classes NP, NEXP and NE are the non-deterministic versions of P,

EXP and E respectively.

The most important open problem in Computer Science is the question whether P =

NP. By the way that theses classes were defined it is clear that P ⊂ NP but it is unknown

an efficient way (even lower than exponential time) of simulating a non-deterministic

Turing machine in the deterministic model, where efficient means with a polynomial

number of extra steps.

Definition 2.2.8 (Polynomial time many-to-one reduction). Let f : Σ∗ → Σ∗ be a function

computable in polynomial time. The function f reduces a language L1 to a language L2

when x ∈ L1 if and only if f(x) ∈ L2.

This type of reductions is also known as Karp reductions. There are other kinds of

reductions as for example, Turing reductions1, truth table reductions, but in this work we

will be using only Karp reductions.

1A is Turing reducible or Cook reducible to B (A ≤T B) if there is a Turing machine with oracle access

to B that computes χA.
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Definition 2.2.9 (NP-complete problems). A language L is called NP-complete if L is

in NP and for all languages L ′ ∈ NP there is a polynomial time many-to-one reduction

f from L ′ to L.

Notice that if some polynomial time algorithm solves any NP-complete problem then

P = NP. The first problem shown to be NP-complete was SAT by Cook [Coo71]. SAT

is the set of boolean formulas that have at least one assignment that make the boolean

formula true.

Definition 2.2.10 (SAT). A Boolean formula φ(x1, ..., xn) in the conjunctive normal

form2 of n variables is satisfiable if there is a Boolean-valued truth assignment x1 =

a1, ..., xn = an such that φ(a1, ..., an) is a true formula. The SAT problem is to decide

whether or not a given Boolean formula has a satisfying assignment.

Later, Karp [Kar72] proved that combinatorial problems like the Traveling Salesman

problem and Vertex Cover and many other are also NP-complete. In [GJ79] we can find

a large collection of NP-complete problems.

Another widely used model of computation in computational complexity is the prob-

abilistic model. In this model, contrarily to non-deterministic Turing machines, instead

of guessing the next move it is flipped a coin and then the model evolves according to the

random outcome. This model is believed to be more efficient in practice when compared

to its deterministic counterpart. Although, it is unknown if they are equivalent when time

restrictions are considered.

Formally, we define a probabilistic Turing machine by equipping it with a special read

only tape which content is the outcome of independent coin tosses of a fair coin.

Definition 2.2.11 (Probabilistic acceptance). We say that a probabilistic Turing ma-

chine M accepts a language L if for some ε > 0 and for all input x we have:

• if x ∈ L, Pr(M accepts x) ≥ 1
2
+ ε;

• if x /∈ L, Pr(M accepts x) ≤ 1
2
− ε;

The class BPP is defined as the set of languages that are decidable by a probabilistic

Turing machine running in polynomial time. It is unknown whether P = BPP or NP =

BPP. Although much effort and energy has been devoted to answer these questions,

there is no significant progress in terms of collapsing or separating them.

2A Boolean formula is in the conjunctive normal form if it is a conjunction of clauses, where a clause

is a disjunction of literals, where a literal and its complement can not appear in the same clause.
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The last model that we will consider is the non-uniform model, where the Turing

machine have access to an advice string, which is a small piece of information (normally

logarithmic or polynomial in the size of the input) that the machine can use to decide

the language. The term “non-uniform” is used to express the fact that for different input

sizes the machine will have access to different advices. The definition of this model is due

to Karp and Lipton [KL80].

Definition 2.2.12 (Non-uniform complexity classes). Let f : N→ [0,+∞) be a function.

A language L is in P/f if there is a Turing machine M and there is a sequence (an)n∈N

of advices with |an| ≤ f(n), such that, for all x ∈ Σn, M(an, x) = χL(x) in polynomial

time. In particular, if f is a logarithmic (respectively polynomial) function we have the

class P/log (respectively P/poly).

Notice that if f was a exponential function then any language would be P/f since in

that case we could incorporate a table with the contents of L as advice. The most useful

and commonly studied classes are P/poly and P/log.

2.3 Kolmogorov complexity

Kolmogorov complexity is a different way of measuring complexity. Instead of analyzing

the overall progression of the resources needed to solve larger and larger instances of a

problem, it studies the resources needed for individual strings. This measure is based on

the length of the description of strings.

Consider the experiment of independently flipping a fair coin several times and con-

struct a binary string with the outcomes, by order. As it is the result of a truly random

source we would say that any string produced by this method is random. However,

we hardly expect to see strings like “000000000000000” or “110110110110110110” as

outcomes since these strings, somehow, violate our intuition that a random string does

not have regularities. Kolmogorov complexity formalizes this intuition by analyzing the

existence of any type of regularities that allow a program to describe the string in a shorter

way than just printing every bit of the string. Kolmogorov [Kol65], Solomonoff [Sol64]

and Chaitin [Cha66] independently defined the complexity of an individual object, usually

a string x, as the length of the shortest program that produces x. To avoid paradoxal

questions we must choose carefully what we mean by “program” and “description”.

Consider the effective enumeration of Turing machines T1, T2, · · · that induce an effec-

tive enumeration of partial recursive functions φ1, φ2, · · · such that Ti computes φi for
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all i.

Definition 2.3.1 (Conditional Kolmogorov complexity). Let φ be a partial recursive

function. Given any pair of strings x, y ∈ Σ∗, the Kolmogorov complexity of x conditional

to y with respect to φ is

Cφ(x|y) = min
p

{|p| : φ(p, y) = x}.

and Cφ(x|y) =∞ if there is no p such that φ(p, y) = x.

Notice that the Kolmogorov complexity might depend on the choice of φ. The

invariance Theorem, stated bellow, allows us to abstract from any particular partial

computable function φ. It shows that Kolmogorov complexity is an intrinsic property

of individual objects.

Theorem 2.3.2 (Invariance Theorem). There is a universal partial recursive function φ0

such that, for any partial recursive function φ, there is a constant cφ, depending only on

φ such that, for all pairs of strings x, y ∈ Σ∗,

Cφ0
(x|y) ≤ Cφ(x|y) + cφ

Notice that the existence of a universal partial recursive function does not necessarily

gives the shortest description of a string, however this invariance Theorem guaranties that

no other description method can improve infinitely many times the universal description

by more than a constant.

In the sequel of this thesis we fix once and for all a universal partial recursive function

φ0 and drop the argument writing C(x|y) instead of Cφ0
(x|y).

The default value for y is ε, the empty string. When this is the case, it is usual to

refer to the Kolmogorov complexity of x and denote it by C(x).

In the next theorem, some of the basic properties of Kolmogorov complexity are

enumerated.

Theorem 2.3.3. The Kolmogorov complexity satisfies the following properties:

1. The Kolmogorov complexity is uncomputable.

2. There is no unbounded and non-decreasing recursive function f satisfying C(x) ≥
f(x) for all x ∈ Σ∗.

3. There is a constant c > 0, such that for all x ∈ Σ∗, C(x) ≤ |x|+ c.
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4. If f is a partial computable function, then there is a constant c such that for all

x ∈ Σ∗, C(f(x)) ≤ C(x) + c.

5. There is a constant c such that for any string x ∈ Σ∗, C(|x|) ≤ C(x) + c.

Definition 2.3.4 (c-incompressibility). Let c be a fixed constant. A string x ∈ Σ∗ is called

c-incompressible (or c-algorithmically random or c-Kolmogorov random) if C(x) ≥ |x|−c.

Using a simple pigeon-hole argument, it is easy to see that at least one string of length

n has Kolmogorov complexity n. In fact, there are 2n strings of length n but there are

only 2n − 1 possible descriptions of length less than n.

A similar argument can be used to prove the following more general result:

Theorem 2.3.5. Let c be a fixed constant, y a string and let A be a finite set of cardinality

m. The number of strings x ∈ A such that C(x|y) ≥ m− c is at least m(1− 2−c).

The existence of such strings has been proven to be very useful, specially in computa-

tional complexity, since there are numerous results based on this fact.

2.3.1 Symmetry of information

The Kolmogorov complexity has an useful property called symmetry of information. Given

a string x and a string y the amount of information that x gives about y, is the same (up

to a logarithmic term) that y gives about x. To formally state this result we first need to

define mutual information. The name “mutual information” came from its analogous on

Shannon entropy [Sha48] and is justified by the following definition and results:

Definition 2.3.6 (Mutual information). The mutual information of x about y is

I(x : y) = C(y) − C(y|x).

Since C(y) ≥ C(y|x) +O(1) it follows that I(x : y) ≥ O(1).
Let C(x, y) = C(〈x, y〉), where 〈x, y〉 is a representation of the pair 〈x, y〉. To describe

〈x, y〉 we can give a description of y, a description of x given y and a way of separating

these two items. So, if n = max{|x|, |y|}, then

C(x, y) ≤ C(y) + C(x|y) +O(logn)

Theorem 2.3.7 (Symmetry of information - Levin as suggested by [ZL70]). For every

x, y ∈ Σn,

C(x, y) = C(y) + C(x|y) +O(logn).
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Proof. We have already seen that C(x, y) ≤ C(y) +C(x|y) +O(logn). Now assume that

C(x, y) = a. If a is known, then the set:

A = {(x ′, y ′) : C(x ′, y ′) ≤ a}

is recursively enumerable, since we can dovetail over all programs of length at most a

and insert a pair (x ′, y ′) in A if and only if one of those programs stops with (x ′, y ′) as

output.

Consider now the set

Ax = {y ′ : C(x, y ′) ≤ a}.

By definition, y is in Ax and Ax is also recursively enumerable when x and a are given.

Notice that Ax has at most 2a+1 elements. So, to describe y we can give a, x and the

index of y in Ax. Therefore,

C(y|x) ≤ log |Ax|+O(logn) (2.3.1)

Now, let k be the only number such that 2k ≤ |Ax| < 2
k+1 and consider Bk, the set of

all x for each there are more than 2k strings y such that C(x, y) ≤ a. Again, by definition,

x ∈ Bk and is recursively enumerable given k and a.

Bk has less than 2a−k+1 elements since A has less than 2a+1 elements. Thus, to describe

x we only need to give a, k and the index of x in Bk. Thus,

C(x) ≤ a− k+ 1+O(logn) (2.3.2)

Hence, putting together the inequalities 2.3.1 and 2.3.2 we get:

C(x) + C(y|x) ≤ a− k+ k+ 1+O(logn) = a+O(logn) ≤ C(x, y) +O(logn).

Corollary 2.3.8. Given any two strings x, y ∈ Σ∗,

I(x : y) = I(y : x) +O(log max{|x|, |y|}).

2.3.2 Prefix-free Kolmogorov complexity

Kolmogorov complexity as defined in the previous section does not satisfy the sub-

additivity property, i.e., it does not satisfy C(x, y) ≤ C(x) + C(y) + c, for some c that

does not depend on x and y. This is not the only drawback of Kolmogorov complexity.
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We can not use this definition as a universal prior probability for each binary string as

Sollomonoff had conjectured in [Sol64]. So we need to consider another definition of

Kolmogorov complexity. Levin [Lev74] solved this problem by considering as the formal

model Turing machines in which the set of programs is a prefix-free set.

Definition 2.3.9. A set of strings A is prefix-free if there are not two strings x and y in

A such that x is a proper prefix of y.

Theorem 2.3.10 (Kraft’s Inequality [Kra49]). Let n1, n2, ... be a finite or infinite se-

quence of positive integer numbers. There is a prefix-free set with this sequence as lengths

of its binary code words iff ∑

i

2−ni ≤ 1.

One proof of this theorem relies on the fact that one can associate to each binary

string an interval of length 2−ni which can represent a prefix-free code and vice-versa.

Similarly to what happens for regular Turing machines, there is also an effective

enumeration of these Turing machines, usually called prefix-free Turing machines, and

a universal prefix-free Turing machine that can simulate the behavior of any other prefix-

free Turing machine. Consequently, we can define the prefix-free Kolmogorov complexity:

Definition 2.3.11 (Prefix-free Kolmogorov complexity [Lev74]). Let U be a fixed univer-

sal Turing machine with a prefix-free domain. For any strings x, y ∈ Σ∗, the prefix-free

Kolmogorov complexity of x given y is

K(x|y) = min
p

{|p| : U(p, y) = x}.

The following theorem states some basic properties of prefix-free Kolmogorov com-

plexity.

Theorem 2.3.12. There is a constant c such that for all binary strings x and y,

• K(x, y) ≤ K(x) + K(y) + c;

• K(x) ≤ |x|+ 2 log |x|+ c;

• K(x) = K(x,K(x)) + c.

• K(x|y) ≤ K(x) + c.

With a pigeon-hole argument we can prove that there are at most 2n−c strings x of

length n such that K(x) ≤ n− c. A more general result is:
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Theorem 2.3.13.

• There is a constant c such that, for each n, max{K(x) : |x| = n} = n+ K(n) + c.

• For each fixed constant c, the number of x ∈ Σn with K(x) ≤ n+K(n) − c does not

exceed 2n−c+O(1).

Similar to plain Kolmogorov complexity, the prefix-free Kolmogorov complexity satis-

fies the symmetry of information principle up to a logarithmic term.

Theorem 2.3.14 (Prefix-free symmetry of information). For all x, y ∈ Σn,

K(x, y) = K(x) + K(y|x) +O(log K(x)).

To avoid the logarithmic term, we can replace the conditional x by 〈x,K(x)〉 or

equivalently by x∗, the first shortest program in lexicographic order that produces x.

This result is attributed to Peter Gács in [GV04]. Formally,

Theorem 2.3.15. Let x and y be two binary strings. Up to a fixed additive constant,

K(x, y) = K(x) + K(y|x,K(x)) = K(x) + K(y|x∗)

2.3.3 Semi-measure based on Kolmogorov complexity

We can define a universal prior probability measure, based on Kolmogorov complexity.

First we need the following definitions:

Definition 2.3.16 (Probability measures). Let A be a set and let P(A) denote the

collection of all subsets of A. A function µ : P(A)→ [0, 1] is called a probability measure

over A if it satisfies the following conditions:

• µ(∅) = 0;

• µ(A) = 1;

• If (An)n∈N are mutual disjoint subsets of A, then µ

(⋃

n∈N
An

)
=
∑

n∈N
µ(An).

The function µ is called a semi-measure if it satisfies the first and the third items above

and µ(A) < 1.
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Notice that, due to Kraft’s inequality, we can define a semi-measure over Σ∗ by µ(x) =

2−K(x), which assigns a weight to each string accordingly to its complexity. The more

complex the string is to describe the less weight it has. This measure captures the intuition

of the Occam’s Razor principle which states that one should give more probability to

simple explanations rather than complicated ones. An important result in Kolmogorov

complexity is the existence of a semi-measure that multiplicatively dominates every other

distribution. A semi-measure satisfying this property is called universal.

Theorem 2.3.17. There is a universal enumerable discrete semi-measure which is de-

noted by m.

Proof. (Sketch) The proof consists in two steps. In the first step it is shown that the set of

all enumerable discrete semi-measures can be enumerated. This is done by enumerating

all enumerable functions and then effectively changing the enumerable functions to enu-

merable discrete semi-distributions, leaving the functions that were already discrete semi-

distributions unchanged. Let µ1, µ2, ... be such enumeration. The second step consists

to show that ν(x) =
∑

n≥1 α(n)µ1(x) with
∑

n α(n) ≤ 1 and α(n) > 0 multiplicatively

dominates all µi and thus is universal.

Theorem 2.3.18 (Coding Theorem (see [LV08])). There are constants c1 and c2 such

that for every x,

m(x) = c1 ·
∑

p:U(p)=x

2−|p| = c2 · 2−K(x)

A proof of this result can be found in [LV08], Chapter 4, page 273.

2.3.4 Time bounded Kolmogorov complexity

The notion of Kolmogorov complexity as presented in the previous sections does not

take into account the computational effort that is necessary to produce the string from

one of its shortest descriptions. In this section, we consider resource-bounded Kolmogorov

complexity. Imposing restrictions on the time or space that the Turing machine is allowed

to use, makes the Kolmogorov complexity a computable function. In this thesis, we will

focus mainly on time bounded computations but space-bounded Kolmogorov complexity

can be defined analogously.

Definition 2.3.19 (Time bounded Kolmogorov complexity). Let U be a fixed universal

prefix-free Turing machine and t a time constructible function such that t(n) > n. Given
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two strings x and y, the t-time bounded Kolmogorov complexity of x given y is:

Kt(x|y) = min
p

{|p| : U(p, y) = x in t(|x|+ |y|) steps}

Imposing time bounds to prefix-free Kolmogorov complexity changes very little its

basic properties. In particular, Kt(x|y) ≤ |x|+2 log(|x|)+O(1). The time bounded version

of incompressibility Theorem 2.3.13 also holds. In fact, lim
t→∞

Kt(x) = K(x). However, it

is unknown if time bounded Kolmogorov complexity differs from its unbounded version

regarding symmetry of information, since it is not known if polynomial time bounded

symmetry of information holds. This is an important open question with connections

to complexity theory. Longpré and Mocas [LM93] and Longpré and Watanabe [LW95]

have examined the conjecture of symmetry of information for polynomial time bounded

Kolmogorov complexity. In particular, they proved that the conjecture is false if certain

kinds of one-way functions exist. Intuitively, a one-way function is a function that is

easy to compute, but its inverse is hard to compute. In [LR05], the authors explore the

conjecture of polynomial time symmetry of information for other types of time bounded

Kolmogorov related measures.

By analogy, we can define the t-time bounded universal semi-measure by mt(x) =

2−Kt(x). The function mt(x) is computable in time t(n) · 2n+1 + O(1) by simulating all

programs of size up to n for t(n) steps. If p is a polynomial, mp = 2−Kp(x) sits somewhere

between the polynomial time computable and polynomial time samplable distributions,

since it dominates every polynomial time computable distribution and is dominated by

a polynomial time samplable distribution (see [AFV03]). Later, Antunes and Fortnow in

[AF09b] proved that if E = DTIME
(
2O(n)

)
does not have circuits of size 2o(n) with Σp2

gates, i.e., if E has difficult functions for subexponential space, then for every polynomial

time samplable distribution γ, there is a polynomial p such that mp(x) ≥ γ(x)/|x|O(1).
The next result states that mt is universal among the distributions that have computable

cumulative mass functions, i.e., for a probability distribution P, the function P∗(x) =
∑

y≤x P(y) is computable.

Theorem 2.3.20 ([LV08]). The distribution mt ′ dominates any distribution which cu-

mulative mass function is t-time computable, where t ′(n) = n · t(n) · log(n · t(n)).

2.3.5 Computational depth

Kolmogorov random strings are the strings that have as their shortest description the

string itself. Thus, random strings are objects containing lots of information. However,
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this information may be not very useful from a computational point of view, since, with

high probability, one can get another string as useful as the first one by flipping a fair

coin. On the other hand, strings with lots of regularities can be highly compressed and

thus, they have simple laws of construction. This simplicity may be instantly clear or

very demanding in terms of computational resources. For example, if the object is the

collection of results in a scientific book like [LV08], it has low Kolmogorov complexity

since we can derive the proofs of all theorems using only a couple of initial definitions and

inference rules. So, if we need to send the book to someone, we can use a small number

of bits when compared with the size of the entire book, but the receiver will spend a long

time reconstructing the proofs and the full book. On the other hand, we can send the

entire book. In this case, the receiver could read the book and extract all the information

easily. Thus, in both cases, we have the same information from Kolmogorov complexity

point of view, but the difference between them is the tradeoff of computational difficulty

and the number of bits communicated.

Informally, computational depth is a measure for the amount of “nonrandom” or

“useful” information contained in a string. Notice that a computational deep string

should have lots of regularities, i.e., it has low Kolmogorov complexity, but there is no

efficient procedure to determine those regularities. In fact, in the previous example, from

this point of view, the Li and Vitanyi’s book [LV08] is a deep object.

A first attempt to formalize the concept of computational depth is due to Bennett. In

[Ben88] he defined the s-significant logical depth of an object x as the time required by

the reference universal Turing machine to generate x by a program that is no more than

s bits longer than the shortest descriptions of x. Formally,

Definition 2.3.21 (Logical depth [Ben88]). The Logical Depth of a string x at a signif-

icance level s is:

ldepth(x) = min
t



t(|x|) :

∑

p:Ut(p)=x

2−|p| > 2−s
∑

p:U(p)=x

2−|p|



 .

Later, Antunes, Fortnow, van Melkebeek and Vinodchandran [AFvMV06], to simplify

this notion defined computational depth as a measure of nonrandom information in a string

based on the difference between various kinds of time bounded Kolmogorov complexity

and their unbounded counterparts. They have defined three types of computational

depths:

1. Basic computational depth: measuring the gap between time bounded Kolmogorov

complexity and traditional unrestricted Kolmogorov complexity.
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This notion captures the intuitive concept of computational depth, much better than

the technical notion of logical depth does. Note that x has large logical depth if it

has short programs that require considerable computation time. It seems natural

that computational depth has a similar property.

2. Sublinear time computational depth: gives an alternative way of defining shallow

sets by analyzing its characteristic sequence. It also gives a way of proving that if

NP is sparse or is reducible to a random set, then NP has polynomial-size circuits

and the polynomial time hierarchy collapses.

3. Distinguishing computational depth: analyses the difference between polynomial

time bounded distinguishing complexity, CDt(x), defined by the length of shortest

program p running in time t such that Ut(p, z) = 1 if and only if z = x, and

polynomial time bounded Kolmogorov complexity. Fortnow and Kummer [FK96]

show that under some computational assumptions there are strings with high dis-

tinguishing computational depth.

In this thesis we are interested in basic computational depth and sublinear computa-

tional depth.

Definition 2.3.22 (Basic computational depth [AFvMV06]). Let t be a constructible

time bound. For any string x ∈ Σ∗, the basic computational depth is:

deptht(x) = Kt(x) − K(x).

Notice that this notion measures the effort that is necessary to reconstruct a string

from its shortest description.

A computational deep string is not easy to identify, but can be constructed by diago-

nalization in time larger than 2t for depth t. The next theorem proves that there are an

exponential number of strings with large basic computational depth.

Theorem 2.3.23. There is a constant c such that for any 0 < ε < 1, there are at least

2εn strings x of length n satisfying:

depth2
n

(x) ≥ (1− ε)n− c logn.

Proof. Consider the set:

A = {x ∈ Σn : ∃p ∈ Σn−2, U(p) = x in at most 2n steps}.
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By the incompressible Theorem 2.3.13, |A| < 2n−1. So if B = Σn − A, |B| > 2n−1 and for

any 0 < ε < 1, there are more than 2εn strings in B. Let D be the lexicographically first

2εn strings in B. Since D is computable and any x ∈ D can be specified by εn bits, we

have that for every x ∈ D, K(x) ≤ εn + O(logn). We also have that for every x ∈ D,

K2n(x) ≥ n−1 since every program p of size at most n−2 such that U(p) outputs x must

run for at least 2n steps. It follows that for any x ∈ D, depth2
n

(x) ≥ (1 − ε)n − c logn

for some constant c.

In order to define shallow set by analyzing the characteristic sequences we need to

define Kt for sublinear time bound t, i.e., when t(n) < n. This is done by allowing the

universal Turing machine U access to part of the description r of the string x and requiring

only that each bit of x be generated in the allotted time.

Definition 2.3.24 (Sublinear time bounded Kolmogorov complexity). Let t be a time

bound satisfying t(n) ≤ n and x a string. Define sublinear time bounded Kolmogorov

complexity by

Kt(x) = min
p,r

{|p|+ |r| : Ur(p, i) outputs xi in t(|x|) steps for all 1 ≤ i ≤ |x|} .

Notice that this definition with t(n) ≥ n is essentially equivalent to the definition

2.3.19.

Definition 2.3.25 (Shallow strings). Let k be a fixed constant. A string x is k-shallow

if depthlogk(x) ≤ logk(|x|).

Definition 2.3.26 (Shallow sets). A set A is shallow if there is a constant k such that

almost every initial segment of the characteristic sequence of A, is k-shallow.



Chapter 3

Information measures for infinite

sequences

The contents of this chapter are based on the following publications:

[AS08] L. Antunes and A. Souto, Sophisticated infinite sequences, in Proceedings of

Computability in Europe 2008, Athens, Grece, 2008;

[AS10] L. Antunes and A. Souto, Information measures for infinite sequences, in

Theoretical Computer Science, Volume: 41, Issues: 26-28, pages:2602-2611,

Elsevier;

We explore the notion of sophistication defined in [AF09a] studying it for infinite

sequences. A first definition of sophistication is due to Koppel ([Kop87, Kop95]).

We show that our notion is properly defined for every sequence, and prove that

the set of sequences with sophistication equal to zero has measure 1 and that the

set of sophisticated sequences is dense. We also prove that sophistication and

computational depth of sequences are distinct complexity measures and that deep

sequences are dense.

3.1 Motivation

Random strings convey maximal information since they have almost maximum Kol-

mogorov complexity. However, it is very unlikely that these strings have “useful” or

meaningful information, as they are usually considered to be noise. Thus, how do we

formalize the notion of meaningful information?
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We can do it in one of the two following ways: measuring the amount of planing

necessary to construct the object (static resources) or measuring the computational effort

(dynamic resources, usually time), required to produce the object.

As we have already discussed in the introduction, the former approach is based on

the Kolmogorov structure function which divides the smallest program of a string in two

parts: one part accounting for the useful regularity which can be exploited to describe

the string and another accounting for the remaining accidental information present in the

string. In [Kop87, Kop95, KA91], Koppel expressed the useful information as a recursive

function and called the resulting measure sophistication. As a consequence, the regularity

is just the length of a total program p that, together with the accidental information, i.e.

information that is consider not to have structure, produces the string or sequence.

However, as Koppel observed, not all infinite sequences are describable and thus, the

notion of sophistication, is not properly defined. We redefine sophistication for infinite

sequence based on [AF09a], where the authors revisited the notion of sophistication for

finite strings, introducing a new definition, and proving the existence of strings with

maximum sophistication.

The latter approach was introduced in [Ben88] who called logical depth to the effort

required to produce the object. Thus, an object is logically deep if a lot of time is needed

to recover it from any of its shortest descriptions. In the sequel, Antunes et al. [AFvMV06]

introduced the notion of computational depth for finite strings, as the difference between

the time bounded and unbounded Kolmogorov complexities.

Concerning Kolmogorov’s question (see [V’y99]) on the existence of “absolutely non-

random” or highly sophisticated objects Gács et al. [GTV01] and Antunes and Fort-

now [AF09a] independently, proved that the answer is affirmative for strings. We address

Kolmogorov’s question for sequences. We start by redefining sophistication for sequences,

introducing the lower and upper sophistication as the lim inf and lim sup, respectively, of

the ratio between the sophistication of the initial segments (as defined in [AF09a]) and

the length of that initial segments. Notice that these two notions of sophistication are

always well defined, solving one of the problems of Koppel’s definition. Using these new

definitions, we prove that the set of sequences with lower sophistication equal to 0 has

measure 1 and the set of sequences with upper sophistication equal to 1 is dense. So,

the answer to Kolmogorov’s question, regarding infinite sequences, is affirmative if we use

upper sophistication and probably negative if we use the lower sophistication. We also

prove that the set of deep infinite sequences is dense. The study of these measures for

infinite sequences may be useful as a complexity measure to detect attack behaviors in
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network traffic as it is usually considered to be an infinite source of information.

Koppel claimed that sophistication and logical depth are equivalent information mea-

sures. For the finite case, Antunes and Fortnow [AF09a], gave an example where the

equivalence is not valid. In this work, we give two examples of infinite sequences for

which sophistication differs from a variant of computational depth.

3.2 Preliminaries

We present some specific definitions and results that are necessary to understand the

sequel of this chapter.

3.2.1 Sophistication

The Kolmogorov structure function divides the smallest program for an object x in two

parts: one part accounting for the useful regularities to compress the string and another

for the remaining accidental information present in the object. The former is the structure

of x, i.e, it essentially describes the set of all objects that share the same structure with

x, and the latter can be considered as the index of x in that set. To formalize this notion,

Koppel [Kop87] used total functions to represent the useful information. He defined

sophistication based on (monotonic) process complexity.

Definition 3.2.1. A description of a string x is a pair (p, d) such that p is a self-

delimiting total program, and x is an initial segment of U(p, d).

Koppel also defined the complexity of x by:

H(x) = min{|p|+ |d| : (p, d) is a description of x}.

Definition 3.2.2. A description (p, d) of a string x is c-minimal if |p|+ |d| ≤ H(x) + c.

Definition 3.2.3. A program p is a c-minimal program for x if:

1. for some d, the pair (p, d) is a c-minimal description of x.

2. for any c-minimal description (p ′, d ′) of x, we have |p| ≤ |p ′|.

Definition 3.2.4. The c-sophistication of a string x, denoted by sophc(x), is the length

of a c-minimal program for x.
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Bringing together the two previous definitions we obtain the following definition for

c-sophistication of a string x ∈ Σn:

sophc(x) = min
p

{
|p| :

exists d such that (p, d) is a description

of x and |p|+ |d| ≤ H(x) + c

}
.

Koppel used a similar approach for sequences. First, he defined a notion of compression

and minimal description and, then he defined sophistication.

Definition 3.2.5. A program p is called a c-compression program for a sequence α if:

1. For all n there is dn such that (p, dn) is a c-minimal description of α[1:n].

2. dn−1 ≤ dn, i.e., dn−1 is an initial segment of dn.

Definition 3.2.6. The sophistication of a sequence α is

sophc(α) = min
p

{|p| : p is a c-compression program for α} .

If such p does not exist then sophc(α) =∞.

A sequence is describable if it has a compression program. Koppel in [Kop95] remarked

that not every sequence is describable and thus sophc(α) is not properly defined. For

example, if for all c, lim supn sophc(α[1:n]) = ∞, then α is not describable. In order to

avoid this problem, Koppel defined a weaker version of sophistication based on “weak”

compression programs for α, i.e., program for which the data considered for each n is not

necessarily a prefix of the next one. Antunes and Fortnow [AF09a] revisited the notion of

sophistication and, using Kolmogorov complexity, adapted Koppel’s definition for finite

strings.

Definition 3.2.7. Let c be a constant, x a string of length n and U the universal reference

Turing machine. The c-sophistication of x is

sophc(x) = min
p

{
|p| :

p is total and there is a string d such that

U(p, d) = x and |p|+ |d| ≤ K(x) + c

}
.

By definition, it is always true that sophc(x) ≤ K(x) + c. It is not known if

sophistication is a robust measure. Indeed it is unknown if slight variations on the

parameter c, especially when c is small, largely affects the value of sophistication.

In the sequel, we will need the following generalization of Theorem 2 of [AF09a], on

the existence of highly sophisticated finite strings.
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Theorem 3.2.8. Let x be a string of length logn and c > 0 a constant. There is

y ∈ Σn−logn such that sophc(xy) ≥ n− 10 logn− c.

Proof. For all programs p such that |p| ≤ n− 10 logn− c define

rp =




0 if ∃d : |d| < n− |p|− c such that U(p, d) diverges

max
d:|d|<n−4 logn−|p|−c

running time of U(p, d)

Consider S = max rp. Given n and p that maximizes rp we can compute S. Consider the

following set

V =

{
xy ∈ Σn :

there exists p, d satisfying |p| ≤ n− 10 logn− c,

|d| ≤ n− 4 logn− |p|− c such that US(p, d) = xy

}
.

and V̄ = {xy ∈ Σn : xy /∈ V}. Notice that if xy ∈ V then K(y) ≤ K(xy) + K(x) ≤ |p| +

|d|+K(x) ≤ |p|+n−4 logn− |p|−c+K(x) ≤ n−4 logn−c+3 logn = n−logn−c. Then,

using the incompressible Theorem 2.3.13, there must exist at least one string y ∈ Σn−logn

such that xy /∈ V and thus V̄ 6= ∅. Let z be the first string in lexicographic order in V̄ .

Since given n, x and p that maximizes rp we can compute V , then we conclude that:

K(z) ≤ K(x) + K(p) + K(n) + K(V |n, p)

≤ 3 logn+ n− 10 logn− c+ 3 logn

= n− 4 logn− c

Assume that sophc(z) is small, i.e., sophc(z) ≤ n− 10 logn− c. Then, by definition

∃p∗, d∗ : p∗ is total, |p∗| ≤ n− 10 logn− c, |p∗|+ |d∗| ≤ K(z) + c

but then we have |d∗| ≤ K(z) + c− |p∗| ≤ n− 4 logn− c− |p∗| and thus U(p∗, d∗) stops

and, by construction of S, it stops in time ≤ S, i.e., z ∈ V . But, by construction, z /∈ V ,

which is a contradiction. So sophc(z) > n− 10 logn− c.

3.2.2 Hausdorff and Packing dimension

In mathematics, the notion of measure is largely used. Intuitively, a measure defined

over a set is a systematic way to assign a number to each suitable subset of a given set,

which mean to be interpreted as the size of the subset. In this sense, a measure is a

generalization of the concepts of length, area and volume. Hausdorff [Hau19] augmented

Lebesgue measure theory with a concept of dimension. This measure assigns to every

subset X of a given metric space a real number dim(X), called the Hausdorff dimension
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of X. Lutz [Lut00a, Lut00b] proved there is a gale characterization of Hausdorff dimen-

sion. This characterization gives an exact relationship between Hausdorff dimension of a

set X consisting of infinite binary sequences, and growth rates achievable by martingales

betting on the sequences in X. This gale characterization of Hausdorff dimension was a

breakthrough as it enabled the definition of effective versions of Hausdorff dimension by

imposing various computational and complexity constraints on the gales.

Definition 3.2.9. An s-supergale is a function d : Σ∞ → [0,∞[ that satisfies the following

condition:

d(x) ≥ d(0α) + d(1α)
2s

.

An s-supergale is called an s-gale if the equality holds. A gale is called a martingale if

s = 1.

Definition 3.2.10. Let α be a sequence and d an s-supergale. We say that d succeeds

on α if:

lim sup
n

d(α[1:n]) =∞.

We define Sd as the set of sequences where d succeeds.

Definition 3.2.11. Let X be a set of sequences.

• G(X) is the set of all s ∈ [0,∞[ such that there is an s-gale d for which X ⊂ Sd.

• Ĝ(X) is the set of all s ∈ [0,∞[ such that there is an s-supergale d for which X ⊂ Sd.

• Ĝconstr(X) is the set of all s ∈ [0,∞[ such that there is a lower semi-computable

s-supergale d for which X ⊂ Sd.

• The Hausdorff dimension of X is dimH(X) = inf G(X) = inf Ĝ(X).

• The constructive dimension of X is cdim(X) = inf Ĝconstr(X).

• The constructive dimension of a sequence α is dim(A) = cdim({α}).

Intuitively, a martingale d is a strategy for betting on the successive bits of a sequence

α.

In [May02], it is shown that constructive Hausdorff dimension can be fully character-

ized in terms of Kolmogorov complexity.

Theorem 3.2.12 (Constructive Hausdorff dimension). For every sequence α,

dim(α) = lim inf
n→∞

K(α[1:n])

n
.
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The proof of this result can be verified conjugating [May02] and [Lut00b].

Proof. The “≥” inequality follows directly from the fact that the dimension can be used

to describe the sequence.

To prove the inequality “≤”, let α be a sequence and s and s ′ two rational numbers

such that s > s ′ > lim inf
n∈∞

K(α[1:n])

n
. The set:

B = {x ∈ Σ∗ : K(x) ≤ s ′|x|}

is recursively enumerable and for all n, B=n has at most 2s
′n−K(n)+O(1) elements. Using

Kraft’s inequality we know that

d(x) = 2(s−s
′)|x|

( ∑

w:xw∈B
2−s

′|w| +
∑

w:w∈B,w≤x
2(s

′−1)(|x|− |w|)

)

is a lower semi-computable s-gale and by construction, if x ∈ B, d(w) ≥ 2(s−s
′)|x|. By

assumption, there are infinitely many n for which α[1:n] ∈ B and thus α ∈ Sd which

implies that dim(α) ≤ 2s. Since this result is true for every s > lim inf
n∈∞

K(α[1:n])

n
the

inequality follows.

Packing dimension was introduced independently by Tricot [Tri82] and Sullivan [Sul84].

Later, Athreya et al. [AHLM07] proved how to characterize packing dimension in terms

of gales, a dual of the gale characterization of the Hausdorff dimension. By imposing com-

putational constrains on the gales they obtained a variety of effective strong dimensions

which are exactly duals of the effective Hausdorff dimension. In particular, the following

characterization was proved.

Theorem 3.2.13 (Constructive packing dimension). For every sequence α,

Dim(α) = lim sup
n→∞

K(α[1:n])

n
.

The proof of this result can be found in [AHLM07] and is dual of the previous one.

Theorems 3.2.12 and 3.2.13 are not valid for the plain version of Kolmogorov com-

plexity.

3.2.3 Topological results

To formally present the results of the next sections, we use the standard metric in the

Cantor space Σ∞ and apply the well known Baire’s result for complete metric spaces.
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Definition 3.2.14. In the Cantor set Σ∞, given α,β ∈ Σ∞, the standard metric is:

d(α,β) = max
i

{2−i : αi 6= βi}

It is well known that (Σ∞, d) is a complete metric space. Notice that, the less the

distance between α and β, the bigger the initial segment common to α and β.

Definition 3.2.15. Let (X, d) be a metric space. We say that a set A is open if, for every

x ∈ A, there is a ε > 0 such that the ball B(x, ε) = {y ∈ X : d(x, y) < ε} is contained

in A. The complement of an open set is called a closed set.

A set D is called dense if for all x ∈ X and every ε > 0 there is y ∈ D such that

d(x, y) < ε.

Theorem 3.2.16 (Baire’s Theorem). Let (X, d) be a complete metric space and let

(An)n∈N be a sequence of open dense subsets of X. Then
⋂

n∈N
An is dense.

3.3 The existence of highly sophisticated sequences

We propose a new and simpler definition of sophistication of infinite sequences. The

definitions are based on the limits of the sophistication of the initial segments and

formalize the idea that if we analyze the sequence considering larger and larger initial

segments, then we can describe better the emerging structure of the sequence. We prove

the existence of highly sophisticated sequences, a connection with constructive Hausdorff

dimension and constructive packing dimension.

Keeping a similar flavor to the Hausdorff and Packing dimension characterizations, we

propose the following definition of sophistication for infinite sequences.

Definition 3.3.1. The lower sophistication of a sequence α ∈ Σ∞ is defined as:

soph
c
(α) = lim inf

n

sophc(α[1:n])

n

and the upper sophistication as:

sophc(α) = lim sup
n

sophc(α[1:n])

n

Notice that the lim inf and lim sup of real numbers are always defined. Hence, the

lower and the upper sophistication of a sequence are well defined, solving one of the

problems of Koppel’s definition. We now prove some properties of the new measure

and establish a connection with constructive Hausdorff dimension and with constructive

packing dimension.
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Proposition 3.3.2. For all sequence α and constant c > 0, soph
c
(α) ≤ dim(α) and

sophc(α) ≤ Dim(α).

Proof.

soph
c
(α) = lim inf

n

sophc(α[1:n])

n

≤ lim inf
n

K(α[1:n]) + c

n

≤ lim inf
n

K(α[1:n])

n
+ lim inf

n

c

n

= lim inf
n

K(α[1:n])

n
= dim(α)

The proof that sophc(α) ≤ Dim(α) is similar.

A sharper result for the lower sophistication is presented next. It proves the existence

of sequences for which the lower sophistication is strictly smaller than the constructive

Hausdorff dimension.

Proposition 3.3.3. For any sufficiently large constant c, there are sequences α such that

soph
c
(α) = 0 and dim(α) = 1.

Proof. The idea of the proof is to use a sequence with high Kolmogorov complexity.

Chaitin [Cha66] and Martin-Löf [ML71] observed that there are α such that from some

n0 onwards K(α[1:n]) ≥ n − logn − log logn. In fact, almost all sequences α have this

property, since
∑

n∈N 2
− logn−log logn converges. Thus,

dim(α) = lim inf
n

K(α[1:n])

n

≥ lim inf
n

n− logn− log logn

n
= 1

On the other hand, as proved in [YDD04], the following set has measure 1:

A = {α ∈ Σ∞ : for infinitely many n, K(α[1:n]) = n− c}

where c is a fixed constant. So, the set

B = {α ∈ Σ∞ : α ∈ A and dim(α) = 1}

has also measure 1. But, by definition of A, for any α ∈ B, there are infinitely many n

such that sophc(α[1:n]) ≤ O(1), since the program p that prints α[1:n] when α[1:n] is given
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as data satisfies |p| + |α[1:n]| ≤ |p| + n = c + K(α[1:n]), where c is the constant describing

print on the universal Turing machine. So,

soph
c
(α) = lim inf

n

sophc(α[1:n])

n

≤ lim inf
n

O(1)

n
= 0.

Notice that the constant c of the previous proposition only needs to be larger than

the description of the program print for the universal Turing machine. From the proof

of previous Proposition we can conclude that:

Theorem 3.3.4. For some constant c > 0, the set of sequences α such that soph
c
(α) = 0

has measure 1.

We now show that the set of sequences with upper sophistication equal to 1 is dense.

For each natural number n0 consider the following set:

Vn0
= {α ∈ Σ∞ : (∀n ≥ n0) sophc(α[1:n]) ≤ n− 10 logn− c}

where c is a fixed constant. Vn0
is the set of sequences that from its nth0 bit their initial

segments are not highly sophisticated. Then we have:

1. Vi ⊂ Vi+1.

If α ∈ Vi then for all n ≥ i, sophc(α[1:n]) ≤ n − 10 logn − c. In particular, for all

n ≥ i+ 1, we have that sophc(α[1:n]) ≤ n− 10 logn− c. So, α ∈ Vi+1.

2. Vi is non empty.

For example, the sequence such that all bits are equal to 0 has low sophistication

since it has low Kolmogorov complexity.

3. For all sufficiently large n0, Vn0
6= Σ∞.

Considering y = ε in Theorem 3.2.8, it follows that there is x ∈ Σn that satisfies

sophc(x) ≥ n − 10 logn − c. So, the sequence α = x000... satisfies sophc(α[1:n]) ≥
n− 10 logn− c and thus α 6∈ Vn0

.
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4. All sets Vn0
are closed subsets of Σ∞.

To prove this fact we show that Σ∞ − Vn0
are open subsets of (Σ∞, d).

If α ∈ Σ∞ − Vn0
then there is n such that sophc(α[1:n]) ≥ n − 10 logn − c. Set

ε = 2n−1. Then, if d(α,β) < ε it implies that for all i ≤ n, αi = βi. So,

sophc(β[1:n]) = sophc(α[1:n]) ≥ n− 10 logn− c, which proves that β ∈ Σ∞ − Vn0
.

So if we prove that Σ∞ − Vn0
are dense then we prove that the set of all highly

sophisticated sequences is dense in Σ∞ since

⋂

n0∈N
Σ∞ − Vn0

= Σ∞ −
⋃

n0∈N
Vn0
.

Notice that if α ∈ Σ∞ −
⋃

n0∈N
Vn0

then α satisfies

sophc(α) ≥ lim
n

n− 10 logn− c

n
= 1.

To prove that each Σ∞−Vn0
is dense it is sufficient to show that given ε > 0 and α ∈ Vn0

there is a sequence β ∈ Σ∞ − Vn0
such that d(α,β) < ε.

Intuitively, this fact is true since we can consider the first bits of α (to ensure that

d(α,β) < ε) and construct a sophisticated string with that prefix of a reasonable size.

Proposition 3.3.5. Each set Σ∞ − Vn0
is dense.

Proof. Let α be an element in Vn0
and ε > 0 a real number. We construct β as follows:

Let i0 be the index such that 2−i0 ≤ ε/2. Set βi = αi for all i ≤ i0. With this

condition we guarantee that for all ω ∈ Σ∞, d(α,β[1:i0]ω) < ε.

Considering x = β[1:i0] in Theorem 3.2.8 of page 43, it follows that there is y ∈ Σ2i0−i0
that satisfies sophc(β[1:i0]y) ≥ |xy|−10|x|−c. Then the sequence β = β[1:i0]y000... satisfies

sophc(β[1:2i0 ]) ≥ 2i0 − 10 log 2i0 − c. So, β ∈ Σ∞ − Vn0
.

Thus, using Theorem 3.2.16 and Proposition 3.3.5 we have:

Theorem 3.3.6. For some c > 0, the set of sequences α such that sophc(α) = 1 is dense.

3.4 Computational depth for sequences

There are several recent results about computational depth for strings, see [AF09b],

[AFPS07], [AMSV09], [Sou10]. In this section, we study the density of the set of deep

sequences and prove that, although it has measure 0, it is dense.
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Definition 3.4.1. The infinite series
∑
2−f(n) is recursively convergent if there is a

recursive sequence (ni)i∈N such that
∞∑

n=nm

2−f(n) ≤ 2−m for all m.

Theorem 3.4.2 (Theorem 2.5.4 in [LV08]). Let f(n) be a recursive function such that
∑
2−f(n) is recursively convergent. If an infinite binary sequence ω is Martin-Löf random,

then from some n onward, K(ω[1:n]|n) ≥ n− f(n).

The idea of the proof is to show that the sets of the form [0.ω[1:n], 0.ω[1:n]+2−n) are a

sequential Marti-Löf test.

Let t be any polynomial. From the last theorem, we can show that the set of sequences

ω such that Kt(ω[1:n]|n) ≥ n− c logn for some n onwards has also measure 1.

Theorem 3.4.3. Let t be any fixed polynomial. The set

A = {ω ∈ Σ∞ : exists n0 such that for all n ≥ n0,Kt(ω[1:n]|n) ≥ n− c logn}

where c ≥ 2, has measure 1.

Proof. Since all random sequences satisfies Kt(ω[1:n]|n) ≥ n−c logn for some n0 onwards,

then A contains the set of random sequences by Theorem 3.4.2. Thus, A has measure

1.

What can we say about the complement of this set? We know that this set has measure

0, but what about its density? Adapting the arguments of Theorem 3.3.6, we show that

the set of sequences having high depth for infinitely many initial segments is dense.

Theorem 3.4.4. Let t be any polynomial. The set of sequences ω such that for infinitely

many n, Kt(ω[1:n]|n) ≤ n− c logn for some c ≥ 2 is dense.

Proof. For each natural number n0, consider the sets:

An0
= {ω ∈ Σ∞ : ∀n ≥ n0,Kt(ω[1:n]|n) > n− c logn}

It follows from the results above that
⋃

n0

An0
has measure 1 since it contains the set of

Martin-Löf random sequences.

1. Σ∞ −An0
are open sets.

Let α be a sequence in Σ∞ −An0
. Then, by the definition of An0

, there is a n ≥ n0
such that Kt(α[1:n]|n) ≤ n− c logn. Set ε = 2−n. If d(α,β) < ε then for all i ≤ n,

αi = βi. In particular, it follows that Kt(β[1:n]|n) = Kt(α[1:n]|n) ≤ n−c logn, which

implies that β /∈ An0
, i.e., β ∈ Σ∞ −An0

.
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2. Σ∞ −An0
are dense sets.

We must prove that given an α ∈ An0
and any 1 > ε > 0 there is β ∈ Σ∞−An0

such

that d(α,β) < ε. Set n = − log ε and define β as follows: for all i ≤ n, βi = αi

and for i > n, βi = 0.

It follows, by definition of n, that d(α,β) < ε and it is clear that there is n ′ >>>

n ≥ n0 such that Kt(β[1:n ′]|n
′) ≤ n ′ − c logn ′which implies that β ∈ Σ∞ −An0

.

So, using Baire’s Theorem we conclude that
⋂

n∈N
Σ∞ −An = Σ∞ −

⋃

n∈N
An is dense.

Notice that ω /∈
⋃

n∈N
An means that for all n0 there is n ≥ n0 such that Kt(ω[1:n]|n) ≤

n− c logn, i.e., for infinitely many n, Kt(ω[1:n]|n) ≤ n− c logn.

So, although the complement of the set of polynomial time c log(n)-Kolmogorov-

random sequences has measure 0 it is dense. As a corollary, the complement of the

set of random sequences is also dense. Since deep objects are not random, this leaves

open the possibility of the existence of some deep sequences. Notice that from Theorem

3.4.2, the set of deep sequences has measure 0, but, as proved in the next result, it is

dense and so, in fact, deep sequences do exist. The density of deep sequences follows from

the following result:

Theorem 3.4.5. Let t be a fixed polynomial. Given y ∈ Σn and 0 < δ < 1, there is a

string x of length 2n+n such that y is a prefix of x and deptht(x) ≥ (1− δ)2n− c ·n for

some constant c.

Proof. Consider a string x of length 2n + n of the form x = yz. We claim that there is a

string z such that deptht(x) ≥ (1− ε)2n − c · n for some constant c.

It is known (see Theorem 5 in [AFvMV06]) that, for every 0 < ε < 1, there is a string

z of length 2n such that deptht(z) ≥ (1 − ε)2n − c · n, where c is some fixed constant.

Then, deptht(yz) ≥ (1− ε)2n − c · n.

deptht(yz) = Kt(yz) − K(yz)

≥ Kt(z) − K(yz)

≥ Kt(z) − K(z) − K(y)

= deptht(z) − K(y)

≥ (1− ε)2n − c · n− K(y)

≥ (1− ε)2n − c ′ · n

the last inequality follows from the fact that K(y) ≤ n+ 3 logn.



52 3.4 Computational depth for sequences

Theorem 3.4.6. Let t be a fixed polynomial. The set of sequences ω such that for

infinitely many n, deptht(ω[1:n]|n) ≥ (1− δ)n−O(logn) is dense, where 0 < δ < 1 is a

fixed constant.

The proof consists again of adapting the arguments of Theorem 3.3.6 for the particular

case of computational depth measure.

Proof. For any natural number n0 consider the sets:

Vn0
= {ω ∈ Σ∞ : ∃n ≥ n0, deptht(α[1:n]|n) ≥ (1− δ)n−O(logn)}

If α ∈
⋂

n0

Vn0
then for all n0 there is n ≥ n0 such that deptht(ω[1:n]|n) ≥ (1 − δ)n −

O(logn). So, for infinitely many n, deptht(ω[1:n]|n) ≥ (1− δ)n−O(logn).

1. Vn0
are open sets.

Let α be a sequence in Vn0
. Then, there is an n ≥ n0 such that

deptht(α[1:n]|n) ≥ (1− δ)n−O(logn)

Set ε = 2−n. If d(α,β) < ε then for all i ≤ n, αi = βi. In particular, it follows

that deptht(β[1:n]|n) = deptht(α[1:n]|n) ≥ (1 − δ)n − O(logn), which implies that

β ∈ Vn0
.

2. Vn0
are dense sets.

Fix ε > 0 and α /∈ Vn0
. We consider β such that for all i ≤ n = − log ε, βi = αi.

This implies that, for any ω ∈ Σ∗, d(α,β[1:n]ω) < ε.

From Theorem 3.4.5, we can extend β1...βn to a string x of length 2n + n such

that deptht(x) ≥ (1 − δ)2n − O(n) = (1 − δ)|x| − O(log |x|). It then follows that

β = x000... ∈ Vn0
and d(α,β) < ε.

So, using Baire’s Theorem 3.2.16, we conclude that
⋂

n0

Vn0
is dense.

Remark 3.4.7. The use of polynomial time bounds is not crucial for all the results of this

section. In fact, Theorem 5 of [AFvMV06], allows us to have a similar result considering

any time bound up to t(n) = 2n.
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3.5 Sophistication vs depth of sequences

Koppel [Kop87] claimed that, for all infinite sequences, sophistication and logical depth

are equivalent. However, the proof uses a different definition of Bennett’s logical depth

since totality in the functions is imposed. In fact, the claimed equivalence would be an

unexpected result, as sophistication measures the program length which does not exceed

the length of the string and logical depth measures running times which can be arbitrarily

large.

In [AF09a], the authors proved that computational depth and sophistication are

distinct for finite strings, contradicting Koppel’s intuition. In this section, we reinforce

the distinctness of these two measures for infinite sequences by proving the existence of

sequences that are deep but not very sophisticated. We define packing and Hausdorff

dimensional depth instantiating the probability distribution of randomness deficiency to

be the time bounded universal distribution mt(x) = 2−Kt(x).

Definition 3.5.1. The packing dimensional depth of a sequence α is:

depthtDim(α) = lim sup
n→∞

δ(α[1:n]|2
−Kt(α[1:n]))

n
.

where δ(x|µ) is the randomness deficiency of x with respect to the semi-measure µ which

is defined by δ(x|µ) =

⌊
log

2−K(x)

µ(x)

⌋
.

The difference of the two measures, sophistication and computational depth, follows

from the following theorem.

Theorem 3.5.2 (Theorem 7.1.4 in [LV08]). Let t be a time constructible function. There

is a recursive sequence ω such that Kt(ω[1:n]|n) ≥ n− log(n) infinitely often.

Sketch of the Proof. The sequence ω results from a diagonalization. Consider the recur-

sive function defined by g(1) = 1 and g(n) = 2g(n−1).

Set ω1 = 0. Define ω[g(n−1)+1:g(n)] recursively as follows: simulate all prefix-free

programs of size less than g(n) − g(n − 1) for t(g(n)) steps each. Extend ω[1:g(n−1)]

to ω[1:g(n)] such that ω[1:g(n)] is not the initial segment of any of the previous simulations.

The string obtained by this construction, satisfies Kt(ω[1:g(n)]|g(n)) ≥ g(n)−g(n−1).
Since log(g(n)) = g(n− 1) then for infinitely many n, Kt(ω[1:n]|n) ≥ n− log(n).

Observe that from the fact that ω is recursive we have K(ω1:n|n) ≤ logn for all n.

So, for all n, sophc(ω1:n) ≤ O(logn) and thus

soph
c
(ω1:n) ≤ sophc(ω1:n) ≤ lim

n

O(logn)

n
= 0.
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On the other hand, for infinitely many n, deptht(ω1:n) ≥ n−O(logn). So,

depthtDim(ω) = lim sup
n→∞

δ(ω[1:n]|2
−Kt(ω[1:n]))

n

= lim sup
n→∞

log(2−K(ω[1:n])/2−Kt(ω[1:n]))

n

= lim sup
n→∞

Kt(ω[1:n]) − K(ω[1:n])

n

= lim sup
n→∞

deptht(ω[1:n])

n

= 1

It is possible to obtain a similar result for depth defined with “lim inf” but the

separation is not so strong, since we prove that the difference is not 1 but a constant

smaller than 1 that depends on the time t.

Definition 3.5.3. The Hausdorff dimensional depth of a sequence α is:

depthtdim(α) = lim inf
n→∞

δ(α[1:n]|2
−Kt(α[1:n]))

n
.

Theorem 3.5.4 (Theorem 7.1.3 in [LV08]). Let t be a time constructible function and k

the index of the Turing machine that computes t. There is a recursive enumerable set A

such that, the characteristic sequence χA satisfies Kt(χA[1:n]|n) ≥
n

22k+1
for all n.

Since A is recursively enumerable we know that for all n, K(χA[1:n]) ≤ O(logn). So,

for all n, sophc(χA[1:n]) ≤ O(logn) and then:

soph
c
(χA) ≤ lim

n

O(logn)

n
= 0.

On the other hand, from last theorem, we know that for all n, Kt(χA[1:n]) ≥
n

22k+1
− logn.

Thus,

depthtdim(χA) = lim inf
n→∞

δ(χA[1:n]|2
−Kt(χA[1:n]))

n

= lim inf
n→∞

log(2−K(χA[1:n])/2−Kt(χA[1:n]))

n

= lim inf
n→∞

Kt(χA[1:n]) − K(χA[1:n])

n

= lim inf
n→∞

deptht(χA[1:n])

n

≥ 1

22k+1



Chapter 4

Low depth witnesses of SAT

The content of this chapter is based on the following publication:

[AFPS07] L. Antunes, L. Fortnow, A. Pinto and A. Souto, Low depth witnesses are easy

to find, in Proceedings of 22nd Annual of IEEE Conference on Computational

Complexity 2007, pages:46-51, San Diego, United States of America;1

We show unconditionally how to probabilistically find satisfying assignments for

formulas that have at least one assignment of logarithmic depth. The converse holds

under a standard hardness assumption though fails if BPP = FewP = EXP. We

also prove that assuming the existence of good pseudorandom generators one can

not increase the depth of a string efficiently.

4.1 Motivation

We investigate a computational depth characterization of the set of formulas in SAT that

are solved by a probabilistic algorithm and continue the study of computational depth.

Let φ be a Boolean formula having a satisfying assignment w of computational

depth d. We show how to probabilistically find an assignment w ′, not necessarily equal

to w, in time exponential in d such that φ(w ′) = True.

We show that under a standard hardness assumption the converse also holds, manely

that, if exponential time is not infinitely often in subexponencial space, then any formula

φ for which we can find a satisfying assignment w in probabilistic time admits a satisfying

1This paper has been recently accepted for publication in the Computational Complexity journal
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assignment of low computational depth. On the other hand, under the unlikely, but open

case, that BPP = FewP = EXP, one can find formulas that have a single solution of

high computational depth that can be found quickly using a probabilistic algorithm. The

class FewP is the set of problems accepted by a polynomial time nondeterministic Turing

machine which has at most a fixed polynomial number of accepting paths for each input.

We also look at the question of whether one can increase computational depth of

a string efficiently. We show that under the same hardness assumption, one can not

significantly increase the depth of a string in polynomial time. Once again, if BPP =

EXP we show examples where one can produce a string of high depth from a string of

very low depth. Finally, we explore the question as to whether a triangle inequality holds

for conditional depth.

4.2 Preliminaries

4.2.1 Pseudorandom generators

Pseudorandom generators are efficiently computable functions which stretch a seed into a

long string, so that, apart from not being random in the classical sense, testing this fact

requires an unrealistic amount of time, i.e., for a random input its output looks perfectly

random for a resource-bounded machine. The existence of pseudorandom generators has

many computational complexity implications. For example, Impagliazzo, Levin and Luby,

in [ILL89], proved that their existence is equivalent to the existence of one-way functions

and thus it implies a separation of P and NP.

In this work we need some pseudorandom generators based on hard functions.

The following lemma is implicit in the work of Nisan and Wigderson [NW94].

Lemma 4.2.1 (Nisan-Wigderson [NW94]). Suppose we have a set H of functions from

Σk to Σm, a polynomial p and a parameter n satisfying log(m) ≤ k ≤ p(n) with the

following properties:

1. At least 3/4 of all possible functions mapping Σk to Σm are in H;

2. For some a, there is a Σ
p(n)
a -machine with oracle access to a function H which on

input 1n will accept exactly when H is in H.

Then there is a function H ′(x, r) with x ∈ Σk and |r| polynomial in n, such that each

output bit is computed in polynomial time (in n) and for at least 2/3 of the possible r,

Ĥr(x) = H
′(x, r) is in H.
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Proof. View a function H as a binary string of length M = m2k and the Σ
p(n)
a -machine

as a constant depth circuit C of size 2n
O(1)

. Nisan and Wigderson [NW94] show how to

create a pseudorandom generator G, based on the parity function, that maps a seed of

size polynomial in n to M bits that fools C. Each output bit of the generator G can be

computed in time polynominal in n. H ′ is easily constructed from G.

One of the most important applications of pseudorandom generators is derandomiza-

tion. This procedure has as ultimate goal to prove that P = BPP but, that conclusion

was not yet proved.

Impagliazzo and Wigderson [IW96] strengthen the work of Nisan and Wigderson

to show how to achieve full derandomization based on strong hardness assumptions.

Klivans and van Melkebeek [KvM02] generalize Impagliazzo-Wigderson by showing that

the results hold for relativized worlds in a strong way.

Lemma 4.2.2 (Impagliazzo-Wigderson, Klivans-van Melkebeek). For any oracle A, sup-

pose that there are languages in DTIME(2O(n)) that for some ε > 0, can not be computed

by circuits of size 2εn with access to an oracle for A. Then there is a k and a pseudo-

random generator g : Σk logn → Σn computable in time polynomial in n such that for all

relativizable circuits C of size n

∣∣∣∣ Pr
s∈Σk logn

(CA(g(s)) = 1) − Pr
r∈Σn

(CA(r) = 1)

∣∣∣∣ = o(1).

We need the following hardness hypothesis for many of the derandomization results

in this work.

Hypothesis 4.2.3. There is a language L in DTIME(2O(n)) that for some ε > 0, L can

not be computed on infinitely many inputs lengths by circuits of size 2εn with Σp2 gates.

Miltersen [Mil01] shows that Hypothesis 4.2.3 follows from a uniform statement of

time versus space. He proved that if DTIME(2O(n)) is not contained in DSPACE(2o(n))

then DTIME(2O(n)) contains a language that does not have circuits of size 2o(n) with Σp2

gates or even PSPACE gates.

Lemma 4.2.4 (Miltersen). If DTIME(2O(n)) is not contained in DSPACE(2o(n)) for

infinitely many input lengths then, for every language A in PSPACE, there is some ε > 0

such that DTIME(2O(n)) contains a language that does not have circuits of size 2εn with

access to A for infinitely many input lengths.
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4.3 Finding low-depth witnesses

We study the relationship between the depth of a solution for a Boolean formula and the

existence of a probabilistic algorithm to find a satisfying assignment for the formula. For

this section, we assume that n represents the number of variables in the Boolean formula

considered.

Theorem 4.3.1. Let c be a constant and t some polynomial. There is a probabilistic

polynomial time algorithm such that, if φ is a Boolean formula over n variables with a

satisfying assignment w of deptht(w|φ) ≤ c logn, then on input φ the algorithm outputs

a satisfying assignment of φ with probability close to one.

Proof. Let m = K(w|φ). Since deptht(w|φ) = Kt(w|φ) − K(w|φ) ≤ c logn we can write

m ′ = Kt(w|φ) ≤ m+ c logn (4.3.1)

Now consider the following set:

A =
{
z|φ(z) = True and Kt(z) ≤ m ′

}

where we have used φ(z) to denote the value of φ for the assignment z. The second

condition of the definition of A says that if z ∈ A, there is a program p such that |p| ≤ m ′
and p generates z in time t. By construction, given φ and m ′, A is a computable set

and w ∈ A. From the fact that w ∈ A, we get m = K(w|φ) ≤ K(w|φ,m ′) + K(m ′) ≤
log |A| + O(logn). Using Inequality 4.3.1 we can write, for some constant c ′ depending

on t and on c:

|A| ≥ 2m

c ′n
≥ 2m

′

poly(n)
.

where poly(n) = c ′nc
′
. The following probabilistic algorithm M produces a satisfiable

assignment for φ:

Input: Formula φ;

Output: z an assignment for φ;

1. Guess m ′ ≤ n+ c logn;

2. Generate randomly a program p of length at most m ′;

3. Run the universal Turing machine U with program p and the formula φ

for t steps and let z be the output;
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4. If z is a satisfiable assignment accept, otherwise reject.

The probability of this algorithm generating an assignment for φ is at least:

1

n+ c logn
× |A|

2m ′ ≥
2m

′
/poly(n)

2m ′ =
1

poly(n)
.

If we run the algorithm a polynomial number of times, with high probability, one of those

runs will produce a satisfying assignment of φ.

Consider now the converse problem. Given a probabilistic algorithm which finds valid

assignment for some Boolean formula φ in time t, can we say that the Boolean formula

has a witness w with low computational, i.e., satisfying deptht(w|φ) ≤ O(logn), where

n is the number of variables occurring in φ?

The answer to this problem depends on the assumptions we make. The answer is

false if we assume that BPP = FewP = EXP and is true if we assume that good

pseudorandom generators exist.

Theorem 4.3.2. If BPP = FewP = EXP then we can find a witness for every satisfiable

formula in probabilistic polynomial time but for every polynomial q there are infinitely

many Boolean formulas φ and some ε > 0 such that: depthq(w|φ) ≥ nε, for all satisfying

assignments w of φ.

Proof. For any formula φ we can find a satisfying assignment in exponential time and

since EXP = BPP we can find a witness probabilistically quickly, i.e., in probabilistic

polynomial time.

Fix a complete language L for EXP and since L is in FewP, let M be an NP machine

accepting L with at most p(n) accepting paths on each input.

Let x be a string in L with |x| = n. By Cook’s reduction of the NP-completeness of

SAT, we can compute a φ that has the same number of satisfying assignments as M(x)

has accepting computations. Let w be any witness of φ. We have:

• K(w|φ) = O(logn), since we can search for the satisfying assignments w of φ and

identify one of them by its index.

• Let q be any polynomial. If Kq(w|φ) ≤ no(1) then we can compute whether x is in

L in deterministic time 2n
o(1)

by trying all small programs and seeing if any of them

produce a witness.
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By the time hierarchy theorem2, EXP is not contained in deterministic time 2n
o(1)

, so

there must be infinitely many φ with Kq(w|φ) ≥ nδ for some δ > 0. Thus, we get

depthq(w|φ) ≥ nε for any ε < δ.

We now prove that if good pseudorandom generators exist then the converse propo-

sition holds, i.e., under the assumption that exponential time is not infinitely often

in subexponential space (which is sufficient for the existence of good pseudorandom

generators that stretch a seed of length O(logn) to a string of length 2n), all the satisfying

assignments w of φ with n variables produced by a probabilistic algorithm in time t(n)

have deptht(w|φ) ≤ O(logn+ log(t(n))).

Proposition 4.3.3. Let c be a constant, t some polynomial and A a probabilistic al-

gorithm that on an input Boolean formula with n variables runs in time t(n). Under

Hypothesis 4.2.3, for any n and formula φ over n variables if the algorithm outputs a

satisfying assignment of φ with probability at least 2/3 then there is a satisfying assignment

w of φ with deptht(w|φ) ≤ c(logn+ log t).

Notice that the probabilistic algorithm may output different witnesses on different

random coin tosses used by the algorithm.

Proof. Since there is a probabilistic algorithm that finds a valid assignmentw for φ in time

t(n), there is a random string r satisfying |r| ≤ t(n) and such that deptht(w|φ, r) = O(1).

Now, given a seed of length O(log r+ log t) we can derandomize the BPP algorithm using

the pseudorandom generator. So Kt(w|φ) ≤ O(log r+ log t) ≤ O(logn+ log t) and then

deptht(w|φ) ≤ O(logn+ log t).

4.4 Depth can not increase rapidly

We show that if f is an honest polynomial time computable function then it can not

significantly increase the depth of its argument, i.e., deep objects are not possible to be

quickly produced from shallow ones. A function f is honest if the size of the output is

polynomially related with the size of the input.

We start showing that it holds for honest efficiently computable functions with few

inverses.

2This theorem formalizes the intuition that if we allow more time to a Turing machine of computation,

then it can decide more languages. It has been proved, as mentioned in the Preliminaries Chapter, by

Hartmanis and Stearns in [HS65].
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Proposition 4.4.1. Let f : Σ∗ → Σ∗ be a polynomial time computable function that is at

most m to 1. If y = f(x) and x is shallow, then deptht(y) ≤ logm+O(1).

Proof. Since we assume that f is a fixed polynomial time function and it is independent

from the strings involved, it is clear that f has a constant time bounded Kolmogorov

complexity.

Since f(x) = y, we can write:

Kt(y) ≤ Kt(f) + Kt(x|f) ≤ O(1) + K(x)

Now, consider the following set:

Ay = {w : f(w) = y}

Since f is computable and is at most m to 1, Ay is recursive (given y) and has at most

m elements. Thus:

K(x) ≤ K(y) + log |Ay| = K(y) + logm

Then using the last two inequalities we get:

Kt(y) ≤ K(x) +O(1) ≤ K(y) + logm+O(1)⇔ deptht(y) ≤ logm+O(1)

Theorem 4.4.2. Let f : Σ∗ → Σ∗ be a computable 1− 1 function that requires superpoly-

nomial time, but has the property that with an advice string s becomes polynomial. Then

the advice string must have length at least equal to the difference in depth between x and

y = f(x).

Proof. Let t be a fixed polynomial such that f with the advice s is computable in time

at most t. We have that Kt(y) ≤ Kt(x) + Kt(y|x, s) + |s| = Kt(x) + O(1) + |s|. Then,

Kt(y) ≤ deptht(x) + K(x) + |s|+O(1) and since K(x) = K(y), we get

deptht(y) ≤ deptht(x) + |s|+O(1)

In the next result we show that, relative to a random oracle for every honest efficiently

computable f, the depth of f(x) can not be much greater than the depth of x. Later on

we will replace the random oracle by a pseudorandom generator.

We say that a statement holds relative to a random oracle if, when we choose an oracle

R uniformly at random, the statement is true with probability one, when all computations

have access to the oracle R.
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Lemma 4.4.3. For most oracles R the following holds: If f : Σ∗ → Σ∗ is an honest

polynomial time computable function relative to R then, for any polynomial t there is a

polynomial t ′ so that deptht
′
(f(x)|f, R) ≤ deptht(x|f, R) +O(log |x|) for all x ∈ Σ∗.

Proof. Fix x, let y = f(x) and define the set Ay as the set of strings z ′ ∈ ΣKt(x|f,R) for

which there is a prefix z of z ′ such that Uf,R(z) = x ′ in time t and f(x ′) = y.

By construction, x can be computed from a string in Ay (in fact, from x∗ the first

string in lexicographic order that, with oracle access to f and R, produces x in time t).

Since f is computable in polynomial time in R, Ay can be computed (given Kt(x|f, R) and

y) by enumerating all programs of size up to Kt(x|f, R), if a program z outputs a string

x ′ in time t with f(x ′) = y then we output all z ′ ∈ ΣKt(x|f,R) that extend z. So,

K(x|y, R) ≤ K(χAy |y, f, R) + log |Ay|+O(logn) = log |Ay|+O(logn)

which implies |Ay| ≥ 2K(x|y,f,R)−O(logn). By the relativized symmetry of information we

have:

K(x|y, f, R) = K(y|x, f, R) + K(x|f, R) − K(y|f, R)±O(logn).

As y = f(x) and f is known, we have that K(y|x, f, R) = O(1) and so

K(x|y, f, R) = Kt(x|f, R) − deptht(x|f, R) − K(y|f, R)±O(logn)

implying that

|Ay| ≥ 2K(x|y,f,R)−O(logn) =
2K

t(x|f,R)

2depth
t(x|f,R)+K(y|f,R)+c logn

for some constant c.

If we randomly pick a program of size Kt(x|f, R), the probability that it is in Ay is at

least
1

2depth
t(x|f,R)+K(y|f,R)+c logn

.

Since f is honest there is some q such that |z| ≤ |y|q for all z such that f(z) = y = f(x).

Let m = |y|q + 1. Note that since f is polynomial time computable and honest, m is

bounded by a polynomial in |x|.

Let c ′ be a constant to be specified later. Define a function g : Σk → Σ` where

k = deptht(x|f, R) + K(y|f, R) + c ′ logn and ` = Kt(x|f, R), by letting the jth bit of the

output of g(w) be R(〈1m, w, j〉). When R is chosen at random the output of g(y) is

completely independent from the part of R used to define Ay since Ay depends on strings
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in R only of length less than m. Thus,

Pr[∃w : g(w) ∈ Ay] = 1− Pr[∀w : g(w) 6∈ Ay]

≥ 1−
(
1−

1

2depth
t(x|f,R)+K(y|f,R)+c logn

)2deptht(x|f,R)+K(y|f,R)+c ′ logn

= 1− e−2
(c ′−c) logn

= 1− e−n
c ′−c

≥ 1− 2−nc ′−c

Then,

Pr[∀y∃w : g(w) ∈ Ay] = 1− Pr[∃y∀wy : g(wy) 6∈ Ay]
≥ 1− 2n2−nc ′−c

= 1− 2−n
c ′−c+n

For the appropriate choice of c ′ we can find a wy for every y, with high probability, such

that g(wy) is in Ay, i.e., we can find a wy for which there is a prefix z of g(wy) satisfying

f(U(z)) = y. So, for some polynomial t ′ we have:

Kt ′(y|f, R) ≤ |wy|+O(logn) = deptht(x|f, R) + K(y|f, R) +O(logn).

and thus conclude that

deptht
′
(y|f, R) ≤ deptht(x|f, R) +O(logn).

By the Kolmogorov zero-one law [Kol50] this high probability result implies these state-

ments must hold over the choice of R with probability one.

We now improve the previous result to more general terms under a standard hardness

assumption, namely exponential time is not infinitely often in subexponential space. The

idea behind the proof is to compose the pseudorandom generator in Lemma 4.2.2 with

the pseudorandom generator in Lemma 4.2.1, as done by Antunes and Fortnow [AF09b].

Theorem 4.4.4. Let f : Σ∗ → Σ∗ be an honest polynomial time computable function

and x ∈ Σn. Then, under Hypothesis 4.2.3, for any polynomial t(n) larger than the

computation time of f there is a polynomial t ′(n) so that deptht
′
(y|f) ≤ deptht(x|f) +

O(logn), where y = f(x).

Proof. Since deptht(.) decreases as t increases, we assume without loss of generality that

t is much larger than the running time of f.

Notice that this result is true without any assumptions if K(f(x)) ≥ K(x) −O(logn)

as, deptht(f(x)|f) ≤ Kt(f(x)|f) − K(f(x)|f) ≤ Kt(f(x)|f) − K(x|f) +O(logn) ≤ Kt(x|f) −
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K(x|f) + O(logn) = deptht(x|f) + O(logn). So we will focus on the case K(f(x)) <

K(x) − c logn for all constant c.

Continuing the proof of Lemma 4.4.3, consider the set H of functions h : Σk → Σm

where k = deptht(x|f) + K(y|f) + c
′ logn and m = Kt(x|f) such that for all y there is a

wy and a prefix z of h(wy) satisfying f(U(z)) = y. Notice

1. By the same argument as in the proof of Lemma 4.4.3, a randomly chosen h will

fall into H with probability very close to one.

2. By definition of H, we can determine whether h sits in H in Π
p(n)
2 ⊆ Σ

p(n)
3 with

oracle access to h.

With the above conditions and the fact that logm < k < 3n for sufficiently large c ′, the

set H fulfills the requirements of Lemma 4.2.1 so we can use a polynomially-long random

seed to describe an h in H. Notice that in the worst case we will need to describe a

function that it characterized by a string of length poly(n) · 2n that requires a seed of

length poly(log(poly(n) · 2n)) which is polynomial in n. Given a good pseudorandom

generator (Lemma 4.2.2) we can use an O(logn) bit random string to generate the seed

for the first generator. Notice that to achieve poly(n) bits using the pseudorandom

generator of Lemma 4.2.2 we need a seed of O(log(poly(n))) = O(logn). We call the

result of the composition of the two pseudorandom generators G.

Composing this procedure with the procedure of the previous theorem, we have a way

to describe y by the following program for a fixed y:

Input: a seed s and a witness wy

Output: y

1. Compute s ′ = G(s).

2. Consider s ′ as a function h that maps a sequence of length deptht(x) +

K(y)+O(logn) into a program of size at most Kt(x), as per Lemma 4.4.3.

3. Compute p = h(wy), giving a program in the set Ay.

4. Run the universal Turing Machine with the appropriated prefix of the

program p and call the output x ′.

5. Compute f(x ′). (By the construction in the Lemma 4.4.3, this is y.)

6. Output y.



CHAPTER 4. LOW DEPTH WITNESSES OF SAT 65

Since all constructions are independent of any given instance, we have a description for y

requiring only the description of s, wy and anO(logn) term to account for the information

needed to consider the prefix, that can be computed in time t ′(n), a polynomial depending

on the running time of the function h, depending on t, and the running time of p, again

depending on t. Therefore,

Kt ′(y|f) ≤ |s|+ |wy|+O(logn)

= O(logn) + deptht(x|f) + K(y|f)

So, deptht
′
(y|f) ≤ deptht(x|f) +O(logn).

However if BPP = EXP the previous result does not hold.

Theorem 4.4.5. Assume BPP = EXP. For all polynomial t, there is a polynomial time

computable honest function f such that, for all polynomials t ′, there is a polynomial q such

that for every natural number n there are strings y and x with |y| = n and |x| = q(n)

satisfying:

1. y = f(x),

2. deptht(y) ≥ n−O(logn), and

3. deptht
′
(x) ≤ O(logn).

Proof. Fix n. Let y be the lexicographically least string such that Kt(y) ≥ n. We can

compute y so K(y) ≤ O(logn) and deptht(y) ≥ n−O(logn).

We can find y in time 2O(n) given n and t(n) so by the hypothesis BPP = EXP there

is a probabilistic algorithm A that will compute y given 1n. Let t ′ be the running time

of A.

Let m = q(n) > n be the number of random bits used by A. Let f(r) simulate A

using r as the random coins. Let x be Kolmogorov random of length m.

We have f(x) = y since the set of strings that cause f to give the wrong answer will

be small and all such strings will have low Kolmogorov complexity.

Finally we have deptht
′
(x) ≤ O(logn) because x is random.

4.5 Properties of conditional depth

Bennett [Ben88] noticed that the impossibility of rapid growth of depth can not be

extended to a transitive law relative to shallowness, i.e., if x is shallow relative to y
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and y is shallow relative to z, this does not necessarily imply that x is shallow relative

to z. Bennett considered z to be a Kolmogorov random string of size n, y = 0n and

x = z⊕ d where d is some deep string.

We conjecture that the transitive law relative to shallowness does not hold. However,

assuming that pseudorandom generators exist, we show that depth satisfies an analog of

a triangular inequality, which informally states that the depth of y is bounded by the

depth of x and the depth of y given x. In fact we prove something slightly stronger

(Corollary 4.5.2).

Theorem 4.5.1. Under the Hypothesis 4.2.3, given a polynomial t(n) there is a polyno-

mial t ′(n) such that for any x, y, z ∈ Σ∗ and n = max(|x|, |y|, |z|)

deptht
′
(y|z) ≤ deptht(x|z) + deptht(y|x, z) +O(logn)

Proof. Define a = Kt(x|z), b = Kt(y|x, z), deptht(x|z) = r and deptht(y|x, z) = s. Then,

K(x|z) = a− r and K(y|x, z) = b− s.

Consider the set A consisting of all w such that there are a |u| ≤ a and |v| ≤ b with

Ut(u, z) = w and Ut(v,w, z) = y, i.e.,

A =
{
w|Kt(w|z) ≤ a∧ Kt(y|w, z) ≤ b

}
.

By construction, x is an element of A and A is computable given y and z. Then,

K(x|y, z) ≤ log |A|+c, i.e., A has at least 2K(x|y,z)−c elements. By symmetry of information,

we have that:

K(x|y, z) ≥ K(y|x, z) + K(x|z) − K(y|z) −O(logn)

= b− s+ a− r− K(y|z) −O(logn)

Thus,

|A| ≥ 2a+b

2r+s+K(y|z)+c ′ logn

for some constant c ′. The probability of a random program p of size smaller than a +

b + O(logn) to generate y is at least
1

2r+s+K(y|z)+c ′ logn
. Using a similar construction of

Theorem 4.4.4 we can find a seed of size r+s+K(y|z)+O(logn) that generates a program

producing y within polynomial time t ′. So,

Kt ′(y|z) ≤ K(y|z) + r+ s+O(logn)

and then

deptht
′
(y|z) ≤ r+ s+O(logn).
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Corollary 4.5.2. Under the Hypothesis 4.2.3, given a polynomial t(n) there is a polyno-

mial t ′(n) such that for any x, y ∈ Σ∗ and n = max(|x|, |y|)

deptht
′
(y) ≤ deptht(x) + deptht(y|x) +O(logn).

However if we replace the existence of pseudorandom generators assumption by the

assumption BPP = EXP the previous results do not hold. In fact, in the next result we

show a pair of strings x and y that under the assumption BPP = EXP, satisfy deptht(x)

and deptht(y|x) are small and deptht(y) is big.

Theorem 4.5.3. If BPP = EXP, then there are x, y ∈ {0, 1}∗ such that deptht(x) ≤
O(1) and deptht(y|x) ≤ O(1) but deptht(y) ≥ n − O(1), with n = max(|x|, |y|) and t a

polynomial in n.

Proof. Let x be a Kolmogorov random string, i.e., such that K(x) ≥ |x|, and y the

lexicographically least string satisfying Kt(y) ≥ |y|. Since all random strings are shallow,

deptht(x) ≤ O(1).
The string y can be computed by the following procedure: enumerate all binary strings

in lexicographic order and for each string w, compute Kt(w). If this number is bigger

|y|, then output w and stop. Thus, K(y) = O(1). On the other hand, by construction,

Kt(y) ≥ |y|, so deptht(y) ≥ |y|−O(1).

To finish we prove that deptht(y|x) is a constant. Since K(y) ≤ O(1), then K(y|x) ≤
O(1). The program for y given above enumerates at most 2|y| strings before outputting

a result, and for each of them it executes up to a polynomial number of steps. Since

by assumption BPP = EXP, there is a probabilistic algorithm that takes a certain

random input, runs in polynomial time and outputs y. We let this random input be x.

Taking the size of the probabilistic algorithm to be a constant, Kt(y|x) = O(1) and thus

deptht(y|x) = O(1).



68 4.5 Properties of conditional depth



Chapter 5

Complexity cores

The contents of this chapter is based on the following publication:

[Sou10] A. Souto, Kolmogorov compexity cores, in Proceeding of Computability in

Europe, volume 1658 of Lecture Notes in Computer Science, pages:376-385,

Springer-Verlag Berlin Heidelberg, 2010, Azores, Portugal;

We study the relationship between complexity cores of a language and the descrip-

tional complexity of the characteristic sequence of the language based on Kolmogorov

complexity.

Intuitively, a complexity core is a set of hard instances of a language, i.e. instances

which can not be decided in polynomial time.

In the last chapter we showed that we can efficiently find satisfying assignments for

formulas that have at least one assignment of logarithmic depth. This result made

us conjecture that formulas having only high depth witnesses form a complexity core,

i.e., they are the hardest formulas to decide. However this turns out not to be the

case.

Nevertheless, we prove that a recursive set A has a complexity core (respectively,

proper complexity core) if for all constants c (respectively, all polynomial p(n)),

the computational depth of the characteristic sequence of A up to length n is larger

than c (respectively larger than p(n)) infinitely often. We also explore the connection

with average case complexity. In particular, we show that if a language has a

complexity core of exponential density, and the strings are distributed according to

a time bounded version of the universal distribution, then it can not be accepted in

average polynomial time.
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5.1 Motivation

A polynomial complexity core of a language A is the set of strings for which any Turing

machine deciding A requires time larger than a polynomial for almost all strings. Lynch

[Lyn75] proved that any recursive set that is not in P admits an infinite polynomial

complexity core. Later, Orponen and Schöning [OS84] proved that, if each algorithm

for a language has a non-sparse set of “hard” inputs, then, in fact, the language has a

non-sparse proper polynomial complexity core.

In this chapter we study a connection between the computational depth of the charac-

teristic sequences of languages and the existence of (proper) complexity cores. We address

this issue by studying the computational depth of sets in the computational classes P,

EXP, FULL-P/log and P/poly. First, we give a characterization of the recursive sets

not in P, thus admitting a polynomial complexity core, based on computational depth.

Then we prove that if a recursive set is not in P/poly the depth of its characteristic

sequence is larger than any polynomial almost everywhere. We also establish a similar

relationship between sets of logarithmic depth and the class of FULL-P/log .

The complexity of a problem is usually measured in terms of the worst case behavior of

algorithms. Many algorithms with a bad worst case performance have a good performance

in practice, since instances requiring a large running time rarely occur. Thus, in some

cases, the average case complexity of a problem is a more significant measure than its worst

case complexity. In order to address this problem, Levin [Lev86] introduced the theory

of average case complexity, giving a formal definition of Average Polynomial Time for a

language L and a distribution µ. Some languages may remain hard in the worst case but

can be solved efficiently in average polynomial time for all reasonable distributions. We

prove that any Turing machine deciding a proper complexity core of exponential density

can not recognize the language in average polynomial time when a time bounded version

of the universal distribution is considered.

5.2 Preliminaries

5.2.1 Complexity Cores

The concept of polynomial complexity core was introduced by Lynch [Lyn75] and was

developed to capture the intuition of what should be the set of hard instances of a set.

Definition 5.2.1 (Complexity Core). Let M be a Turing machine and t a time con-
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structible function. We denote the set of t-hard inputs for M by

H(M, t) = {x ∈ Σ∗ : timeM(x) > t(|x|)}.

Let F be a class of functions. A set C ⊂ Σ∗ is a F complexity core for a language

L ⊂ Σ∗, if given any Turing machine M accepting L and any function p in F , C is almost

everywhere contained in H(M,p). A complexity core C for L is proper if C ⊂ L.

In particular, if F = P, the set of hard instances is called polynomial complexity core.

Rather than having a set of difficult instances for each machine, this notion captures

the idea of hard instances of a language in the sense that it is independent from the choice

of the Turing machine deciding the language.

Lynch proved that given a recursive language L not in P there is an infinite polynomial

complexity core C for L.

Theorem 5.2.2 (Lynch). If A is a recursive set not in P, then there is an infinite

recursive set C that is a polynomial complexity core for A.

The idea of the proof is to recursively eliminate strings that are decided by some Turing

machineMi in some polynomial time pk, where pk is a collection of increasing polynomials

and where i ≤ k and we cycle over the lexicographic order strings, the machines and the

polynomials.

Proof. Let {Mi}i∈N be a standard enumeration Turing machines and let timeMi
be the

running times of the machine Mi. Consider the increasing family of polynomials {pk}k∈N,

where pk(n) = n
k + k.

The construction of C is the following:

Construction 5.2.3.

Stage 0:

• y = ε, the empty string;

Stage k ≥ 1:

• For all i, 1 ≤ i ≤ k that have not be eliminated so far test if timeMi
(y) ≤

pk(|y|) and M(y) 6= χA(y). Eliminate all i that validate both conditions.

• For all i, 1 ≤ i ≤ k not eliminated test if timeMi
(y) > pk(|y|).
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– If it is true then put y in C and set y to be the next string in the

lexicographic order and proceed to next stage.

– Otherwise set y to be the next string in the lexicographic order and

repeat this stage.

C is infinite since all stages terminate. If this was not the case, then it would exist a

stage k that is reached but does not terminate. Then for sufficiently long strings y, there

must exist i < k such that timeMi
(y) ≤ pk(|y|) and Mi(y) = χA(y). Thus, if we dovetail

the computations of all machines Mi, where 1 ≤ i ≤ n, for which i is never canceled, we

obtain an algorithm for χA on sufficiently long strings y, which runs in polynomial time.

A patch for the shorter strings shows A ∈ P, contrary to our assumption.

In order to study the frequency of intractable problems Meyer and Peterson [MP79],

defined a class of problems that are almost everywhere polynomial, i.e., the class of

decision problems for which only a sparse set of the inputs are allowed to run in non-

polynomial time.

Definition 5.2.4. Let A be a set. Consider the function densA : N → N defined by

densA(n) = #{x ∈ A : |x| ≤ n}. The set A is called sparse if for some polynomial p,

densA(n) ≤ p(n). A set is co-sparse if its complement is sparse. We say that A has

exponential density if, for some ε > 0 and infinitely many n, densA(n) ≥ 2εn.

Definition 5.2.5. (APT) The class of almost polynomial time languages is:

APT = {L(M) : H(M,p) is sparse for some polynomial p}.

Later, Orponen and Schöning [OS84] proved an interesting connection of this class

with polynomial complexity cores. They proved that APT identifies exactly the set of

recursive languages that have a proper non-sparse polynomial complexity core. Formally,

Theorem 5.2.6. A recursive set A has a non-sparse polynomial proper complexity core

if and only if A /∈ APT.

The idea is similar to the one used by Lynch for proving Theorem 5.2.2.

5.2.2 Average Case Complexity

The analysis of the efficiency of an algorithm is typically based on a worst case scenario

of the running time. This analysis is important since this information might be needed to
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ensure that the algorithm would always finish on a specific time. However many common

algorithms are bad in terms of worst case complexity, they perform well in practice. In

middle eighties, Levin [Lev86], proposed a different measure of complexity based on the

average of the performance of the algorithm over all inputs.

Definition 5.2.7 (Average case complexity). Let µ be a probability distribution. A

function f : Σ∗ → N is polynomial on µ-average if there is an ε > 0 such that

∑

x

f(x)ε

|x|
µ(x) <∞.

In [Sch90] the author, using Markov’s inequality and classical algebraic manipulations,

proved that a function f is polynomial on µ-average in Levin’s sense if and only if there

is a polynomial p : N × N → R+
0 , such that for all m > 0, Prµ[f(x) > p(|x|,m)] ≤ 1

m
.

Observe that the definition takes into account that the average case measure depends not

only on the given instance x but also on the probability µ(x) of the occurrence of x. If the

instance x does not appear, i. e. µ(x) = 0, it has no effect on the average case analysis.

On the other hand, if for some string x, µ(x) > 0 then f(x) < p(|x|, d1/µ(x)e).
A result that will be used later was proved in [AFV03] and gives a connection between

average running time of a Turing machine and computational depth of each individual

instance for that Turing machine:

Theorem 5.2.8 (Antunes et al. [AFV03]). Let T and t be two constructible time bounds.

The following conditions are equivalent:

1. T(x) ∈ 2O(deptht(x)+log |x|).

2. T(·) is polynomial on mt-average.

Proof. (1 → 2) Let T(x) ∈ 2O(deptht(x)+log |x|). Note that 2c logn = nc is polynomial on

mt-average. Then, by the closure property of the polynomial on mt-average functions,

all we have to do is to prove that 2depth
t(x) is polynomial on mt-average.

∑

x

2depth
t(x)

|x|
mt(x) =

∑

x

2K
t(x)−K(x)

|x|
2−K

t(x) =
∑

x

2−K(x)

|x|
≤
∑

x

2−K(x) <∞

The last inequality follows from Kraft’s inequality (see Theorem 2.3.10).

(2→ 1) Let T(x) be a time constructible function which is polynomial on mt-average.

Then for some ε > 0 we have ∑

x

T(x)ε

|x|
mt(x) < 1
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Define Si,j,n = {x ∈ Σn : 2i ≤ T(x) < 2i+1 ∧ Kt(x) = j}. Let 2r be the approximate size

of Si,j,n. Then the Kolmogorov complexity of elements in Si,j,n is r, up to an additive

O(logn) factor.

Consider the above sum restricted to elements in Si,j,n. We have

∑

x∈Si,j,n

T(x)ε

|x|
mt(x) < 1

T(x) ≥ 2i, mt(x) = 2−j and there are at least 2r elements in the above sum. Hence the

above sum is lower-bounded by the expression
2r × 2iε × 2−j

|x|c
for some constant c. This

gives us

1 >
∑

x∈Si,j,n

T(x)ε

|x|
mt(x) ≥ 2

r × 2iε × 2−j
|x|c

= 2iε+r−j−c logn

Then iε+r− j−c logn < 0 < 1 and then there is a constant d, such that for all x ∈ Si,j,n,

iε ≤ deptht(x) + d log |x|. Then we conclude that TM(x) ∈ 2O(deptht(x)+log |x|).

The above Theorem has an interesting connection to a result due to Li and Vitányi

[LV92] relating the average case complexity and the worst-case complexity. They proved

that when the inputs to any algorithm are distributed accordingly to universal distribu-

tion, the algorithm’s average case complexity is of the same order of magnitude as its

worst case complexity. Rephrasing this result in the setting of average polynomial time

we can make the following statement.

Theorem 5.2.9 (Li-Vitányi [LV92]). Let T be some constructible time bound. The

following conditions are equivalent:

1. T(x) is bounded by a polynomial in |x|.

2. T(·) is polynomial on m-average.

5.2.3 The class FULL-P/log and the class P/poly

Karp and Lipton [KL80] initiated the study of advice functions as a tool to provide a

connection between uniform models of computation and non-uniform ones. The idea is

to give the program for each string length access to a string that “helps” to compute

some language and thus incorporating the non-uniformity in the “advice”. The two most

natural functions to be considered for the length of the advice words are polynomials and

logarithms. The class P/poly has been widely studied in the literature (see, for example

[Adl78, BFNW93, KL82, Ko82]).
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In this dissertation we also use a class that derives from P/log. It is known that

the class P/log is not closed under polynomial time Turing reductions (see, for example,

[BH98, BHM92, Ko87]). To have a more robust complexity class, Ko [Ko87] introduced

the class FULL-P/log . The robustness derives from the fact that the advice not only

helps to decide strings of a fixed length, but it is also required that it decides all strings

of length smaller or equal to a fixed length. Formally,

Definition 5.2.10. A set A is in the class FULL-P/log if:

(∀n)(∃w : |w| ≤ c logn)(∀x : |x| ≤ n) : x ∈ A⇔ 〈x,w〉 ∈ B

where B ∈ P and c is a constant.

In the literature it is possible to find several results relating this complexity class with

K[log, poly]1 and with Tally sets (see [BHM92, BH98]).

We use this complexity class to determine the class of recursive language that are

deep.

5.3 Kolmogorov complexity and complexity cores

We show that if the computational depth of the characteristic sequence of a set is larger

than a constant almost everywhere then it has a polynomial complexity core, and if the

computational depth is larger than a polynomial almost everywhere then it has a proper

polynomial complexity core. All the results could be stated using the time bounded

Kolmogorov complexity instead of computational depth. However as we would like to

remove the condition of the sets being recursive and establish a bridge between the

previous chapter and complexity cores, we prefer to use computational depth.

We assume that all time bounds t considered in this section are polynomial on the

logarithm of the size of the string. Notice that by using this convention we are considering

sublinear time bounds, i.e., when analyzing χA[1:N]
with N = 2n+1 − 1 we are only using

time polynomial in n.

Following the work of Juedes and Lutz [JL92, JL93] we begin by proving that a set A

with polynomial complexity cores with low density can not be complex with respect to

time bounded Kolmogorov complexity.

1K[log, poly] is the class of languages A for which there is a constant c and a polynomial p such that

Kp(x) ≤ c log |x| for all x ∈ A
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Proposition 5.3.1. Let A be a set, ε > 0 a constant and g : N → [0,∞[ a function. If

every polynomial complexity core C of A satisfies densC(n) ≤ 2n − g(n) infinitely often

then Kf(A=n) < 2n − n−εg(n) +O(logn) infinitely often, where f(n) = 2n · poly(n) for

some polynomial poly.

Proof. Let p be a fixed polynomial and set k = d1/εe. Consider M1, M2, ..., a standard

enumeration of the deterministic Turing machines that decide A. For each m define the

following sets:

Hm = {x : timeMm(x) ≤ p(|x|)}

Bm = Hm − Σ≤m
k

B =
⋃

m

Bm

C = Σ∗ − B

It is easy to see that Hm ∩ C = Hm − B ⊂ Hm − Bm ⊂ Σ≤mk
.

Thus, Hm ∩ C is finite and so C is a polynomial complexity core. Define the set

S = {n : #C=n ≤ 2n − g(n)}. It follows that S = {n : #B=n ≥ g(n)}. Hence, for each

n ∈ S,

g(n) ≤ #B=n = #

(⋃

m

Bm

)=n

≤
∑

m

#B=n
m =

∑

mk<n

#(Bm)
=n

≤
∑

0<m≤nε

#(Bm)
=n ≤

∑

0<m<nε

#(Hm)
=n

So, there is m such that 0 < m ≤ nε and #(Hm)
=n > n−εg(n). Let β(m) be a binary

representation of m and w1, w2, ..., be the lexicographic ordering of Σ∗. Consider M as

the Turing machine implementing the following algorithm:

Algorithm 5.3.2. Let y be a finite string.

For i = 0 to 2n do:

1. Simulate Mm(wi) for at most p(n) steps.

2. If Mm(wi) = 1 or Mm(wi) = 0 then set z = 0 or z = 1 respectively.

3. Otherwise set zi = y1 and y = y2y3....
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Output z.

It is easy to check that for all x ∈ Σn, timeM(x) ≤ 2n×poly(n) for some polynomial

poly. So if, for each n ∈ N, we choose m ∈ N and y ∈ Σ∗ such that 0 ≤ m < nε,

#H=n
m ≥ n−εg(n) and y is the successive 2n − #H=n

m bits consisting of χA(wi) with

wi ∈ Σn − Hm, the output of M is exactly A=m. Setting f(n) = 2n · poly(n), by the

assumptions of the Theorem we have, infinitely often, that:

Kf(A=n|n) ≤ |〈β(m), y〉|+O(1)
≤ |y|+ 2β(m) +O(1)

≤ 2n − #H=n
m +O(logn)

≤ 2n − n−εg(n) +O(logn)

Lemma 5.3.3. For every ≤pm-hard language H for E, there are sets B,D ∈ DTIME(2n)

such that D has exponential density and D ∩H = B.

Proof. Notice that the construction due to Meyer [Mey77] and reported in [BH77] used

in [JL92] (Theorem 12) also works for time bounds instead of space bounds. In fact there

is a set A ∈ DTIME(2n) such that, any ≤pm reduction is incompressible i.e., for every

polynomial reduction f, {x : (∃y < x)f(x) = f(y)} is finite.

Let H be ≤pm-hard for E and let f be a ≤pm-reduction from A to H. Let B = {y : ∃x ∈
A,y = f(x) and |y| ≥ |x|} and D = {y : ∃x ∈ Σ∗, y = f(x) and |y| ≥ |x|}. Notice that since

f is polynomial time computable and A ∈ E, then B,D ∈ E.

To prove that D is dense, let p be some polynomial such that |f(x)| ≤ p(|x|) and

let ε > 0 be a fixed real number such that p(n2ε) ≤ n almost everywhere. Define

W = {x : |f(x)| < |x|} and for sufficiently large n define m = bn2εc. Thus:

f(Σ≤m) − Σ≤m ⊂ f(Σ≤m) − f(W≤m)
⊂ {f(x) : x ∈ Σ≤m and |f(x)| ≥ |x|}

⊂ D≤p(m)

⊂ D≤n

Thus
|Dn| ≥ |f(Σ≤m)|− |Σ<m|

≥ |Σ≤m|− |{x|(∃y < x)f(x) = f(y)}|− |Σ<m|

= 2m − |{x|(∃y < x)f(x) = f(y)|
Since the set {x|(∃y < x)f(x) = f(y)} is finite, for sufficiently large n, we have: |D≤n| ≥
2n

ε
, so D is exponentially dense.
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Notice that B = {y : ∃x ∈ A,y = f(x) and |y| ≥ |x|} = {y : ∃x ∈ f−1(H), y =

f(x) and |y| ≥ |x|} = H ∩ {y : ∃x ∈ Σ∗, y = f(x) and |y| ≥ |x|} = H ∩D.

Lemma 5.3.4. Any DTIME(2n)-core of every ≤pm hard language H for E has a expo-

nential dense complement.

Proof. Let C denote the DTIME(2n)-core of H and consider B and D as in the previous

lemma. Since D ∈ DTIME(2n), by definition of complexity core, C∩D is finite. Since D

is exponentially dense it follows thatD−C is exponentially dense and thus the complement

of C is exponentially dense.

Theorem 5.3.5. For every ≤pm hard language H for E, there is a ε > 0 such that

Kf(H=n) ≤ 2n−n−ε2εn+O(logn), where f(n) = 2n ·poly(n) for some polynomial poly.

Proof. If H is ≤pm hard, by last Lemma, there is ε > 0 such that every DTIME(2n)-

core C of H satisfies densC(n) < 2n − 2n
ε
. Thus by Proposition 5.3.1 it follows, for

f(n) = 2n ·poly(n) for some polynomial poly, that Kf(H=n) ≤ 2n−n−ε2εn+O(logn).

Theorem 5.3.6. Let t be a fixed polylogarithmic function. A recursive set A is not in P if

and only if for all constant c, for infinitely many n and N = 2n+1−1, deptht(χA[1:N]
|n) > c.

Proof. Assume that there is a polynomial t and a constant c > 0 such that, for all n,

deptht(χA[1:N]
|n) < c. Since we have assumed that A is recursive, this means that for all

n, K(χA[1:N]
|n) < c. So, if deptht(χA[1:N]

|n) < c this implies Kt(χA[1:N]
|n) < c. Let I be the

set of all pairs (p, r) such that |p|+ |r| ≤ c and (p, r) is the least pair in the lexicographic

order corresponding to Kt(χA[1:N]
|n) for some n. Notice that:

1. #I ≤ 2c;

2. If N1 < N2 and (p1, r1) and (p2, r2) correspond to Kt(χA[1:N1]
|n1) and Kt(χA[1:N2]

|n2)

then, by definition of Kt, |p1|+ |r1| ≤ |p2|+ |r2|. Also, for all x ∈ Σn−1, if Ur2(p2, x)

stops in time t(N1) then Ur2(p2, x) = U
r1(p1, x) = χA(x).

Consider now the following program p: on input x of length n, p runs each pair (pi, ri)

in lexicographic order for t steps and outputs the same answer which the largest program

in the lexicographic order outputted. From the construction, the running time of p is at

most 2ct(N)+O(1), which is polynomial on n. The correctness of the result follows from

item 2 above. Thus A ∈ P.

To prove the converse, assume that A ∈ P, so there is an algorithm g that, given

x, produces χA(x) in polynomial time on the length of x. Since the algorithm does not

depend on x, its length is a constant and then deptht(χA[1:N]
|n) < c.
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Notice that, by Lynch’s characterization of complexity cores (Theorem 5.2.2) the previ-

ous result establishes a connection between recursive sets having a polynomial complexity

core and its computational depth.

Corollary 5.3.7. Let t be a fixed polylogarithmic function. A recursive set A has a polyno-

mial complexity core if for all constant c and, for infinitely many n, deptht(χA[1:N]
|n) > c,

where N = 2n+1 − 1.

Proposition 5.3.8. Let t be a fixed polylogarithmic function. The set A is recursive

not belonging to P/poly if and only if for all polynomial p and for infinitely many n,

deptht(χA[1:N]
|n) > p(n), where N = 2n+1 − 1.

Proof. Assume, by contradiction, that there is a polynomial q such that there exists

an n for which deptht(χA[1:N]
|n) ≤ q(n) onwards. Since A is recursive this means that

Kt(χA[1:N]
|n) ≤ q(n). Thus, there is p and r such that |p|+ |r| ≤ q(n) such that Ur(p, x) =

χA(x) in polynomial time for all x ∈ Σ≤n. So, giving p and r as advice we can decide

A≤n, so A belongs to P/poly.

To prove the converse, assume that A is a recursive set belonging to P/poly. Then

there is a polynomial q such that, given n, there are p and r such that |p|+ |r| ≤ q(n) and

Ur(p, x) = χA(x) in polynomial time for all x ∈ Σ≤n. Thus, for all n, Kt(χA[1:N]
|n) ≤ q(n)

and then deptht(χA[1:N]
|n) ≤ q(n).

In [Sch86], the author proved that APT ( P/poly. Since all recursive sets not in

APT have a proper complexity core (see Theorem 5.2.6), as a consequence of the last

result, we conclude that:

Corollary 5.3.9. Let t be a fixed polylogarithmic function. A recursive set A has a proper

complexity core if for all polynomial p and for infinitely many n, deptht(χA[1:N]
|n) > p(n)

where N = 2n+1 − 1.

An similar result to the last two Theorems establishes that all recursive sets that are

not in FULL-P/log have logarithmic depth. It is unknown an inclusion relationship

between APT and FULL-P/log . Notice that if APT ⊂ FULL-P/log then this result

would give a sharper characterization of sets admitting a proper complexity core.

Proposition 5.3.10. Let t be a fixed polylogarithmic function. A set A is a recursive set

not in FULL-P/log if and only if there is a constant c such that, for infinitely many

n, deptht(χA[1:N]
|n) > c logn, where N = 2n+1 − 1.
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The proof of this result is similar to the proof of Proposition 5.3.8.

We now characterize complexity cores based on computational depth:

Definition 5.3.11 (Kolmogorov complexity core). We say that a set A has a Kolmogorov

complexity core for the uniform class C if for all c ∈ N and for all f ∈ C and for infinitely

many n,

depthlogk(f)(χA[1:N]
|n) > c.

In order to better understand the previous definition we apply it within the EXP

class.

Theorem 5.3.12. Let A be a recursive set. A has a complexity core relatively to the

class EXP if and only if for all constant c, for all sufficiently large function f ∈ EXP

and infinitely many n, depthlogk(f)(χA[1:N]
|n) > c, where N = 2n+1 − 1.

Proof. Assume that for some f ∈ EXP, depthlogk(f)(χA[1:N]
|n) ≤ O(1) for all n. Then,

since A is recursive this implies that Kf(χA[1:N]
|n) ≤ O(1). Thus, since there are a finite

number of possible programs for all n, we can construct one2 deciding the problem the

membership in A for all x ∈ Σ∗ in time f, i.e., there is an algorithm G such that G(x) =

χA(x) and |G| ≤ c, where c is some constant. Thus A ∈ EXP which implies that A has

not a complexity core with respect to the class EXP.

On the other hand, if A ∈ EXP then there is an algorithm G such that G(x) = χA(x)

for all x ∈ Σ∗ in an exponential number of steps. Since G does not depend on x, its length

is a constant. So, depthlogk(f)(χA[1:N]
|n) ≤ O(1), where N = 2n+1 − 1.

We already proved that if A is recursive and admits a Kolmogorov complexity core for

the polynomial time class then it satisfies the condition on Definition 5.2.1. In the next

result we show how to construct a complexity core.

Proposition 5.3.13. Let k > 0 be a fixed integer. If A is a recursive set and for all

c ∈ N and for all polynomial p and for almost all n ∈ N, depthlogk(χA[1:N]
|n) > c log(n),

where N = 2n+1 − 1 then A has a polynomial complexity core.

Proof. We construct a polynomial complexity core inductively.

Let n0 be the first index such that depthlogk(χA[1:N]
|n) > c log(n) for all n ≥ n0.

Since A is recursive, we know that K(χA[1:N]
|n) = O(1), so depthlogk(χA[1:N]

|n) >

c log(n) is equivalent to Klogk(χA[1:N]
|n) > c log(n).

2Similar to the one constructed in Theorem 5.3.6.
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If for all c, Klogk(χA[1:N]
|n) > c log(n) then there is no p and r such that |p| + |r| ≤

c log(n) and for all 1 ≤ i ≤ N, Ur(p, i) = χA[i,i]
in time logk(N) = poly(n).

So, there is at least one i, 1 ≤ i ≤ N such that for all p and r satisfying |p|+|r| ≤ c logn

either Ur(p, i) 6= χA[i,i]
or Ur(p, i) = χA[i,i]

but timep(i) > poly(n). Since this is true for

all c, there is x of size at most n that can not be decided by programs of length at most

O(logn) in polynomial time. Such x is an element of the core of A.

To construct the next element in the core we consider the characteristic sequence up

to strings of size n1 = 22
n0+1

, i.e., N = 2n1+1 − 1. Notice that now we allow programs

and oracles up to size logn1 = 2n0+1. In particular, we can allow the oracle to be the

characteristic sequence of A up to strings of length n0; considering the program printing

the ith bit of r we conclude that in the alloted time, poly(n1) we can decide x. But, by

assumption, there is i1 6= i with 1 ≤ i1 ≤ N1 such that no program and oracle of size

at most 2n0+1 (logarithmic on the size of the strings we are considering) can decide it in

time poly(n1). The x1 corresponding to the ith element in the lexicographic order is the

next element in the complexity core.

Notice that we can go on forever with this argument and construct an infinite poly-

nomial complexity core although this will take a long time. Also, a program that decides

A has, in particular, to decide all strings up to a certain size.

5.4 Complexity cores and average case complexity

We now relate the existence of polynomial complexity cores with the universal distribution

m. From Theorem 5.2.9 we have:

Theorem 5.4.1. Let A be a recursive language such that A /∈ P. If M is a Turing

machine deciding A, then M is not polynomial on m-average.

Proof. Since A is a recursive set not in P then given a Turing machine M that decides

A and any polynomial p there is an n and a string x ∈ Σn such that timeM(x) > p(n).

Then, by the characterization of polynomial average case of Theorem 5.2.9, M can not

run in polynomial time on m-average.

We can go further and prove that in fact A is not mt polynomial on average where t

is any super polynomial time constructible function.

Theorem 5.4.2. If A is recursive and not in P, then A is not mt polynomial on average

where t(n) = n · t ′(n) log(n · t ′(n)) and t ′ is any sufficiently large super polynomial time

constructible function.



82 5.4 Complexity cores and average case complexity

Proof. If A is recursive and is not in P then it admits a polynomial complexity core H

that is recognizable in time t, where t is any super polynomial time constructible function,

as proved in [OS86]. Let densH(·) be the density function of H. Consider the following

probability distribution over Σ∗:

µ(x) =





1

densH(n) · 2n
if x ∈ Hn

0 otherwise

By definition of polynomial complexity core we know that, for all polynomial p almost

all x ∈ H satisfies timeM(x) > p(|x|). Thus, there is np such that M can not decide any

element of H of length larger than np. Thus,

Prµ[timeM(x) ≥ p(|x|)] ≥ 1−
1

densH(np)
.

Hence, according to the equivalence of polynomial time average complexity proved in

[Sch90], timeM is not µ-polynomial on average. Notice that µ is computable in some

super polynomial time t1. So, by Theorem 2.3.20, mt ′ , where t ′(n) = n · t1(n) log(n ·
t1(n)) dominates µ and we conclude that for any sufficiently large super polynomial time

constructible function t ′, A is not polynomial on mt ′ average.

If the polynomial complexity core has exponential density we can improve the last

result by using the distribution mp, where p is a polynomial. Notice that mp assigns a

smaller probability to strings than mt where t is some super polynomial time bound and

thus the result is not a corollary of the previous results.

Proposition 5.4.3. If a set A admits a exponential density polynomial complexity core

then A is not mpoly polynomial on average.

Proof. If A admits a polynomial complexity core of exponential density then given any

Turing machine M that decides A, there is a ε > 0 such for all polynomial p and

sufficiently large n

#H=n = #
{
x ∈ Σn : timeM(x) > p(n)

}
> 2εn

Let q be a fixed polynomial time bound and consider the set:

D = {x ∈ Σ∗ : depthq(x) ≤ c logn}
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In [AFvMV06] it is shown that there are approximately 2ε
′n strings of length n such that

depth2
n

(x) ≥ (1 − ε ′)n − c logn. Thus D=n ≈ 2n − 2ε ′n. So, if ε > ε ′, by a Pigeon-hole

principle, D=n ∩H=n 6= ∅. In fact:

#(D=n ∩H=n) ≥ 2n − 2ε ′n + 2εn − 2n = 2εn − 2ε
′n > 0

For any x ∈ D=n ∩H=n we know that O(2depth
q(x)+log |x|) is polynomial in the length of x

and timeM(x) > q(|x|). Since this works for any polynomial q we conclude by Theorem

5.2.8 that timeM is not polynomial time on average with respect to mq.

Corollary 5.4.4. If NP does not have measure 0 in EXP then every NP-hard language,

with respect to polynomial time many to one reductions, is not in mpoly polynomial on

average.

Proof. In [JL93] it is proved that if NP does not have measure 0 in EXP then any NP

hard language has a polynomial complexity core of exponential density (see Corollary 4.10

in [JL93]). So, by the previous Proposition the result follows.
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Chapter 6

Conclusions and future work

Computational complexity and Kolmogorov complexity are different kind of measures.

While the first studies the difficulty of of solving all instances of a problem the latter has

its focus on the difficulty of describing individual instances. Nevertheless it is interesting

to study the interplay between these two measures.

In this thesis we continued to explore the applications of Kolmogorov complexity

and more precisely, the computational depth (difference between time bounded and

unrestricted versions of Kolmogorov complexity) as a tool for computational complexity.

We applied computational depth in complexity theory to two directions:

1. Comparing it with sophistication;

2. Using it to derive a characterization on complexity classes and boolean formulas for

which we can find in probabilistic polynomial time satisfying assignments.

For the first item, we revisited the notion of sophistication for sequences. We proposed

new definitions of this concept based on the definition of sophistication for strings proposed

in [AF09a] with a similar flavor of [Lut03, May02]. We proved that the set of sequences

with lower sophistication equal to 0 has measure 1 and the set of sequences with upper

sophistication equal to 1 is dense. We showed a connection with classical notions of

dimension, namely constructive Hausdorff and Packing dimension, and aproved that

computational depth and sophistication are measures of different kind.

For the second item we firstly studied the relationship of computational depth with

the satisfiability problem. We proved that if a formula has an attribution of depth d then

we can use a probabilistic time algorithm running in time exponential in d to find another

true assignment for that formula. We also showed that if exponential time is not infinitely
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often in subexponencial space, then the converse holds, i.e., if a probabilistic algorithm

finds a valid assignment for a Boolean formula φ in time t, there is a witness w for φ

such that deptht(w|φ) ≤ O(logn). On the other hand if BPP = FewP = EXP, one

could find formulas that have a single solution of high computational depth that could be

found quickly using a probabilistic algorithm.

We looked at the question of whether one can increase the depth of a string efficiently

and showed that under the assumption of the existence of good psudorandom generators

one can not significantly increase the depth of a string in polynomial time, while if BPP =

EXP there are strings of high depth produces from string of very low depth.

Following this idea we asked if one could characterize the complexity core of SAT with

computational depth. This was not achieved, yet we established a connection between

computational depth of languages and the existence of complexity cores. This was done

by quantifying the computational depth of sets in the computational classes P, EXP =

DTIME(2poly(n)), FULL-P/log and P/poly.

There are many different future research directions one can take from here.

Concerning sophistication and computational depth for sequences, it would be inter-

esting to know if a stronger result relatively to the difference between dimensional depth

and lower sophistication holds. One candidate for a sharper relation is the characteristic

sequence of the diagonal of Halting problem. These results may be applicable not only

in Computer Science but also in Dynamical Systems Theory. Some work has been done

in this direction using Kolmogorov complexity, see for example [Bru83, Whi91, Zwe06].

It might be interesting to study if the measures presented in this paper can be used to

characterize some of the properties of the dynamics.

The paper [AFPS07] gave some insight for what should be a complexity cores in terms

of Kolmogorov complexity. The paper [Sou10] was the result of those thoughts. In Chapter

5 we had proved some results relating computational depth with existence of complexity

cores. It would be interesting to have a pure Kolmogorov complexity characterization of

the core itself instead of having the characterization of the languages that have a (proper)

complexity cores similar to what is done in [OKSW94] with instance complexity. It also

would be interesting to relax the condition of recursive languages to recursive enumerable

sets and explore a generalization of the definition of complexity cores using Kolmogorov

complexity or any other Kolmogorov complexity based measure.

Another line of research we intend to follow is the use of time bounded Kolmogorov

complexity or computational depth in analysis of some cryptographic primitives. Since

it is easy to impose time constrains to Kolmogorov complexity it might be suitable to
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address some questions regarding one-way functions and zero knowledge protocols. In

particular, we are interested to study the notion of individual witness hiding proofs and

Kolmogorov one-way functions.

We plan to characterize and study individual witness hiding proofs, based on the

knowledge conveyed on individual communications between two parties by measuring the

difference between two time bounded Kolmogorov complexities, one when the verifier uses

the communication and the other when he does not use it.

Intuitively, the function f is one-way if is easy to evaluate but hard to invert. Thus

x and f give all the information needed to compute in polynomial time f(x) and, on

the other hand, the value f(x) does not convey, in polynomial time, useful information

about x. We conjecture that if f is a one-way function then the length of a shortest

program computing x given f(x), |x|, and f should be approximately equal to the length

of a shortest program computing x without any auxiliary input.
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[OS84] P. Orponen and U. Schöning. The structure of polynomial complexity cores

(extended abstract). In Proceedings of the Mathematical Foundations of

Computer Science, pages 452–458, London, UK, 1984. Springer-Verlag.
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[Sch86] U. Schöning. Complete sets and closeness to complexity classes. Theory of

Computing Systems, 19(1):29–41, Springer–Verlag, 1986.



96 BIBLIOGRAPHY

[Sch90] R. Schapire. The emerging theory of average case complexity. In MIT

technical report 431. MIT, 1990.

[Sha48] C. Shannon. A mathematical theory of communication. Bell system technical

journal, 27, Bell labs, 1948.

[Sip97] M. Sipser. Introduction to the Theory of Computation. PWS Publisher, 1997.

[Sol64] R. Solomonoff. A formal theory of inductive inference, Part I. Information

and Control, 7(1):1–22, Academic Press Inc., 1964.

[Sou10] A. Souto. Kolmogorov complexity cores. In Computability in Europe 2010,

volume 6158 of Lecture Notes in Computer Science, pages 376–385. Springer-

Verlag, 2010.

[STP10] A. Souto, A. Teixeira, and A. Pinto. One-way functions using komogorov

complexity. In Proceedings of the Computability in Europe, pages 346–356,

University of Azores, 2010.

[Sul84] D. Sullivan. Entropy, hausdorff measures old and new, and limit sets of

geometrically finite kleinian groups. Acta Mathematica, 153(1):259–277,

Springer–Verlag, 1984.

[Tri82] C. Tricot. Two definitions of fractional dimension. In Mathematical

Proceedings of the Cambridge Philosophical Society, volume 91, pages 57–

74. ACM Press, 1982.

[TSAM10] A. Teixeira, A. Souto, L. Antunes, and A. Matos. Entropy measures vs.

algorithmic information. In Proceedings of the International Symposium on

Information Theory, pages 1413–1417, IEEE Computer Society, June 2010.

[Tur37] A. Turing. On computable numbers, with an application to the entschei-

dungsproblem. In Proceedings of the London Mathematical Society, vol-

ume 42, pages 230–265. Springer-Verlag, 1937, Correction: 43: 544-546

(1937).

[Vad99] S. Vadhan. A study of statistical zero-knowledge proofs. PhD Thesis,

Massachusetts Institute of Technology, 1999.



BIBLIOGRAPHY 97

[VV03] N. Vereshchagin and P. Vitanyi. Kolmogorov’s structure functions and

model selection. IEEE Transactions on Information Theory, 50:3265–3290,

Computer Society, 2003.

[V’y99] V. V’yugin. Algorithmic complexity and stochastic properties of finite

binary sequences. Computational Journal, 42(4):294–317, Elsevier Science

Publishers Ltd., 1999.

[Whi91] H. White. On the algorithmic complexity of the trajectories of points in

dynamical systems. PhD Thesis, University of North Carolina at Chapel

Hill, 1991.

[YDD04] L. Yu, D. Ding, and R. Downey. The kolmogorov complexity of random

reals. Annals of Pure and Applied Logic, 129(1-3):163 – 180, Elsevier Science

Publishers Ltd., 2004.

[ZL70] A. Zvonkin and L. Levin. The complexity of finite objects and the

development of the concepts of information and randomness by means of the

theory of algorithms. Russian Mathematical Surveys, 256:83–124, Russian

Academy of Sciences, 1970.

[Zwe06] R. Zweimuller. Asymptotic orbit complexity of infinite measure preserving

transformations. Discrete and Continuous Dynamical Systems, 15:353–366,

AIMS, 2006.



98 BIBLIOGRAPHY



Appendix A

Other work

During my research, I also developed other scientific work, collaborating with other

researchers. I participated in several research projects in different areas:

• The work developed in the area of medicine with C. Santos, L. Antunes and J.

Bernardes [SASB10], where we proposed a new information based measure of agree-

ment between two observers and studied the advantages of the use of this new

measure.

• In cryptography, I have worked with A. Pinto, A. Matos and L. Antunes [PSMA09],

where we analyzed some cryptographic schemes namely, authentication and com-

mitment. Also, together with L. Antunes, A. Teixeira and A. Pinto in [AST10]

and in [STP10], we discussed the classical notion of one-way functions based on

Kolmogorov complexity.

• In computational complexity, I also contributed in the papers [AMSV09], [MTS08]

and [MTS10]. One of the most gratifying collaboration end up with the paper

[TSAM10] at ISIT 2010, where together with A. Texeira, A. Matos and L. Antunes,

we studied if the known result of having the Shannon entropy being equal to the

expected value of the Kolmogorov complexity also holds when Shannon entropy is

replaced by Tsalis and Rényi entropies, two generalizations of the Shannon entropy.

• With H. Burhman, I did some work in quantum computation field, during the visit

to CWI in 2007. We studied the advantage of the use of a quantum computer when

we play a generalization of the classical Mastermind game with n pegs and k colors,

showing upper and lower bounds for its quantum query problem. This work has not

been published yet.
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• Together with F. Moreira, my Master thesis advisor, during my PhD, I developed

some work on Dynamical Systems and Nonstandard Analysis. We investigated a

generalization of Birkhoff’s Theorem for non-invariant measures and studied a new

proof of Oseledets’ Theorem, showing the existence of Lyapunov exponents. This is

a work in progress, hopefully to be publish it soon.
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n

 

M
easu

rem
en

t 
is 

essen
tial 

b
o

th
 

fo
r 

clin
ical 

care 
an

d
 

fo
r 

ep
id

em
io

lo
g
ic 

research
; 

h
o

w
ev

er 

m
easu

rem
en

t alw
a
y
s im

p
lies so

m
e d

eg
ree o

f v
ariab

ility
1. Id

eally
 th

e o
n

ly
 so

u
rce o

f v
ariab

ility
 in

 

m
easu

rem
en

ts sh
o

u
ld

 b
e th

e v
ariab

ility
 w

ith
in

 su
b

jects, h
o

w
ev

er o
ften

 o
b

serv
er v

ariab
ility

 an
d

 o
th

er 

so
u

rces o
f v

ariab
ility

 are also
 p

resen
t. 

 In
 clin

ical care, d
iag

n
o

sis o
ften

 d
ep

en
d

s o
n

 m
easu

rem
en

ts, an
d

 d
isag

reem
en

t in
 th

ese m
easu

rem
en

ts 

m
ay

 h
av

e o
b

v
io

u
s im

p
licatio

n
s fo

r clin
ical p

ractice an
d

 m
a
y
 also

 h
av

e m
ed

ico
-leg

al co
n

seq
u

en
ces

2. 

B
efo

re th
e in

tro
d

u
ctio

n
, in

 clin
ical p

ractice, o
f a n

ew
 d

iag
n

o
stic m

eth
o

d
, it is essen

tial to
 assess th

e 

ag
reem

en
t b

etw
een

 th
e n

ew
 m

eth
o

d
 an

d
 th

e trad
itio

n
al o

n
e an

d
 it is also

 fu
n

d
am

en
tal to

 k
n

o
w

 

w
h

eth
er th

e n
ew

 m
eth

o
d

 can
 b

e rep
ro

d
u

ced
 b

y
 a seco

n
d

 o
b

serv
er. 

In
 research

, d
isag

reem
en

t in
 

m
easu

rem
en

ts m
a
y
 lead

 to
 d

iscrep
an

t resu
lts in

 v
alid

ity
 o

r ran
d

o
m

ized
 co

n
tro

lled
 stu

d
ies w

ith
 th

e 

sam
e o

b
jectiv

es an
d

 w
ith

 th
e sam

e m
eth

o
d

s, co
n

seq
u

en
tly

 m
islead

in
g
 an

d
 h

etero
g
en

eo
u

s resu
lts in

 

m
eta-an

aly
sis w

ill b
e fo

u
n

d
2. A

s it is im
p

o
ssib

le to
 co

n
tro

l th
e v

ario
u

s so
u

rces o
f v

ariatio
n

 o
f a 

m
easu

rem
en

t, ag
reem

en
t stu

d
ies h

av
e a v

ery
 im

p
o

rtan
t ro

le. D
esp

ite th
e im

p
o

rtan
ce o

f ag
reem

en
t 

stu
d

ies, m
islead

in
g
 an

d
 so

m
etim

es in
ap

p
ro

p
riate m

easu
res o

f ag
reem

en
t h

av
e b

een
 u

sed
 in

 lead
in

g
 

m
ed

ical literatu
re

2
,3. C

o
n
sid

erin
g
 th

e lim
itatio

n
s o

f cu
rren

t strateg
ies to

 assess ag
reem

en
t an

d
 as n

o
 

strateg
y
 seem

s to
 b

e fail-safe to
 co

m
p

are th
e d

eg
ree o

f ag
reem

en
t am

o
n

g
 d

ifferen
t p

o
p

u
latio

n
s, 

ag
reem

en
t stu

d
ies sh

o
u

ld
 b

e in
terp

reted
 w

ith
 cau

tio
n

 an
d

 p
o

ssib
ly

 co
m

b
in

ed
 w

ith
 th

e u
se o

f d
ifferen

t 

strateg
ies to

 assess ag
reem

en
t alw

a
y
s w

ith
 th

e lim
itatio

n
s o

f th
ese strateg

ies in
 m

in
d

2
,4. 

In
 th

is article, w
e p

ro
p

o
se a n

ew
 ap

p
ro

ach
 to

 assess ag
reem

en
t b

ased
 o

n
 in

fo
rm

atio
n

 th
eo

ry
. 

  M
eth

o
d

s a
n

d
 R

esu
lts 

M
o

st u
sed

 stra
teg

ies to
 a

ssess a
g

ree
m

en
t  

T
h

e 
In

traclass 
C

o
rrelatio

n
 

C
o

efficien
t 

(IC
C

) 
is 

claim
ed

 
to

 
b

e 
su

itab
le 

fo
r 

o
b

serv
er 

ag
reem

en
t 

assessm
en

t 5.  T
h

e IC
C

 is d
efin

ed
 as th

e ratio
 o

f th
e v

arian
ce b

etw
een

 su
b

jects, to
 th

e to
tal v

arian
ce

6
,7. 

T
h

ese v
arian

ces are d
eriv

ed
 fro

m
 an

aly
ses o

f v
arian

ce (A
N

O
V

A
). F

leiss an
d

 S
h

ro
u

t p
resen

t d
ifferen

t 

k
in

d
s o

f IC
C

 d
eriv

e fro
m

 d
ifferen

t  A
N

O
V

A
 m

o
d

els, an
d

 th
e A

N
O

V
A

 m
o

d
el d

ep
en

d
s o

n
 th

e stu
d

y
 

d
esig

n
6. O

n
e-w

a
y
 ran

d
o

m
 effects m

o
d

el  sh
o

u
ld

 b
e u

sed
 w

h
en

 th
e su

b
jects are d

eem
ed

 a ran
d

o
m

 

sam
p

le o
f su

b
jects to

 b
e ev

alu
ated

 b
y
 th

e o
b

serv
ers. T

h
e fo

cu
s o

f in
terest is th

e d
ifferen

ce o
f th

e 

in
d

iv
id

u
al o

b
serv

er’s ratin
g
 fro

m
 th

e av
erag

e ratin
g
 o

f th
e o

b
serv

ers fo
r th

e i th su
b
ject 6. 

In
 tw

o
-w

a
y
 m

o
d

els th
e o

b
serv

ers are d
eem

ed
 an

 im
p

o
rtan

t facto
r in

 th
e IC

C
 co

m
p

u
tatio

n
. In

 tw
o

-

w
a
y
 ran

d
o

m
 effects m

o
d

el, n
o

t o
n

ly
 th

e su
b

jects are d
eem

ed
 ran

d
o

m
, b

u
t th

e o
b

serv
ers are d

eem
ed

 a 

ran
d

o
m

 effect as w
ell. In

 tw
o

-w
a
y
 m

ix
ed

 m
o

d
el each

 targ
et is ev

alu
ated

 b
y
 k

 o
b

serv
ers, w

h
o

 are th
e 

o
n

ly
 o

b
serv

ers o
f in

terest, in
 th

is case, th
e o

b
serv

ers are a fix
ed

 effect w
h

ile th
e su

b
ject ratin

g
s are a 

ran
d

o
m

 effect 6.   

T
h

e 
IC

C
 
(fro

m
 
tw

o
-w

ay
 

m
o

d
els) 

th
at 

sh
o

u
ld

 
b

e 
u

sed
 
fo

r 
assessin

g
 
ag

reem
en

t 
w

as 
d

efin
ed

 
b

y
 

M
cG

raw
 an

d
 W

o
n

g
 as th

e ‘IC
C

 fo
r ag

reem
en

t’. W
e o

b
tain

 th
e ‘IC

C
 fo

r co
n

sisten
cy

’ o
r th

e ‘IC
C

 fo
r 

ag
reem

en
t’ ex

clu
d

in
g
 o

r n
o

t th
e o

b
serv

er v
arian

ce fro
m

 th
e d

en
o

m
in

ato
r m

ean
 sq

u
are, resp

ectiv
ely

8. 

T
h

e sy
stem

atic v
ariab

ility
 d

u
e to

 o
b

serv
ers is irrelev

an
t fo

r ‘IC
C

 fo
r co

n
sisten

cy
’ b

u
t it is n

o
t fo

r 

‘IC
C

 fo
r ag

reem
en

t’. 

T
h

e IC
C

 ran
g
es fro

m
 0

 (n
o

 ag
reem

en
t) to

 1
 (p

erfect ag
reem

en
t), h

o
w

ev
er it can

 b
e n

eg
ativ

e, h
o

w
 

su
ch

 n
eg

ativ
e IC

C
 v

alu
es sh

o
u

ld
 b

e in
terp

reted
 is q

u
ite u

n
clear. T

h
e IC

C
 assu

m
p

tio
n

s, m
u
ltiv

ariate 

n
o

rm
al d

istrib
u

tio
n

s an
d

 eq
u

ality
 o

f v
arian

ces, sh
o

u
ld

 b
e ch

eck
ed

.  

A
n

 im
p

o
rtan

t lim
itatio

n
 o

f IC
C

 is th
at it is stro

n
g
ly

 in
flu

en
ced

 b
y
 th

e v
arian

ce o
f th

e trait in
 th

e 

p
o

p
u

latio
n

 in
 w

h
ich

 it is assessed
9. T

h
is lim

itatio
n

 can
 b

e illu
strated

 w
ith

 th
e fo

llo
w

in
g
 ex

am
p

le: 

4
 

su
p

p
o

se th
at w

e aim
 to

 assess w
h

eth
er a d

ep
ressio

n
 scale can

 b
e rep

ro
d

u
ced

 b
y
 a seco

n
d

 o
b

serv
er 

w
h

en
 ap

p
lied

 to
 a ran

d
o

m
 sam

p
le o

f th
e ad

u
lt p

o
p

u
latio

n
 (an

 h
etero

g
en

eo
u

s p
o

p
u

latio
n

, w
ith

 h
ig

h
 

v
arian

ce) th
e scale’s IC

C
 m

ay
 b

e h
ig

h
er th

an
 w

h
en

 th
e scale is ap

p
lied

 to
 a v

ery
 h

o
m

o
g

en
eo

u
s 

p
o

p
u

latio
n

 
(w

ith
 

lo
w

 
v

arian
ce), 

su
ch

 
as 

p
atien

ts 
h

o
sp

italized
 

fo
r 

acu
te 

d
ep

ressio
n

. 
T

h
is 

IC
C

 

ch
aracteristic h

as also
 b

een
 co

n
sid

ered
 b

y
 so

m
e au

th
o

rs as an
 ad

v
an

tag
e, fo

r it w
o

u
ld

 m
ak

e th
e 

d
isco

rd
an

ce relativ
e to

 th
e m

ag
n

itu
d

e o
f m

easu
rem

en
ts

1
0, h

o
w

ev
er co

m
p

arab
ility

 acro
ss p

o
p

u
latio

n
s 

is n
o

t p
o

ssib
le w

ith
 IC

C
. C

o
n

seq
u

en
tly

, IC
C

 v
alu

es h
av

e n
o

 ab
so

lu
te m

ean
in

g
, an

d
 th

e cu
t-o

ff v
alu

e 

o
f 0

.7
5

 p
ro

p
o

sed
 b

y
 B

u
rd

o
ck

7 an
d

 L
ee

1
1, an

d
 o

ften
 rep

ro
d

u
ced

 to
 sig

n
ify

 a g
o

o
d

 ag
reem

en
t, h

as 

lim
ited

 ju
stificatio

n
. 

L
in

’s co
n

co
rd

an
ce co

rrelatio
n

 co
efficien

t (C
C

C
) is th

e P
earso

n
 C

o
rrelatio

n
 o

f C
o

efficien
t, w

h
ich

 

assesses th
e clo

sen
ess o

f th
e d

ata to
 th

e lin
e o

f b
est fit, m

o
d

ified
 b

y
 tak

in
g
 in

to
 acco

u
n

t h
o

w
 far th

e 

lin
e o

f b
est fit is fro

m
 th

e 4
5

º lin
e cro

ssin
g
 th

e o
rig

in
1

2. L
in

 o
b

jected
 to

 th
e u

se o
f th

e IC
C

 as a w
ay

 

to
 assess ag

reem
en

t b
etw

een
 m

eth
o

d
s o

f m
easu

rem
en

t an
d

 d
ev

elo
p

ed
 th

e co
n

co
rd

an
ce co

rrelatio
n
 

co
efficien

t (C
C

C
). H

o
w

ev
er, th

ere are sim
ilarities b

etw
een

 certain
 sp

ecificatio
n

s o
f th

e IC
C

 an
d

 th
e 

C
C

C
 1

3. S
o

m
e lim

itatio
n
s o

f IC
C

, lik
e th

e lim
itatio

n
 o

f co
m

p
arab

ility
 o

f p
o

p
u

latio
n

 d
escrib

ed
 ab

o
v

e, 

are also
 p

resen
t in

 C
C

C
1

4. 

B
lan

d
 

an
d

 
A

ltm
an

 
p

ro
p

o
se 

th
e 

lim
its 

o
f 

ag
reem

en
t 

to
 

assess 
ag

reem
en

t 
b

etw
een

 
m

eth
o

d
s 

o
f 

m
easu

rem
en

t 1
5. L

im
its o

f ag
reem

en
t can

 b
e calcu

lated
 b

ased
 o

n
 th

e m
ean

 d
ifferen

ce b
etw

een
 th

e 

m
easu

rem
en

ts o
f tw

o
 m

eth
o

d
s in

 th
e sam

e su
b

jects an
d

 th
e stan

d
ard

 d
ev

iatio
n

 o
f th

ese d
ifferen

ces. 

A
p

p
ro

x
im

ately
 9

5
%

 o
f 

th
ese d

ifferen
ces w

ill lay
 
b

etw
een

 th
e m

ean
 d

ifferen
ces 

±
1

.9
6

 stan
d

ard
 

d
ev

iatio
n

 o
f th

ese d
ifferen

ces. T
h

e lim
its o

f ag
reem

en
t ap

p
ro

ach
 d

ep
en

d
s o

n
 so

m
e assu

m
p

tio
n

s ab
o

u
t 

th
e d

ata: th
e m

ean
 an

d
 stan

d
ard

 d
ev

iatio
n

 o
f th

e d
ifferen

ces are co
n

stan
t th

ro
u

g
h

o
u

t th
e ran

g
e o

f 

m
easu

rem
en

t an
d

 th
ese d

ifferen
ces are ap

p
ro

x
im

ately
 N

o
rm

ally
 d

istrib
u

ted
1

5. L
im

its o
f ag

reem
en

t 

are ex
p

ressed
 in

 term
s o

f th
e scale o

f m
easu

rem
en

t an
d

 th
e d

ecisio
n

 w
h

eth
er a d

eg
ree o

f ag
reem

en
t 

is accep
tab

le o
r n

o
t is alw

a
y
s a clin

ical, n
o

t statistical, ju
d

g
m

en
t.  

O
th

er ap
p

ro
ach

es
1

6
, 1

7, h
av

e b
een

 p
ro

p
o

sed
 fo

r assessin
g
 ag

reem
en

t; h
o

w
ev

er all o
f th

em
 are also

 

lim
ited

 
w

h
en

 
th

e 
aim

 
is 

to
 
co

m
p

are 
th

e 
ag

reem
en

t 
in

 
d

ifferen
t 

p
o

p
u

latio
n

s 
w

ith
 
d

ifferen
t 

trait 

ch
aracteristics. 

 T
h

e N
ew

 A
p

p
ro

a
ch

: In
fo

r
m

a
tio

n
-B

a
sed

 M
ea

su
re o

f D
isa

g
ree

m
en

t 

E
n

tro
p

y
, in

tro
d

u
ced

 b
y
 S

h
an

n
o

n
, can

 b
e d

escrib
ed

 as th
e av

erag
e am

o
u

n
t o

f in
fo

rm
atio

n
 co

n
tain

ed
 in

 

a v
ariab

le
1

8. A
 h

ig
h

 v
alu

e o
f en

tro
p

y
 m

ean
s th

at a larg
e am

o
u

n
t o

f in
fo

rm
atio

n
 is n

eed
ed

 to
 d

escrib
e 

an
 o

u
tco

m
e v

ariab
le ab

o
u

t w
h

ich
 w

e h
av

e h
ig

h
 u

n
certain

ty
. T

h
e su

m
 o

v
er all lo

g
arith

m
s o

f p
o

ssib
le 

o
u

tco
m

es o
f th

e v
ariab

le is a v
alid

 m
easu

re o
f th

e am
o

u
n

t o
f in

fo
rm

atio
n

, o
r u

n
certain

ty
, co

n
tain

ed
 

in
 a v

ariab
le. C

o
n

sid
er th

at w
e aim

 to
 m

easu
re d

isag
reem

en
t b

etw
een

 m
easu

rem
en

ts o
b

tain
ed

 b
y
 

o
b

serv
er A

 (v
ariab

le A
) an

d
 o

b
serv

er B
 (v

ariab
le B

). A
lso

, co
n

sid
er fo

r v
ariab

le A
, a v

ecto
r A

 th
at 

can
 tak

e th
e ran

g
e o

f n
o

n
-n

eg
ativ

e v
alu

es (a
1 ,…

,a
n ) an

d
 fo

r v
ariab

le B
, a v

ecto
r B

 th
at can

 tak
e th

e 

ran
g
e o

f n
o

n
-n

eg
ativ

e v
alu

es (b
1

,…
, b

n ). T
h

e in
tu

itio
n

 b
eh

in
d

 o
u

r d
efin

itio
n

 is th
at th

e d
isag

reem
en

t 

b
etw

een
 A

 an
d

 B
 is related

 to
 th

e d
ifferen

ces b
etw

een
 th

em
, w

ith
 th

e m
in

im
u

m
 reach

ed
 w

h
en

 A
 an

d
 

B
 are id

en
tical. S

o
, it is th

en
 n

atu
ral to

 co
n

sid
er ∑=

−
ni

i
i

b
a

1

2
lo

g
 th

e am
o

u
n

t o
f in

fo
rm

atio
n

 co
n

tain
ed

 

in
 th

e d
ifferen

ces b
etw

een
 o

b
serv

ers A
 an

d
 B

. B
y

 ad
d

in
g
 1

 to
 th

e d
ifferen

ces, w
e av

o
id

 th
e b

eh
av

io
r 

o
f th

e lo
g
arith

m
ic fu

n
ctio

n
 b

etw
een

 0
 an

d
 1

, w
h

ile k
eep

in
g

 a q
u

ite n
atu

ral clo
se relatio

n
 to

 th
e n

o
tio

n
 

o
f en

tro
p

y
 w

h
ere S

h
an

n
o

n
 co

n
sid

ered
 th

e lo
g
 o

f th
e in

v
erse o

f a p
ro

b
ab

ility
, i.e., th

e lo
g
 o

f a v
alu

e 

alw
a
y
s g

reater o
r eq

u
al to

 1
. N

o
w

, in
 o

rd
er to

 g
et a v

alu
e b

etw
een

 0
 an

d
 1

 w
e n

o
rm

alize th
e am

o
u

n
t 

o
f in

fo
rm

atio
n

 co
n

tain
ed

 in
 th

e d
ifferen

ces to
 o

b
tain

 th
e fo

llo
w

in
g
 m

easu
re o

f d
isag

reem
en

t.   

C
o

n
sid

erin
g
 
tw

o
 
v

ecto
rs 

A
 
=

 
(a

1 ,…
,a

n ), 
an

d
 
B

 
=

 
(b

1 ,…
,b

n ) 
w

ith
 
n

o
n

-n
eg

ativ
e 

co
m

p
o

n
en

ts. 
T

h
e 

in
fo

rm
atio

n
-b

ased
 m

easu
re o

f d
isag

reem
en

t is d
efin

ed
 as: 



5
 

d
(A

,B
)=

{
}

∑
=

  
  

+
−

ni
i

i

i
i

b
a

b
a

n
1

2
1

,
m

ax
lo

g
1

           

w
ith

 th
e co

n
v

en
tio

n
 

{
}

0
0,

0
m

ax

0
0

=
−

. 

T
h

is co
efficien

t eq
u

als 0
 w

h
en

 th
e o

b
serv

e
rs a

g
re

e, o
r w

h
en

 th
ere is n

o
 d

isag
reem

en
t, i.e., w

h
en

 a
i  =

 

b
i . In

 th
is case w

e sa
y
 th

at th
ere is n

o
 in

fo
rm

atio
n

 in
 th

e d
ifferen

ces b
etw

een
 o

b
serv

ers A
 an

d
 B

. A
s 

o
b

serv
er A

 an
d

 B
’s m

ea
su

rem
en

ts d
isag

ree, th
e am

o
u

n
t o

f in
fo

rm
atio

n
 in

 th
e d

ifferen
c
es b

etw
ee

n
 

o
b

serv
ers A

 an
d

 B
 in

cre
ases an

d
 th

e in
fo

rm
atio

n
-b

ased
 m

e
asu

re
 o

f d
isa

g
reem

en
t in

creases, ten
d

in
g
 

to
 1

, o
r, in

 o
th

er w
o

rd
s, th

e d
istan

ce b
etw

een
 th

e o
b

serv
ers in

c
reases. 

T
h

e co
n

v
en

tio
n

 
{

}
0

0,
0

m
ax

0
0

=
−

 h
as a n

a
tu

ral in
terp

retatio
n

 sin
ce if b

o
th

 o
b

serv
ers rate 0

, th
e
y
 a

g
re

e, 

so
 th

e co
n

trib
u

tio
n

 o
f th

is o
b

serv
atio

n
 to

 th
e fin

al su
m

 o
f d

isag
reem

en
t is lo

g
2 (1

+
0

) =
 0

. 

 P
ro

p
e
rties o

f In
fo

rm
a

tio
n

-B
a

sed
 M

ea
su

re o
f D

isa
g

ree
m

en
t 

T
h

e in
fo

rm
atio

n
-b

ased
 m

easu
re o

f d
isa

g
reem

en
t, d

(A
,B

), is a m
etric, i.e

., th
e fo

llo
w

in
g
 p

ro
p

e
rties 

h
o

ld
:  

- is n
o

n
-n

e
g
ativ

e, d
(A

,B
) is alw

a
y
s g

re
ater o

r eq
u

a
l to

 th
an

 z
ero

;  

- is z
ero

 if an
d

 o
n

ly
 if th

e o
b

serv
ers rate ex

actly
 th

e sam
e m

e
asu

rem
en

ts, d
(A

,B
)=

0
 if an

d
 

o
n

ly
 if A

=
B

;  

- is sy
m

m
etric, d

(A
,B

)=
d

(B
,A

) an
d

  

- th
e trian

g
u

lar in
eq

u
ality

 is v
erified

, d
(A

,B
)≤

d
(A

,C
)+

d
(C

,B
). 

T
h

e in
fo

rm
atio

n
-b

ased
 m

easu
re o

f d
isa

g
reem

en
t is scaled

 in
v

a
rian

t, d
(A

,B
)=

d
(k

A
,k

B
) w

ith
 k

 a n
o

n
 

z
ero

 
co

n
stan

t. 
It 

h
as 

also
 

d
ifferen

tial 
w

eig
h

tin
g
, 

i.e., 
a 

d
ifferen

c
e 

fo
u

n
d

 
b

etw
een

 
h

ig
h

 
v

alu
e
s 

co
n

trib
u

te less th
an

 th
e sam

e d
ifferen

ce fo
u

n
d

 b
etw

een
 lo

w
 v

alu
es. T

h
e ap

p
en

d
ix

 co
n

tain
s th

e p
ro

o
f 

o
f each

 p
ro

p
erty

. 

 In
feren

ce o
f th

e in
fo

rm
a

tio
n

-b
a

sed
 m

ea
su

r
e o

f d
isa

g
ree

m
en

t 

In
 
th

e 
ab

sen
ce 

o
f 

an
y
 
d

istrib
u

tio
n

al 
assu

m
p

tio
n

, 
th

e 
m

o
st 

o
b

v
io

u
s 

in
feren

c
e 

m
eth

o
d

 
is 

th
e 

n
o

n
 

p
aram

etric b
o

o
tstrap

. E
a
ch

 o
f th

e M
 b

o
o

tstrap
 sa

m
p

les is tak
en

 fro
m

 
i

a
 (i =

 1
 to

 n
), an

d
 

i
b

 (i =
 1

 to
 

n
), w

h
ere 

i
a

 an
d

 
i

b
 are th

e m
easu

rem
en

ts rated
 b

y
 th

e o
b

serv
ers A

 an
d

 B
 resp

ectiv
ely

, o
n

 th
e
 

su
b

ject i, an
d

 p
ro

v
id

es an
 estim

ate o
f th

e p
ro

p
o

sed
 in

fo
rm

atio
n

-b
ased

 m
e
asu

re o
f d

isa
g
reem

en
t u

sin
g

 

d
(A

,B
)=

{
}

∑
=

  
  

+
−

ni
i

i

i
i

b
a

b
a

n
1

2
1

,
m

ax
lo

g
1

. A
 co

n
fid

en
c
e in

terv
al fo

r th
e p

ro
p

o
sed

 m
easu

re o
f d

isa
g

re
em

en
t 

can
 b

e o
b

tain
ed

 fro
m

 th
e p

ercen
tiles o

f th
e em

p
iric

al d
istrib

u
tio

n
 o

f th
e M

 estim
ates. 

 E
x

a
m

p
le - sy

sto
lic b

lo
o

d
 p

ressu
re 

B
lan

d
 an

d
 A

ltm
an

 p
rese

n
t th

e ex
am

p
le o

f m
easu

rem
en

ts o
f sy

sto
lic b

lo
o

d
 p

ressu
re

 o
f 8

5
 in

d
iv

id
u

als, 

b
y
 

tw
o

 
o

b
serv

ers 
(J 

an
d

 
R

) 
w

ith
 

sp
h

y
g
m

o
m

an
o

m
eter, 

an
d

 
o

n
e 

o
th

er 
m

easu
rem

en
t, 

b
y
 

a
 

sem
iau

to
m

atic 
d

ev
ic

e 
(S

)
1

9. 
L

u
iz

 
et 

al 
re-a

n
aly

z
e 

th
e
 

d
ata

 
an

d
 

also
 

o
b

serv
e, 

w
ith

 
a
 

g
rap

h
ic

al 

ap
p

ro
ach

, 
a 

g
reate

r 
a
g

reem
en

t 
b

etw
een

 
th

e
 

tw
o

 
o

b
serv

ers 
th

an
 

b
etw

e
en

 
th

e 
o

b
se

rv
ers 

an
d

 
th

e 

sem
iau

to
m

atic 
d

ev
ice

1
6. 

U
sin

g
 
o

u
r 

in
fo

rm
atio

n
-b

ased
 
m

easu
re 

o
f 

d
isa

g
reem

en
t 

w
e 

also
 
o

b
tain

e
d

 

sig
n

ifican
tly

 m
o

re d
isa

g
reem

en
t b

etw
een

 e
ach

 o
b

serv
er an

d
 th

e sem
iau

to
m

atic d
ev

ic
e th

an
 b

etw
e
en

 

th
e tw

o
 o

b
serv

e
rs (T

ab
le 1

). 
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E
x

a
m

p
le - A

p
g

a
r sco

re a
t first m

in
u

te
 

T
h

e 
A

p
g

ar 
sco

re 
is 

w
id

ely
 
u

sed
 
in

 
d

ev
elo

p
ed

 
co

u
n

tries 
fo

r 
assessin

g
 
th

e 
clin

ical 
statu

s 
o

f 
th

e
 

n
ew

b
o

rn
, 

d
eterm

in
in

g
 
w

h
eth

er 
o

r 
n

o
t 

th
ere

 
is 

a 
n

eed
 
fo

r 
im

m
ed

iate 
m

ed
ical 

ca
re. 

It 
is 

u
su

a
lly

 

assessed
 at th

e first an
d

 fifth
 m

in
u

tes after b
irth

 an
d

 ran
g
es b

etw
e
en

 z
ero

 an
d

 ten
. It is b

ased
 o

n
 th

e 

an
aly

sis o
f th

e n
ew

b
o

rn
’s sk

in
 co

lo
r, resp

o
n

se to
 stim

u
lu

s, b
reath

in
g
, m

u
scle to

n
u

s an
d

 h
ea

rt rate.  

C
ard

io
to

co
g

rap
h

y
 is th

e m
o

st co
m

m
o

n
 m

eth
o

d
 u

sed
 fo

r fetal m
o

n
ito

rin
g

 d
u

rin
g

 lab
o

r. It re
g
isters th

e 

h
eart rate o

f th
e fetu

s an
d

 co
n

tractio
n

s o
f th

e
 u

teru
s. T

h
e v

alu
e o

f fetal m
o

n
ito

rin
g
 p

ro
c
ed

u
re is in

 its 

ab
ility

 to
 p

red
ict n

ew
b

o
rn

 o
u

tco
m

e, as th
e p

red
ictio

n
 o

f n
ew

b
o

rn
 o

u
tco

m
e d

u
rin

g
 lab

o
r can

 d
ec

rease 

p
erin

atal m
o

rtality
 an

d
 m

o
rb

id
ity

. 

T
h

ree o
b

stetrician
s w

ere
 ask

ed
 to

 ev
alu

ate 7
2

 in
trap

artu
m

 c
ard

io
to

co
g
rap

h
ic tracin

g
s in

d
ep

en
d

en
tly

 

an
d

 th
ro

u
g
h

 th
em

 p
red

ict th
e A

p
g
a
r sco

re at th
e first m

in
u

te. A
fter b

irth
, th

e tru
e v

alu
es o

f th
e A

p
g
a
r 

sco
res w

ere ev
alu

ated
 b

y
 th

e care
g
iv

ers resp
o

n
sib

le fo
r im

m
ed

iate n
eo

n
ata

l su
p

p
o

rt. T
o

 sim
u

late an
 

o
b

serv
er w

h
o

 estim
ated

 A
p

g
ar b

y
 ch

an
c
e, w

e ran
d

o
m

ly
 g

en
erated

 A
p

g
ar sco

re v
alu

es b
etw

een
 z

ero
 

an
d

 ten
.  

T
ab

le 2
 p

resen
ts th

e tru
e
 A

p
g
ar sco

res ev
alu

ated
 after b

irth
 fo

r 7
2

 n
ew

b
o

rn
s an

d
 th

e A
p

g
ar sco

re
s 

p
red

icted
 

b
y
 

th
e 

th
ree

 
o

b
stetrician

s 
b

ased
 

o
n

 
th

e 
in

trap
artu

m
 

ca
rd

io
to

co
g
rap

h
s 

tra
cin

g
s. 

T
h

e
 

o
b

stetrician
s w

ere b
lin

d
ed

 fo
r th

e n
eo

n
atal o

u
tc

o
m

e an
d

 ev
alu

ate tra
cin

g
s in

d
ep

en
d

en
tly

. T
ab

le
 2

 

also
 p

resen
ts a ran

d
o

m
 estim

atio
n

 o
f th

e A
p

g
ar sco

res c
re

ated
 b

y
 a g

e
n

eratio
n

 o
f ran

d
o

m
 v

alu
es 

b
etw

een
 z

ero
 an

d
 ten

.  

T
ab

le 
3

 
p

resen
ts 

th
e
 
a
g

reem
en

t, 
assessed

 
b

y
 
th

e 
IC

C
, 

an
d

 
th

e 
d

isa
g
re

em
en

t, 
assessed

 
w

ith
 
th

e 

in
fo

rm
atio

n
-b

ased
 

m
e
asu

re 
o

f 
d

isa
g

reem
en

t, 
b

e
tw

een
 

e
ach

 
o

b
stetrician

´s 
p

red
ictio

n
s 

an
d

 
A

p
g

ar 

ev
alu

ated
 

b
y
 

th
e 

ca
re

g
iv

er 
fo

r 
n

eo
n

atal 
su

p
p

o
rt 

an
d

 
b

etw
e
en

 
ran

d
o

m
ly

 
g
en

erated
 

A
p

g
ar 

an
d

 

ev
alu

ated
 b

y
 th

e care
g
iv

e
r fo

r n
eo

n
atal su

p
p

o
rt.  

A
s IC

C
 is a m

e
asu

re
 o

f ag
reem

en
t, h

ig
h

er v
alu

es co
rresp

o
n

d
 to

 b
etter a

g
reem

en
t. H

o
w

ev
e
r, as th

e
 

p
ro

p
o

sed
 in

fo
rm

atio
n

-b
a
sed

 m
easu

re o
f d

isa
g
ree

m
en

t is a m
easu

re o
f d

isag
reem

en
t, h

ig
h

e
r v

alu
es 

co
rresp

o
n

d
 

to
 

a 
h

ig
h

e
r 

d
isag

re
em

en
t, 

i.e., 
a 

w
o

rse 
a
g
re

em
en

t.  
IC

C
 

resu
lts 

su
g
g
est 

th
at 

o
n

e 

o
b

stetrician
 p

red
icted

 A
p

g
a
r sco

res n
o

 b
etter th

an
 th

e ran
d

o
m

 g
en

eratio
n

 o
f v

alu
es. T

h
is is an

 artifac
t 

cau
sed

 b
y
 th

e d
ep

en
d

en
ce o

f th
e IC

C
 o

n
 v

arian
ce. W

h
en

 A
p

g
ar sco

res w
ere ran

d
o

m
ly

 g
en

erate
d

, 

v
arian

c
e is m

u
ch

 h
ig

h
er (7

.7
) th

an
 w

h
en

 o
b

stetric
ian

s p
red

ict th
em

 (v
arian

ces ran
g
in

g
 fro

m
 0

.4
 an

d
 

0
.7

).  

O
n

 th
e o

th
er h

an
d

, th
e
 in

fo
rm

atio
n

-b
ased

 m
easu

re o
f d

isa
g
reem

en
t ev

id
e
n

ced
 th

at th
e A

p
g
ar sco

re
 

p
red

ictio
n

s b
y
 th

e o
b

stetrician
s w

ere sig
n

ifican
tly

 b
etter, i.e. th

e
re w

as less d
isag

reem
en

t w
ith

 A
p

g
ar 

sco
res ev

alu
ated

 b
y
 th

e c
are

g
iv

e
rs resp

o
n

sib
le

 fo
r n

eo
n

atal su
p

p
o

rt, th
an

 b
y
 th

e ran
d

o
m

 g
en

e
ratio

n
 o

f 

A
p

g
ar sco

res (T
ab

le 3
). 

 S
im

u
la

tio
n

 stu
d

y
 

T
o

 assess th
e p

erfo
rm

an
c
e o

f th
e p

ro
p

o
sed

 m
easu

re w
e u

sed
 sim

u
latio

n
s in

 d
ifferen

t sc
en

a
rio

s. F
ro

m
 

U
n

ifo
rm

 d
istrib

u
tio

n
s b

etw
een

 0
 an

d
 1

0
0

 w
e g

en
erated

 th
e o

b
serv

er A
’s ratin

g
s fo

r sam
p

le siz
es o

f 

1
0

, 2
5

, 5
0

, 1
0

0
, 5

0
0

 an
d

 5
0

0
0

. In
 a first scen

a
rio

, O
b

serv
er B

’s ratin
g
s w

ere created
 b

y
 ad

d
in

g
 a 

sy
stem

atic 
d

ifferen
ce

 
to

 
o

b
serv

er 
A

’s 
ratin

g
s: 

O
b

serv
e
r 

B
’s 

ratin
g
s 

w
ere 

eq
u

al 
to

 
o

b
serv

er 
A

’s 

ratin
g
s p

lu
s 1

0
 u

n
ities. In

 a se
co

n
d

 sc
en

ario
, O

b
serv

er B
’s ratin

g
s w

ere c
reated

 b
y
 ad

d
in

g
 a

 ran
d

o
m

 

d
ifferen

ce
 to

 O
b

serv
er A

’s ratin
g
s: O

b
se

rv
er B

’s ratin
g
s w

e
re eq

u
al to

 o
b

serv
er A

’s ratin
g
s p

lu
s a

 

q
u

an
tity

 
g

en
erated

 
b

y
 

a
 
N

o
rm

al 
d

istrib
u

tio
n

 
w

ith
 
m

ean
 
0

 
an

d
 
stan

d
a
rd

 
d

ev
iatio

n
 
5

. 
In

 
a 

th
ird

 

scen
ario

, O
b

serv
er B

’s ratin
g
s w

ere c
reated

 b
y
 a

d
d

in
g
 b

o
th

 ran
d

o
m

 an
d

 sy
stem

atic d
iffe

ren
c
es to

 

O
b

serv
e
r 

A
’s 

ratin
g
s: 

O
b

serv
e
r 

B
’s 

ratin
g
s 

w
ere 

eq
u

al 
to

 
o

b
serv

er 
A

’s 
ratin

g
s 

p
lu

s 
a 

q
u

an
tity

 

g
en

erated
 b

y
 a N

o
rm

al d
istrib

u
tio

n
 w

ith
 m

ean
 1

0
 an

d
 stan

d
ard

 d
ev

iatio
n

 5
. W

e assu
m

ed
 as 0

 all 

g
en

erated
 n

e
g
ativ

e O
b

serv
er B

’s ratin
g
s. 
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A
 
th

o
u

san
d

 
b

o
o

tstrap
 
sam

p
les 

w
ere 

tak
en

 
fro

m
 
d

ata 
fo

r 
each

 
scen

ario
 
an

d
 
each

 
sam

p
le 

siz
e 

to
 

p
ro

v
id

e th
e estim

ates o
f th

e p
ro

p
o

sed
 in

fo
rm

atio
n

-b
ased

 m
easu

re o
f d

isa
g
reem

en
t. T

ab
le 4

 p
rese

n
ts 

th
e m

ean
 an

d
 stan

d
ard

 d
ev

iatio
n

 o
f th

o
se 1

0
0

0
 e

stim
ates (stan

d
ard

 e
rro

r). T
ab

le
 4

 also
 p

resen
ts th

e 

b
ias, i.e., th

e d
ifferen

c
e b

etw
een

 th
e o

rig
in

al an
d

 th
e m

ean
 o

f 1
0

0
0

 estim
ates o

f th
e in

fo
rm

atio
n

-

b
ased

 m
easu

re o
f d

isag
reem

en
t. T

h
e p

o
in

t estim
ates o

f th
e p

ro
p

o
sed

 in
fo

rm
atio

n
-b

ased
 m

easu
re o

f 

d
isag

reem
en

t h
ad

 v
ery

 sm
all b

ias an
d

 stan
d

ard
 e

rro
r ev

en
 fo

r sm
all sam

p
le

 siz
es. 

 D
iscu

ssio
n

 a
n

d
 C

o
n

clu
sio

n
s 

W
e can

 lo
o

k
 at d

isa
g
ree

m
en

t b
etw

e
en

 o
b

se
rv

ers as th
e d

istan
ce b

etw
een

 th
eir ratin

g
s, so

 th
e m

etric 

p
ro

p
erties are im

p
o

rtan
t.  M

o
reo

v
er, th

e p
ro

p
o

se
d

 m
easu

re o
f d

isa
g
re

em
en

t is scale-in
v

arian
t, i.e

., 

th
e 

d
eg

ree 
o

f 
d

isa
g
re

em
en

t 
b

etw
een

 
tw

o
 
o

b
serv

ers 
sh

o
u

ld
 
b

e 
th

e 
sam

e 
if 

th
e 

m
easu

rem
en

ts 
are 

an
aly

z
ed

 in
 k

ilo
g
ram

s o
r in

 g
ram

m
as, fo

r ex
am

p
le

.  

D
ifferen

tial 
w

eig
h

tin
g
 

is 
an

o
th

er 
p

ro
p

erty
 

o
f 

th
e 

p
ro

p
o

sed
 

in
fo

rm
atio

n
-b

ased
 

m
easu

re 
o

f 

d
isag

reem
en

t: ea
ch

 co
m

p
ariso

n
 b

etw
een

 tw
o

 ratin
g
s is d

iv
id

ed
 b

y
 a

 n
o

rm
aliz

in
g
 fa

cto
r, d

ep
en

d
in

g
 

u
p

o
n

 
ea

ch
 
p

air 
o

f 
ratin

g
s 

alo
n

e, 
b

efo
re 

su
m

m
in

g
. 

T
h

erefo
re, 

th
e
 
in

fo
rm

atio
n

-b
ased

 
m

e
asu

re
 
o

f 

d
isag

reem
en

t 
is 

ap
p

ro
p

riate 
fo

r 
ratio

 
scale 

m
easu

rem
en

ts 
(w

ith
 

a 
n

a
tu

ral 
z
ero

) 
an

d
 

it 
is 

n
o

t 

ap
p

ro
p

riate 
fo

r 
in

terv
al 

scale 
m

easu
rem

en
ts 

(w
ith

o
u

t 
a 

n
atu

ral 
z
ero

). 
F

o
r 

ex
am

p
le, 

o
u

tsid
e 

air 

tem
p

eratu
re in

 C
elsiu

s o
r F

ah
ren

h
eit sc

ale d
o

es n
o

t h
av

e a n
atu

ral z
ero

. T
h

e 0
 d

e
g
rees is arb

itra
ry

 

an
d

 it d
o

es n
o

t m
ak

e sen
se to

 sa
y
 th

at 2
0

 d
eg

re
es is tw

ice as h
o

t as 1
0
 d

eg
rees. T

em
p

e
ratu

re in
 

C
elsiu

s o
r F

ah
ren

h
eit sc

ale is an
 in

terv
al scale. O

n
 th

e o
th

e
r h

an
d

, h
eig

h
t h

as a
 n

atu
ral 0

 m
e
an

in
g
: 

th
e ab

sen
c
e o

f h
eig

h
t. T

h
erefo

re, it m
ak

es sen
se to

 sa
y
 th

at 8
0

 in
ch

es is tw
ice as la

rg
e as 4

0
 in

ch
e
s. 

H
eig

h
t is a

 ratio
 scale. S

u
p

p
o

se th
e h

eig
h

ts o
f a sam

p
le o

f su
b

jects m
e
asu

red
 in

d
ep

en
d

en
tly

 b
y
 tw

o
 

d
ifferen

t o
b

se
rv

ers. A
 d

ifferen
ce b

etw
een

 th
e tw

o
 o

b
serv

ers o
f o

n
e in

ch
 in

 a ch
ild

 su
b

ject rep
resen

ts 

a w
o

rse o
b

se
rv

ers’ e
rro

r th
an

 a d
isa

g
re

em
en

t b
etw

een
 o

b
serv

e
rs o

f o
n

e in
ch

 in
 an

 ad
u

lt su
b

je
ct. D

u
e 

to
 d

ifferen
tial w

eig
h

tin
g

 p
ro

p
erty

 o
f th

e in
fo

rm
a
tio

n
-b

ased
 m

easu
re o

f d
isag

reem
en

t, a d
ifferen

c
e 

b
etw

een
 th

e o
b

serv
ers o

f o
n

e in
ch

 in
 a

 ch
ild

 in
 fa

ct w
eig

h
ts less to

 th
e estim

ate o
f in

fo
rm

atio
n

-b
ase

d
 

m
easu

re o
f d

isa
g
reem

en
t b

etw
een

 o
b

serv
e
rs th

an
 a d

ifferen
ce b

etw
een

 th
e
 o

b
serv

ers o
f o

n
e in

ch
 in

 

an
 ad

u
lt. 

T
h

e 
u

su
al 

ap
p

ro
ach

es 
u

sed
 

to
 

ev
alu

ate 
a
g
ree

m
en

t 
h

av
e 

th
e 

lim
itatio

n
 

o
f 

th
e 

co
m

p
a
rab

ility
 

o
f 

p
o

p
u

latio
n

s. 
In

 
fact, 

IC
C

 
d

ep
en

d
s 

u
p

o
n

 
th

e 
v

arian
ce 

o
f 

th
e 

trait 
p

o
p

u
latio

n
; 

alth
o

u
g
h

 
th

is 

ch
ara

cteristic 
c
an

 
b

e 
co

n
sid

ered
 
an

 
ad

v
an

ta
g

e 
it 

d
o

es 
n

o
t 

allo
w

 
o

n
e 

to
 
co

m
p

are 
th

e 
d

e
g
re

e 
o

f 

ag
reem

en
t ac

ro
ss d

iffere
n

t p
o

p
u

latio
n

s. A
lso

 th
e in

terp
retatio

n
 o

f th
e L

im
its o

f A
g
re

em
en

t d
ep

en
d

s 

o
n

 w
h

at can
 b

e co
n

sid
ered

 clin
ically

 relev
an

t o
r n

o
t, w

h
ich

 co
u

ld
 b

e su
b

jectiv
e an

d
 d

iffe
ren

t fro
m

 

read
e
r 

to
 

read
er. 

T
h

e 
co

m
p

ariso
n

 
o

f 
th

e 
d

e
g
ree 

o
f 

a
g
reem

en
t 

in
 

d
ifferen

t 
p

o
p

u
latio

n
s 

is 
n

o
t 

straig
h

tfo
rw

ard
. O

th
er a

p
p

ro
ach

es
1

6
, 1

7 to
 assess o

b
serv

er a
g

re
em

en
t h

av
e
 b

een
 p

ro
p

o
sed

, h
o

w
ev

e
r 

th
e co

m
p

arab
ility

 o
f p

o
p

u
latio

n
s is still n

o
t easy

 w
ith

 th
ese ap

p
ro

a
ch

es. 

T
h

e 
p

ro
p

o
sed

 
in

fo
rm

atio
n

-b
ased

 
m

easu
re 

o
f 

d
isag

reem
en

t, 
u

sed
 

as 
a
 

co
m

p
lem

en
t 

to
 

cu
rren

t 

ap
p

ro
ach

es fo
r ev

alu
atin

g
 a

g
re

em
en

t, can
 b

e u
se

fu
l to

 co
m

p
a
re th

e
 d

e
g

re
e o

f d
isa

g
re

em
en

t am
o

n
g

 

d
ifferen

t p
o

p
u

latio
n

s w
ith

 d
ifferen

t ch
aracte

ristics, n
am

ely
 w

ith
 d

ifferen
t v

arian
c
es.  

M
o

reo
v

er, w
e b

eliev
e th

at in
fo

rm
atio

n
 th

eo
ry

 ca
n

 m
ak

e an
 im

p
o

rtan
t co

n
trib

u
tio

n
 to

 th
e relev

an
t 

p
ro

b
lem

 o
f m

easu
rin

g
 a

g
reem

en
t in

 m
ed

ical research
, p

ro
v

id
in

g
 n

o
t o

n
ly

 b
etter q

u
an

tificatio
n

 b
u

t 

also
 b

etter u
n

d
e
rstan

d
in

g
 o

f th
e co

m
p

lex
ity

 o
f th

e u
n

d
erly

in
g
 p

ro
b

lem
s rela

ted
 to

 th
e m

easu
rem

en
t o

f 

d
isag

reem
en

t.  

 A
c
k

n
o

led
g
em

en
ts 

 T
h

is research
 w

as p
artially

 su
p

p
o

rted
 b

y
C

S
I2

 (P
T

D
C

/E
IA

-C
C

O
/0

9
9

9
5

1
/2

0
0

8
) an

d
 th

e g
ran

t S
F

R
H

 / 

B
D

 / 2
8

4
1

9
 / 2

0
0

6
. 

8
 

R
eferen

ces 

 
1

. 
B

lan
d

 M
. A

n
 In

tro
d

u
ctio

n
 to

 M
ed

ical S
tatistics. 3

th ed
. O

x
fo

rd
 U

n
iv

ersity
 P

ress. 2
0

0
0

. 

2
.  

C
o

sta 
S

an
to

s 
C

, 
C

o
sta 

P
ereira 

A
, 

B
ern

ard
es 

J. 
A

g
re

em
en

t 
stu

d
ies 

in
 

o
b

stetrics 
an

d
 

g
y
n

a
eco

lo
g

y
: in

ap
p

ro
p

riaten
ess, co

n
tro

v
ersies an

d
 co

n
seq

u
e
n

ces. B
r J O

b
stet G

y
n

ae
co

l 2
0

0
5

; 

1
1

2
 (5

): 6
6

7
-9

.    

3
.  

G
o

w
 R

M
, B

arro
w

m
an

 N
J, L

ai L
, M

o
h

e
r D

. A
 re

v
iew

 o
f fiv

e c
ard

io
lo

g
y
 jo

u
rn

als fo
u

n
d

 th
at 

o
b

serv
er 

v
ariab

ility
 

o
f 

m
easu

red
 

v
ariab

les 
w

as 
in

freq
u

en
tly

 
rep

o
rted

. 
J 

C
lin

 
E

p
id

em
io

l. 

2
0

0
8

;6
1

:3
9

4
-4

0
1

. 

4
. 

L
u

iz
 R

R
, S

z
k

lo
 M

. M
o
re th

an
 o

n
e statistical strate

g
y
 to

 assess a
g
reem

en
t o

f q
u

an
titativ

e 

m
easu

rem
en

ts m
a
y
 u

sefu
lly

 b
e rep

o
rted

. J C
lin

 E
p
id

em
io

l. 2
0

0
5

; 5
8

:2
1

5
-6

. 

5
. 

d
e 

V
et 

H
. 

O
b

serv
er 

reliab
ility

 
an

d
 

a
g
re

em
en

t. 
In

: 
P

. 
A

rm
itag

e 
an

d
 

T
. 

C
o

lto
n

, 
E

d
ito

rs, 

E
n

c
y
c
lo

p
ed

ia o
f b

io
statistics. 1

st ed
. W

ile
y
, C

h
ich

ester. 1
9

9
9

, p
p

. 3
1

2
3

–
3

1
2

7
.  

6
.  

S
h

ro
u

t P
E

, F
leiss JL

. In
traclass C

o
rrelatio

n
: u

ses in
 assessin

g
 rate

r reliab
ility

. P
sy

co
lo

g
ic

al 

B
u

lletin
.1

9
7

9
; 8

8
: 4

2
0

-8
.  

7
. 

B
u

rd
o

ck
 

E
I, 

F
leiss 

JL
 

an
d

 
H

ard
esty

 
A

S
. 

A
 

n
ew

 
v

ie
w

 
o

f 
in

tero
b

serv
er 

a
g
reem

en
t. 

P
sy

co
lo

g
ical B

u
lletin

. 1
9

6
3

;1
6

:3
7

3
-8

4
.  

8
.  

M
cG

raw
 K

O
, W

o
n

g
, S

P
. F

o
rm

in
g
 in

feren
ces ab

o
u

t so
m

e in
traclass co

rrelatio
n

 co
efficien

ts. 

P
sy

ch
o

lo
g
ical M

eth
o

d
s. 1

9
9

6
;1

(1
):3

0
-4

6
.  

9
. 

M
u

ller R
, B

u
ttn

er P
. A

 critical d
iscu

ssio
n

 o
f in

traclass co
rrelatio

n
 co

e
fficien

ts. S
tat M

ed
 

1
9

9
4

;1
3

:2
4

6
5

-2
4

7
6

. 

1
0

. S
tein

er 
D

L
, 

N
o

rm
an

 
G

R
. 

H
ealth

 
M

easu
rem

en
ts 

S
cales. 

A
 

p
ractical 

g
u

id
e 

to
 

th
eir 

d
ev

elo
p

m
en

t an
d

 u
se.  3

th
 ed

. O
x

fo
rd

 U
n

iv
ersity

 P
ress. 2

0
0

3
.  

1
1

.  L
e
e D

, K
o

h
 D

, O
n

g
 C

N
. S

tatistical ev
alu

atio
n

 o
f th

e a
g
re

em
en

t b
etw

een
 tw

o
 m

eth
o

d
s fo

r 

m
easu

rin
g
 a q

u
an

titativ
e v

ariab
le. C

o
m

p
u

t B
io

l M
ed

 1
9

8
9

;1
9

:6
1

-7
0

. 

1
2

. L
in

 
L

K
. 

A
 

co
n

co
rd

an
ce 

c
o

rrelatio
n

 
co

e
fficien

t 
to

 
ev

alu
ate 
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ro

d
u

cib
ility
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io

m
etrics. 1

9
8

9
;4

5
:2

5
5

–
6

8
.  

1
3

.  N
ick

erso
n

 
C

A
E

. A
 

N
o

te 
o

n
 

"A
 

C
o

n
co

rd
a
n

ce 
C

o
rrelatio

n
 

C
o

e
fficien

t 
to

 
E

v
alu

ate
 

R
ep

ro
d

u
cib

ility
". B

io
m

etrics. 1
9

9
7

;5
3

:1
5

0
3

–
7

. 

1
4

. A
tk

in
so

n
 
 
G

, 
N

ev
ill 

A
. 

C
o

m
m

en
t 

o
n
 
th

e 
U

se 
o

f 
C

o
n

co
rd

an
c
e 

C
o

rrela
tio

n
 
to

 
A

ssess 
th

e 

A
g

reem
en

t b
etw

een
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w
o
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ariab

les. B
io

m
etrics. 1

9
9

7
;5

3
:7

7
5

-7
.  

1
5

.  B
lan

d
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, 

A
ltm

an
 

D
G

. 
S

tatistical 
m

eth
o

d
s 

fo
r 

assessin
g
 

tw
o

 
m

eth
o

d
s 

o
f 
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ical 

m
easu

rem
en

t. L
a
n

cet 1
9

8
6

;1
:3

0
7

-3
1

0
. 

1
6

. L
u
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R

R
, 

C
o

sta 
A

J, 
K

ale 
P

L
, 

W
ern

eck
 
G

L
. 

A
ssessm

en
t 

o
f 

ag
reem

en
t 

o
f 

a 
q

u
an

titativ
e
 

v
ariab

le: a n
ew
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rap

h
ical ap

p
ro

ach
. J C

lin
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p
id

em
io

l. 2
0

0
3

;5
6

:9
6

3
-7

. 

1
7

. M
o

n
ti 

K
L

. 
F

o
ld

ed
 

e
m

p
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d
istrib

u
tio

n
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n

ctio
n
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o
u

n
tain

 
p

lo
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A
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S
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1
9

9
5
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5
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1
8
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h
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o
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A
 
M
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T

h
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o
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o
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B
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S
y
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T
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, A
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g
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 m
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o
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p
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d
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eth

o
d
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M
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9
9
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 A
P

P
E

N
D

IX
 

 P
ro

p
erties o

f th
e p

ro
p

o
sed

 d
isa

g
reem

en
t m

ea
su

re 

 T
h

e p
ro

p
o

sed
 d

isag
reem

en
t m

easu
re, d

(A
,B

), h
as th

e flo
w

in
g
 p

ro
p

erties: 

 P
ro

p
erty

 1
 (N

o
n

-n
eg

ativ
ity

). L
e
t A

 a
n

d
 B

 b
e
 tw

o
 n

o
n
-n

e
g

a
tiv

e, ra
n

d
o

m
 v

a
ria

b
le

s o
f size

 n
, d

(A
, B

) ≥
 0

. 

 P
ro

o
f. If th

e tw
o
 o

b
serv

atio
n

s are zero
, th

en
 b

y
 co

n
v
en

tio
n

 its co
n
trib

u
tio

n
 is zero

. O
n

 th
e o

th
er o

b
serv

atio
n
s, 

th
e p

ro
p

erty
 fo

llo
w

s fro
m

 th
e fact th

at th
e facto

rs in
 th

e arg
u

m
en

t o
f lo

g
 are at least 1

. �
 

 P
ro

p
erty

 2
 (Id

en
tity

 o
f in

d
iscern

ib
les). L

e
t A

 a
n
d

 B
 b

e
 tw

o
 n

o
n
-n

e
g

a
tiv

e
, ra

n
d

o
m

 v
a

ria
b
les o

f size
 n

.  d
(A

, B
) 

=
 0

 if a
n

d
 o

n
ly

 if   A
 =

 B
. 

 P
ro

o
f. 

d
(A

, 
B

) 
=

 
0

 
if 

an
d

 
o

n
ly

 
if 

{
}

0
1

,
m

ax
lo

g
2

=
  

  
+

−

i
i

i
i

b
a

b
a

 
fo

r 
all 

n
i

≤
≤

1
. 

S
o

, 
0

i
i

a
b

=
=

o
r 

{
}

1
1

,
m

ax
=

+
−

i
i

i
i

b
a

b
a

 fo
r all 

n
i

≤
≤

1
, i.e., if an

d
 o

n
ly

 if A
=

B
. �

 

 P
ro

p
erty

 3
 (S

y
m

m
etry

). L
et A

 a
n

d
 B

 b
e
 tw

o
 n

o
n

-n
e
g

a
tiv

e
, ra

n
d

o
m

 va
ria

b
le

s o
f size

 n
. d

(A
, B

) =
 d

(B
, A

). 

 P
ro

o
f. d

(A
, B

) =
 d

(B
, A

) b
ecau

se o
f m

ax
im

u
m

 an
d

 th
e ab

so
lu

te v
alu

e sy
m

m
etry

. �
 

 P
ro

p
erty

 
4

 
(T

rian
g
u

lar 
in

eq
u

ality
). 

L
e
t 

A
, 

B
 
a

n
d

 
C

 
b

e
 
th

re
e
 
n

o
n
-n

e
g

a
tiv

e
, 

ra
n

d
o

m
 
v
a

ria
b

les 
o

f 
size

 
n
. 

B
)

d
(C

,
C

)
d
(A

,
B

)
d
(A

,
+

≤
 

 P
ro

o
f. In

 o
rd

er to
 p

ro
v
e 

B
)

d
(C

,
C

)
d
(A

,
B

)
d
(A

,
+

≤
w

e h
av

e to
 p
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v
e th
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r all 

n
i

≤
≤
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  
  

+
−

+
  

  
+

−
≤

  
  

+
−

i
i

i
i

i
i

i
i

i
i

i
i

b
c

b
c

c
a

c
a

b
a

b
a

  

F
irst w

e d
eal w

ith
 th

e case w
h

ere at least tw
o

 o
f th

e elem
en

ts 
, 

 an
d

 
i

i
i

a
b

c
are 0

. 

If 
0

i
i

i
a

b
c

=
=

=
  th

en
 th

e in
eq

u
ality

 I is triv
ially

 tru
e w

ith
 th

e co
n

v
en

tio
n

 m
ad

e. 

If 
0

i
i

a
b

=
=

 
an

d
 

0
i

c
≠

 
th

en
 

{
}

0
1

,
m

ax
lo

g
2

=
  

  
+

−

i
i

i
i

b
a

b
a

, 
{

}
0

1
,

m
ax

lo
g

2
≥

  
  

+
−

i
i

i
i

c
a

c
a

an
d
 

{
}

0
1

,
m

ax
lo

g
2

≥
  

  
+

−

i
i

i
i

b
c

b
c

, an
d

 th
en

, ag
ain

, th
e in

eq
u
ality

 I is tru
e. 

If 
0

i
i

a
c

=
=

 
an

d
 

0
i

b
≠

. 
In

 
th

is 
case 

{
}

  
  

+
=

  
  

+
−

1
lo

g
1

,
m

ax
lo

g
2

2

i i

i
i

i
i

b b

b
a

b
a

, 

{
}

  
  

+
=

  
  

+
−

1
lo

g
1

,
m

ax
lo

g
2

2

i i

i
i

i
i

b b

b
c

b
c

an
d

 
{

}
0

1
,

m
ax

lo
g

2
=

  
  

+
−

i
i

i
i

c
a

c
a

w
h

ich
 v

erifies th
e in

eq
u

ality
 I. 

N
o

w
 assu

m
e th

at at least tw
o

 o
f th

e v
alu

es 
, 

 an
d

 
i

i
i

a
b

c
 are p

o
sitiv

e. P
ro

v
in

g
 th

e in
eq

u
ality

 I is eq
u

iv
alen

t, to
 

p
ro

v
e: 

1
0

 

{
}

{
}

{
}

  
  

+
−

  
  

+
−

≤
+

−
1

,
m

ax
 

1
,

m
ax

 
1

,
m

ax
i

i

i
i

i
i

i
i

i
i

i
i

b
c

b
c

c
a

c
a

b
a

b
a

⇔
 

 
{

}
{

}
{

}
{

}
{

}
1

,
m

ax
,

m
ax

,
m

ax
,

m
ax

 
1

,
m

ax
+

−
−

+
−

+
−

≤
+

−

i
i

i
i

i
i

i
i

i
i

i
i

i
i

i
i

i
i

i
i

b
c

c
a

b
c

c
a

b
c

b
c

c
a

c
a

b
a

b
a

 

S
o

, is su
fficien

t to
 p

ro
v
e th

at: 

{
}

{
}

{
}i

i

i
i

i
i

i
i

i
i

i
i

b
c

b
c

c
a

c
a

b
a

b
a

,
m

ax
,

m
ax

 
,

m
ax

−
+

−
≤

−
 

S
u

p
p

o
se th

at 
{

}
i

i
i

c
b

a
≥

,
m

ax
.  

T
h

en
 

{
}

{
}i

i
i

i
c

b
b

a
,

m
ax

,
m

ax
≥

an
d

 
{

}
{

}i
i

i
i

c
a

b
a

,
m

ax
,

m
ax

≥
.  

S
o

, 
{

}
{

}i
i

i
i

b
c

b
a

,
m

ax

1

,
m

ax

1
≤

an
d

 
{

}
{

}i
i

i
i

a
c

b
a

,
m

ax

1

,
m

ax

1
≤

.  

T
h

u
s 

{
}

{
}

{
}

{
}i

i

i
i

i
i

i
i

i
i

i
i

i
i

i
i

i
i

b
c

c
b

c
a

c
a

b
a

b
c

c
a

b
a

b
a

,
m

ax
,

m
ax

,
m

ax
,

m
ax

−
+

−
≤

−
+

−
≤

−
 

N
o

w
, su

p
p

o
se th

at 
{

}
i

i
i

c
b

a
<

,
m

ax
th

en
 

i
i

i
c

b
a

≤
,

. W
ith

o
u
t lo

ss o
f g

en
erality

 w
e can

 su
p

p
o

se th
at 

c
a

b
<

<
. S

o
, p

ro
v
e th

at: 

{
}

{
}

{
}i

i

i
i

i
i

i
i

i
i

i
i

b
c

b
c

c
a

c
a

b
a

b
a

,
m

ax
,

m
ax

 
,

m
ax

−
+

−
≤

−
 

is th
e sam

e to
 p

ro
v
e: 

0
≥

−
−

−
+

−

i

i
i

i

i
i

i

i
i

a

b
a

c

b
c

c

a
c
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d
 

i i

i i

i i

i i

i i

i i

i

i
i

i

i
i

i

i
i
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c b

c a

a b

c b

c a

a

b
a

c

b
c

c

a
c

+
−

−
=

  
  

−
−

−
−

=
−

−
−

+
−

1
1

2
 

as 
c

a
<

th
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c b
<

an
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0

>
c a

. T
h

u
s 

i i

i i

i i

a b

c b

c a
+

−
−

1
>

0
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o
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o
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a
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n

d
o
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a
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b
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f size
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1

B
)

d
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,
≤
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 P
ro

o
f. T

h
e p

ro
p

erty
 fo

llo
w
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e fact th

at
{

}
1

,
m

ax
≤

−

i
i

i
i

b
a

b
a
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{
}

1
1

,
m

ax
lo

g
2

≤
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+

−

i
i

i
i

b
a

b
a
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p
erty

 6
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cale in
v
arian

ce). L
e
t A

 a
n

d
 B

 b
e
 tw

o
 n

o
n

-n
e
g
a

tiv
e
, ra

n
d

o
m

 v
a

ria
b

le
 o

f size
 n

 a
n

d
 k

 a
 p

o
sitiv

e
, 

n
o

n
 zero

 c
o

n
sta

n
t. 

=
)

,
(

B
A

d
)

,
(
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d
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ro

o
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=
)

,
(
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d
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ka

kb
ka
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C
o
m
m
itm

e
n
t
a
n
d

A
u
th

e
n
tica

tio
n

S
y
ste

m
s
?

A
lex

an
d
re

P
in
to

?
?

A
n
d
ré

S
ou

to
A
rm

an
d
o
M
atos

L
ú
ıs

A
n
tu
n
es

D
C
C
-F
C

&
L
IA

C
C

R
.
C
a
m
p
o
A
leg

re
1
0
2
1
/
1
0
5
5

4
1
6
9
-0
0
7
P
o
rto

A
b
stra

c
t.

In
th
e
p
resen

t
p
a
p
er,

w
e
a
n
sw

er
a

q
u
estio

n
ra
ised

in
th
e
p
a
p
er

C
o
n
stru

ctio
n
s
a
n
d

B
o
u
n
d
s
fo
r
U
n
co
n
d
itio

n
a
lly

S
ecu

re
N
o
n
-In

tera
ctive

C
o
m
m
itm

en
t
S
ch
em

es,
b
y
B
lu
n
d
o
et

a
l,
2
0
0
2
,

sh
ow

in
g
th
a
t
th
ere

is
a
clo

se
rela

tio
n

b
etw

een
u
n
co
n
d
itio

n
a
lly

secu
re

co
m
m
itm

en
t
sch

em
es

a
n
d

u
n
co
n
d
itio

n
a
lly

secu
re

a
u
th
en
tica

tio
n

sch
em

es,
a
n
d

th
a
t
a
n

u
n
co
n
d
itio

n
a
lly

secu
re

co
m
m
itm

en
t

sch
em

e
ca
n

b
e
b
u
ilt

fro
m

su
ch

a
n

a
u
th
en
tica

tio
n

sch
em

e
a
n
d

a
n

u
n
co
n
d
itio

n
a
lly

secu
re

cip
h
er

sy
stem

.
T
o
in
v
estig

a
te

th
e
o
p
p
o
site

d
irectio

n
,
w
e
d
efi

n
e
o
p
tim

a
l
co
m
m
itm

en
t
sy
stem

s
a
n
d
sh
ow

th
a
t
th
ese

m
u
st

b
e
reso

lva
b
le

d
esig

n
co
m
m
itm

en
t
sch

em
es.

T
h
en

,
a
p
ro
o
f
is

g
iv
en

th
a
t
th
e
reso

lva
b
le

d
esig

n
co
m
m
itm

en
t
sch

em
es

a
re

a
co
m
p
o
sitio

n
o
f
a
n
a
u
th
en
tica

tio
n
sy
stem

a
n
d
a
cip

h
er

sy
stem

a
n
d
th
e

co
n
clu

sio
n
fo
llow

s
th
a
t
th
is

is
th
e
ca
se

fo
r
a
ll
o
p
tim

a
l
co
m
m
itm

en
t
sy
stem

s.
W
e
a
lso

sh
ow

h
ow

to
b
u
ild

o
p
tim

a
l
sch

em
es

fro
m

tra
n
sv
ersa

l
d
esig

n
s
th
a
t
a
re

ea
sy

to
b
u
ild

a
n
d
ca
n

b
e
m
o
re

effi
cien

tly
im

p
lem

en
ted

th
a
n
th
e
p
ro
p
o
sa
l
in

th
e
p
rev

io
u
sly

cited
p
a
p
er.

K
eyw

o
rd
s:

C
om

m
itm

en
t,

A
u
th
en
tication

,
U
n
con

d
ition

al
S
ecu

rity,
G
alois

F
ield

.

1
In

tro
d
u
ctio

n

C
om

m
itm

en
t
sch

em
es

w
ere

in
tro

d
u
ced

b
y
B
lu
m

([1]).
It

is
n
ot

p
ossib

le
to

b
u
ild

u
n
con

d
ition

ally
secu

re
com

m
itm

en
t
sch

em
es

w
ith

on
ly

tw
o
p
arties,

b
u
t
R
iv
est

p
rop

osed
th
e
fi
rst

u
n
con

d
ition

-
ally

secu
re

n
on

in
teractive

com
m
itm

en
t
sch

em
e
w
ith

a
tru

sted
in
itializer,

in
a
n
on

-p
u
b
lish

ed
m
an

u
scrip

t
called

“U
n
con

d
ition

ally
S
ecu

re
C
om

m
itm

en
t
an

d
O
b
liv

iou
s
T
ran

sfer
S
ch
em

es
U
sin

g
P
rivate

C
h
an

n
els

an
d
a
T
ru
sted

In
itializer”

an
d
availab

le
at

h
ttp

://citeseer.ifi
.u
n
izh

.ch
/rivest99u

n
con

d
ition

ally.h
tm

l.
In

[2],
th
e
au

th
ors

b
egin

a
m
ath

em
atical

form
alization

of
su
ch

com
m
itm

en
t
sch

em
es.

T
h
ey

also
p
rov

e
som

e
low

er
b
ou

n
d
s
on

th
e
b
in
d
in
g
p
rob

ab
ilities

an
d
p
rop

ose
an

d
an

aly
se

im
p
lem

en
-

tation
s
of

op
tim

ally
secu

re
sy
stem

s.
T
h
ey

giv
e
a
gen

eral
d
escrip

tion
of

a
com

m
itm

en
t
sch

em
e
in

R
ivest’s

m
o
d
el

th
at

u
ses

en
co
d
in
g
an

d
au

th
en
tication

key
s
an

d
also

a
sim

p
lifi

ed
sch

em
e
w
h
ere

th
e
au

th
en
tication

k
ey

is
n
ot

n
ecessary.

T
h
en

th
ey

off
er

a
con

stru
ction

of
com

m
itm

en
t
sch

em
es

b
ased

on
resolvab

le
d
esign

s
an

d
an

aly
se

its
b
in
d
in
g
p
rob

ab
ilities.

T
h
ey

list
tw

o
op

en
p
rob

lem
s:

fi
n
d
in
g
a
low

er
b
ou

n
d
on

th
e
am

ou
n
t
of

in
form

ation
th
at

h
as

to
b
e
p
re-d

istrib
u
ted

to
th
e
u
sers

an
d
sen

t
b
y
th
e
sen

d
er

to
th
e
receiver;

an
d
th
e
ex
isten

ce
of

som
e
relation

b
etw

een
th
ese

sch
em

es
an

d
au

th
en
tication

co
d
es.

T
h
e
fi
rst

of
th
ese

q
u
estion

s
w
as

an
sw

ered
in

[7],
w
h
ile

th
e
p
resen

t
p
ap

er
p
rop

oses
to

an
-

sw
er

th
e
secon

d
on

e.
W
e
sh
ow

th
at

an
u
n
con

d
ition

ally
secu

re
com

m
itm

en
t
sch

em
e
w
ith

tru
sted

in
itializer

can
b
e
b
u
ilt

from
?
A

p
relim

in
a
ry

v
ersio

n
h
a
s
a
p
p
ea
red

in
th
e
p
ro
ceed

in
g
s
o
f
IC

IT
S
’0
7
.

?
?
C
o
rresp

o
n
d
in
g
a
u
th
o
r
co
n
ta
cts

–
em

a
il:

a
lex

.m
ira

n
d
a
.p
in
to
@
g
m
a
il.co

m
,
p
h
o
n
e:

+
3
5
1
9
1
9
5
2
8
8
9
0
,
fa
x
:
N
/
A
.

–
a
com

p
osition

of
an

u
n
con

d
ition

ally
secu

re
a
u
th
en
tication

co
d
e
w
ith

ou
t
secrecy,

w
ith

ou
t

sp
littin

g
an

d
w
ith

n
o
arb

itration
–

an
d
an

u
n
con

d
ition

ally
secu

re
cip

h
er

sy
stem

.

T
h
is

relation
su
ggests

an
attack

alread
y
referred

in
[7]

th
at

is
th
e
cou

n
terp

a
rt

of
th
e
im

p
erson

-
ation

attack
of

an
au

th
en
tication

sy
stem

.
W
e
give

a
co
m
b
in
a
toria

l
an

d
an

in
form

ation
-th

eoretic
low

er
b
ou

n
d
for

its
p
rob

ab
ility

of
su
ccess.

T
h
e
secon

d
of

th
ese

b
ou

n
d
s
is

alread
y
p
resen

t
in

[7]
b
u
t
w
h
ile

th
eir

p
ro
of

u
sed

tech
n
iq
u
es

from
h
y
p
o
th
esis

testin
g,

ou
rs

u
ses

on
ly

th
e
d
efi
n
ition

of
m
u
tu
al

in
form

ation
an

d
th
e
log

su
m

in
eq
u
a
lity.

W
e
b
egin

b
y
giv

in
g
som

e
d
efi
n
ition

s
an

d
n
o
tation

in
S
ection

2,
as

w
ell

as
form

al
d
efi
n
itio

n
s

of
u
n
con

d
ition

ally
secu

re
cip

h
er,

au
th
en
tication

an
d
co
m
m
itm

en
t
sy
stem

s.
W
e
th
en

an
aly

se
th
e

p
ossib

le
attack

s
again

st
com

m
itm

en
t
sch

em
es

in
S
ection

3,
an

d
sh
ow

h
ow

th
ese

ca
n
b
e
b
u
ilt

from
a
cip

h
er

sy
stem

an
d
an

au
th
en
tication

co
d
e.

In
S
ection

5,
w
e
d
efi
n
e
th
e
n
otion

o
f
op

tim
al

com
m
itm

en
t
sch

em
e
a
n
d
sh
ow

th
at

su
ch

a
sch

em
e
is

a
resolvab

le
d
esign

com
m
itm

en
t
sch

em
e
as

p
ro
p
o
sed

in
[2].

W
e
fo
llow

w
ith

th
e
m
ain

resu
lts

of
th
is

p
ap

er,
sh
ow

in
g
th
at

op
tim

a
l
sy
stem

s
m
u
st

b
e
resolvab

le
d
esign

com
m
itm

en
t

sch
em

es
an

d
th
at

all
of

th
ese

can
b
e
d
ecom

p
osed

in
to

a
cip

h
er

sy
stem

an
d
an

a
u
th
en
tication

co
d
e.W
e
th
en

p
rop

ose
a
gen

eralizatio
n

of
th
e
affi

n
e
p
lan

e
com

m
itm

en
t
sch

em
e
in

[2]
th
at

is
effi

cien
tly

im
p
lem

en
tab

le
in

b
oth

h
ard

w
are

a
n
d

so
ftw

a
re

b
y

allow
in
g
an

alp
h
ab

et
of

sou
rce

states
w
ith

size|S|
=

2
n
rath

er
th
an

h
av
in
g
|S|

=
p
fo
r
p
rim

e
p
.
In

th
e
form

er
case,

th
e
n
eed

ed
arith

m
etic

op
eration

s
red

u
ce

to
b
it

sh
ifts

a
n
d
b
itw

ise
logical

op
eration

s,
w
h
ich

h
ave

very
fast

h
ard

w
are

an
d
m
ach

in
e-co

d
e
im

p
lem

en
tation

s.
W
e
sh
ow

th
at

th
is
is
p
ossib

le
for

ev
ery

n
,
b
y
b
u
ild

in
g
a
n
ap

p
ro
p
riate

T
ra
n
sversal

D
esign

an
d

u
sin

g
a
resu

lt
d
u
e
to

S
tin

son
([12])

to
tu
rn

it
in
to

an
u
n
con

d
ition

a
lly

secu
re

au
th
en
tication

sy
s-

tem
.
O
u
r
com

m
itm

en
t
sch

em
e
follow

s
from

com
p
ositio

n
w
ith

th
e
O
n
e-T

im
e
P
ad

cip
h
er

sy
stem

.
B
y
th
e
p
rev

iou
s
resu

lts,
th
is

sch
em

e
is

op
tim

al.
F
in
ally,

S
ection

7
con

tain
s
so
m
e
con

clu
d
in
g
rem

ark
s
an

d
p
ossib

le
d
irectio

n
s
for

fu
tu
re

w
ork

.

2
P
re
lim

in
a
rie

s

W
e
d
en
ote

alp
h
ab

ets
b
y
calligrap

h
ic

ty
p
e,

e.g.P
,C

.
D
ep

en
d
in
g
on

con
tex

t,
th
ese

alp
h
ab

ets
can

b
e
seen

as
su
b
sets

of
N

or
of{0

,1} ∗.
E
lem

en
ts

of
th
ese

alp
h
ab

ets
are

u
su
a
lly

rep
resen

ted
b
y

low
ercase

letters.
T
h
e
size

of
a
set

is
d
en
oted

b
y
|·|.

R
an

d
om

variab
les

over
th
ese

sets
are

rep
resen

ted
b
y
u
p
p
ercase

version
s
o
f
th
e
n
am

e
of

th
e
set,

lik
e
P
,
C

an
d
so

on
.
G
reek

letters
are

reserved
for

som
e
p
rob

ab
ilities

an
d
real

p
aram

eters
n
ot

greater
th
an

1
.
P
rob

ab
ility

ex
p
ressio

n
s

of
th
e
ty
p
e
P
r[X

=
x
]
an

d
P
r[X

=
x|Y

=
y
]
are

som
etim

es
sim

p
lifi

ed
to

p
(x
)
an

d
p
(x|y

)
resp

ectively.
T
h
e
fu
n
ction

E
(·)

d
en
otes

th
e
ex
p
ected

va
lu
e
of

som
e
d
istrib

u
tio

n
.

S
om

etim
es,

fu
n
ction

s
of

tw
o
argu

m
en
ts

are
w
ritten

a
s
p
a
ram

eterized
fu
n
ction

s
of

on
e
ar-

gu
m
en
t.

F
or

ex
am

p
le,

f
(k
,s)

is
th
e
sa
m
e
as

f
k (s).

T
h
e
fu
n
ction

H
(·)

an
d
its

varian
ts

d
en
ote

S
h
an

n
on

’s
en
trop

y
fu
n
ction

.
T
h
e
u
sers

of
th
e
p
roto

cols
b
ear

th
e
stan

d
ard

n
am

es
of

th
e
literatu

re:
A
lice

an
d
B
o
b
are

th
e
legitim

ate
p
articip

an
ts,

E
ve

is
a
p
assive

eav
esd

rop
p
er,

O
scar

is
a
m
aliciou

s
op

p
on

en
t
w
ith

com
p
lete

p
ow

er
over

th
e
ch
an

n
el

b
etw

een
A
lice

an
d
B
ob

,
an

d
T
ed

is
a
tru

sted
in
itializer.

A
lice



is
alw

ay
s
th
e
sen

d
er

an
d
B
ob

th
e
receiv

er.
In

th
e
com

m
itm

en
t
sch

em
e,

b
oth

A
lice

an
d
B
ob

can
b
e
m
aliciou

s
an

d
try

to
b
reak

th
e
p
roto

col.
W
e
n
ow

give
form

al
d
efi
n
ition

s
of

th
e
cry

p
tograp

h
ic

con
stru

ction
s
u
sed

in
th
is

p
ap

er.

2
.1

C
ry

p
to

g
ra

p
h
ic

S
y
ste

m
s

C
ip
h
er

S
ystem

s

D
e
fi
n
itio

n
1
.
A

cip
h
er

system
is

a
tu
p
le

d
en

o
ted

C
P
(P

,C
,K

,f
(k
,p
))

w
h
ere

P
is

th
e
a
lp
h
a
bet

o
f
p
la
in
text

m
essa

ges,C
is

th
e
a
lp
h
a
bet

o
f
cip

h
ertext

m
essa

ges
a
n
d
K

is
th
e
a
lp
h
a
bet

o
f
secret

keys.
F
o
r
ea
ch

k
∈
K
,
th
ere

is
a
fu
n
ctio

n
f
k
:P

7→
C
w
ith

f
k (p

)
=

f
(k
,p
)
th
a
t
is

in
jective

a
n
d

d
efi

n
ed

fo
r
a
ll
p
∈
P
.�

A
cip

h
er

sy
stem

is
u
n
con

d
ition

ally
secu

re
if
th
e
ran

d
om

variab
les

P
,K

,C
=

f
(K

,P
)
satisfy

:

H
(P

)
=

H
(P

|C
).

A
u
th
en

tica
tio

n
S
ystem

s
W
e
giv

e
on

ly
th
e
d
etails

n
eed

ed
for

au
th
en
tication

co
d
es

an
d
refer

th
e

read
er

to
[8],

[9]
an

d
[10]

for
m
ore

in
form

ation
.

A
u
th
en
tication

co
d
es

w
ith

ou
t
secrecy

allow
a
p
arty

to
sen

d
a
m
essage

com
p
osed

of
a
sou

rce
valu

e
s
an

d
an

au
th
en
ticator

a
su
ch

th
at

an
attacker

h
as

at
m
ost

a
p
rob

ab
ility

α
of

forgin
g
a

n
ew

m
essage

or
a
p
rob

ab
ility

β
of

alterin
g
a
k
n
ow

n
valid

m
essage

su
ch

th
at

th
e
receiver

w
ill

accep
t
th
ese

forgeries
as

valid
.

If
th
e
attacker

sees
i
valid

m
essages

b
efore

sen
d
in
g
h
is
forgery,

th
is
is
called

a
d
ecep

tion
attack

of
level

i.
T
h
e
m
ost

b
asic

attack
s
are

th
e
im

p
erson

ation
attack

(i
=

0)
an

d
th
e
su
b
stitu

tion
attack

(i
=

1)
an

d
are

th
e
on

ly
on

es
con

sid
ered

in
th
is

p
ap

er.
T
h
e
p
rob

ab
ility

of
su
ccess

for
an

attack
of

lev
el

i
is

d
en
oted

P
d
i .

T
h
e
p
articip

an
ts

of
th
e
sch

em
e
sh
are

a
secret

key
th
at

allow
s
th
e
sen

d
in
g
p
arty

to
com

p
u
te

th
e
righ

t
au

th
en
ticator

for
a
sou

rce
valu

e,
b
y
com

p
u
tin

g
a
=

f
(k
,s),

an
d
th
e
receiv

in
g
p
arty

to
d
ecid

e
if
a
m
essage

is
a
forgery

or
n
ot,

b
y
evalu

atin
g
g
(k
,〈s,a〉).

T
h
ere

is
alw

ay
s
som

e
p
ositive

p
rob

ab
ility

of
su
ccess

for
an

y
attack

.
W
e
list

som
e
b
ou

n
d
s

from
th
e
literatu

re:
log

P
d
0
≥

H
(K

|M
)−

H
(K

)
([8]),

log
P
d
1
≥

−
H
(K

|M
)
([5]),

P
d
0
≥

|S|
|M

|
an

d
P
d
1 ≥

|S|−
1

|M
|−

1
([11],

[12]).
A
n
au

th
en
tication

co
d
e
is

u
n
con

d
ition

ally
secu

re
if
th
e
m
ax

im
u
m

p
rob

ab
ilities

of
su
ccess

m
eet

th
ese

b
ou

n
d
s.

W
e
on

ly
con

sid
er

sy
stem

s
w
h
ere

an
y
p
air

(s,a
)
is

valid
for

at
least

on
e
key.

A
u
th
en

tica
tio

n
A
tta

cks:
In

an
im

p
erson

ation
attack

,
th
e
attacker

sen
d
s
a
forgery

(s,a
)∈

S
×
A

w
ith

ou
t
seein

g
an

y
valid

m
essage.

T
h
e
p
rob

ab
ility

of
th
e
receiver

accep
tin

g
th
is
m
essage

as
valid

is

p
ayoff

(s,a
)
=

∑

k∈K
,g

k
(s,a

)=
1

P
r[K

=
k
]

In
a
su
b
stitu

tion
attack

,
th
e
attacker

k
n
ow

s
th
at

(s
1 ,a

1 )
is
a
valid

m
essage

b
efore

sen
d
in
g
a

forgery
(s,a

)∈
S
×
A
.
T
h
e
p
rob

ab
ility

of
th
e
receiver

accep
tin

g
th
is

m
essage

as
valid

is

p
ayoff

(s,a
,s

1 ,a
1 )

=

∑
k∈K

,g
k
(s,a

)=
1
,g

k
(s

1
,a

1
)=

1
P
r[K

=
k
]

∑
k∈K

,g
k
(s

1
,a

1
)=

1
P
r[K

=
k
]

D
e
fi
n
itio

n
2
.
A
n
a
u
th
en

tica
tio

n
cod

e
w
ith

o
u
t
a
rbitra

tio
n
,
w
ith

o
u
t
sp
littin

g
a
n
d
w
ith

o
u
t
secrecy

is
a
tu
p
le

d
en

o
ted

A
C
(S

,A
,K

,f
(k
,s),g

(k
,〈s,a〉),α

,β
)
w
h
ere

S
is

th
e
set

o
f
so
u
rce

sta
tes,A

is
th
e
set

o
f
a
u
th
en

tica
to
rs

a
n
d
K

is
th
e
set

o
f
th
e
secret

keys.
F
o
r
ea
ch

k
∈
K
,
th
ere

is
a
n
in
jective

en
cod

in
g
ru
le

f
k
:S

7→
A

w
ith

f
k (s)

=
f
(k
,s)

th
a
t
co
m
p
u
tes

th
e
m
essa

ge
a
u
th
en

tica
tio

n
cod

e
(m

a
c)

fo
r
ea
ch

so
u
rce

va
lu
e
s∈

S
.
F
o
r
ea
ch

k
∈
K
,
a
verifi

ca
tio

n
fu
n
ctio

n
g
k
:S

×
A

7→
{
0,1}

w
ith

g
k (s,a

)
=

g
(k
,〈s,a〉)

ca
n
be

d
efi

n
ed

a
s
g
k (s,a

)
=

1
iff

f
(k
,s)

=
a
.

T
h
e
va
lu
e
α

is
th
e
m
a
xim

u
m

ch
a
n
ce

o
f
su
ccess

fo
r
a
n

im
perso

n
a
tio

n
a
tta

ck
a
n
d
β

is
th
e

m
a
xim

u
m

ch
a
n
ce

o
f
su
ccess

fo
r
a
su
bstitu

tio
n
a
tta

ck.
F
o
rm

a
lly,

fo
r
a
n
y
fi
xed

k
∈
K
,

m
ax

(s,a
)∈S×

A
p
ayo

ff
(s,a

)≤
α

a
n
d

m
ax

(s,a
),(s

1
,a

1
)∈S×

A
p
ayoff

(s,a
,s

1 ,a
1 )≤

β

�

C
o
m
m
itm

en
t
S
ystem

s
C
om

m
itm

en
t
sch

em
es

w
ith

a
tru

sted
in
itializer

allow
a
sen

d
er

to
com

m
it

to
a
valu

e
an

d
sen

d
th
at

com
m
itm

en
t
to

a
receiver

su
ch

th
at

th
e
valu

e
sh
e
com

m
itted

to
rem

ain
s

h
id
d
en

from
th
is.

In
a
secon

d
step

,
th
e
sen

d
er

rev
ea
ls

h
er

com
m
itm

en
t
an

d
th
e
receiver

m
ay

verify
th
at

th
e
sen

d
er

is
n
ot

fo
olin

g
h
im

.
T
h
e
th
ird

p
articip

a
n
t
is
req

u
ired

on
ly

to
give

th
e
oth

er
tw

o
som

e
in
form

ation
th
at

en
ab

les
th
em

to
carry

ou
t
th
e
p
roto

col.
T
h
is

th
ird

p
articip

an
t
is

com
p
letely

h
on

est
an

d
tru

sted
b
y
th
e
oth

er
tw

o.
A

com
m
itm

en
t
sch

em
e
m
u
st

satisfy
a
C
on

cealin
g
P
ro
p
erty,

i.e.,
th
e
receiver

can
gu

ess
th
e

valu
e
com

m
itted

to
on

ly
w
ith

a
p
ro
b
ab

ility
eq
u
al

to
a
u
n
iform

ran
d
om

gu
ess.

O
n
th
e
oth

er
h
an

d
,
th
e
sen

d
er’s

com
m
itm

en
t
m
u
st

eff
ectiv

ely
b
in
d
h
er,

w
h
ich

m
ean

s
sh
e
can

n
ot

op
en

to
th
e

receiver
a
valu

e
d
iff
eren

t
from

h
er

co
m
m
itm

en
t.
A
s
sh
ow

n
in

[2],
a
com

m
itm

en
t
sy
stem

can
n
ot

b
e
com

p
letely

b
in
d
in
g,

an
d
so

w
e
say

a
sy
stem

is
(1−

ε)-b
in
d
in
g
if
th
e
p
ro
b
ab

ility
of

th
e
sen

d
er

d
eceiv

in
g
th
e
receiver

is
at

m
o
st

ε.

D
e
fi
n
itio

n
3
.
A

co
m
m
itm

en
t
sch

em
e
is

a
tu
p
le

d
en

o
ted

C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)

w
h
ere

X
is

th
e
so
u
rce

sta
tes

a
lp
h
a
bet,Y

is
th
e
cod

ed
sta

tes
a
lp
h
a
bet,K

is
th
e
a
lp
h
a
bet

o
f
th
e

co
m
m
itter’s

keys,V
is

th
e
a
lp
h
a
bet

o
f
th
e
verifi

er’s
ta
gs.

F
o
r
ea
ch

k
∈

K
,
th
ere

is
a
n
in
jective

en
cod

in
g
ru
le

f
k
:X

7→
Y

w
ith

f
k (x

)
=

f
(k
,x

)
th
a
t
co
m
p
u
tes

th
e
en

cod
in
g
o
f
ea
ch

po
ssible

co
m
m
itm

en
t
x

∈
X
.
F
o
r
ea
ch

v
∈

V
,
th
ere

is
a
verifi

ca
tio

n
fu
n
ctio

n
g
v
:K

7→
{
0,1}

w
ith

g
v (k

)
=

g
(v
,k
).

T
h
e
va
lu
es

α
a
n
d
β
a
re

th
e
m
a
xim

u
m

ch
a
n
ces

o
f
su
ccess

fo
r
th
e
tw
o
kin

d
s
o
f
a
tta

ck
d
escribed

in
S
ectio

n
3
.1
.
F
o
rm

a
lly,

m
ax

k∈K

∑v∈V
k

P
r[V

=
v
]≤

α

a
n
d

m
ax

k
,k ′∈K

∑
v∈V

k ′ ∩V
k
P
r[V

=
v
]

∑
v∈

V
k ′
P
r[V

=
v
]

≤
β

�



2
.2

C
o
m
b
in
a
to

ria
l
D
e
sig

n
s

D
esign

th
eory

is
a
large

b
o
d
y
of

research
d
ed
icated

to
statistical

con
stru

ction
s
k
n
ow

n
as

d
esign

s.
W
e
give

on
ly

th
e
resu

lts
an

d
d
efi
n
ition

s
w
e
n
eed

in
th
is

p
ap

er
an

d
refer

th
e
read

er
to

som
e

tex
tb
o
ok

in
d
esign

th
eory.

D
e
fi
n
itio

n
4
.
A

t−
(v
,k
,λ

,b,r)
d
esign

is
a
pa
ir

(D
,S

)
w
h
ere

b
=

|D
|,
t≤

k
<

v
,
λ
>

0,S
is

a
set

o
f
v
d
istin

ct
elem

en
ts,

ca
lled

po
in
ts,

a
n
d
D

is
a
co
llectio

n
o
f
su
bsets

o
fS

ea
ch

w
ith

exa
ctly

k
elem

en
ts,

ca
lled

blocks.
B
esid

es,
every

po
in
t
occu

rs
in

exa
ctly

r
blocks

a
n
d
every

su
bset

o
fS

w
ith

exa
ctly

t
po
in
ts

occu
rs

in
exa

ctly
λ
blocks.

T
h
ese

co
n
stru

ctio
n
s
a
re

ca
lled

t-d
esign

s.
W
h
en

t
=

2
,
th
ey

a
re

u
su
a
lly

ca
lled

B
a
la
n
ced

In
-

co
m
p
lete

B
lock

D
esign

s
(B

IB
D
).�

D
e
fi
n
itio

n
5
.
A

d
esign

is
sa
id

to
be

reso
lva

ble
if
its

blocks
ca
n
be

pa
rtitio

n
ed

in
to

setsP
i
ca
lled

pa
ra
llel

cla
sses,

ea
ch

w
ith

exa
ctly

v
/k

elem
en

ts,
su
ch

th
a
t
th
e
blocks

in
ea
ch

pa
ra
llel

cla
ss

fo
rm

a
pa
rtitio

n
o
fS

.
A

reso
lva

ble
1−

(v
,k
,λ

,b,r)
d
esign

is
ca
lled

a
ffi
n
e
if
fo
r
a
n
y
tw
o
blocks

B
1 ,

B
2
belo

n
gin

g
to

d
iff
eren

t
pa
ra
llel

cla
sses,

it
h
a
p
pen

s
th
a
t|B

1 ∩
B

2 |
is

equ
a
l
to

k
2/v

.�

T
h
e
o
re

m
1
.
If

(D
,S

)
is

a
t−

(v
,k
,λ

,b,r)
d
esign

,
th
en

b
=

λ (
vt )

(
kt )

.
F
u
rth

erm
o
re,

ea
ch

po
in
t

occu
rs

in
exa

ctly
r
=

λ (
v−

1
t−

1 )
(
k−

1
t−

1 )
.

D
e
fi
n
itio

n
6
.
A

t−
(v
,k
,λ

,b,r)
d
esign

is
ca
lled

sym
m
etric

if
b
=

v
,
a
n
d
equ

iva
len

tly
k
=

r.

T
h
e
o
re

m
2
.
In

a
sym

m
etric

t−
(v
,k
,λ

,b,r)
d
esign

,
th
e
in
tersectio

n
o
f
a
n
y
tw
o
blocks

h
a
s

ca
rd
in
a
lity

λ
.

D
e
fi
n
itio

n
7
.
A

tra
n
sversa

l
d
esign

T
D
(k
,n

,λ
)
is

a
pa
ir

(D
,S

)
su
ch

th
a
t|S|

=
k·n

,
th
e
po
in
ts

in
S

ca
n
be

d
ivid

ed
in
to

exa
ctly

k
gro

u
p
s
o
f
n

elem
en

ts
ea
ch
,
th
ere

a
re

λ
·
n
2
blocks,

ea
ch

o
f

th
em

co
n
ta
in
in
g
a
t
m
o
st

o
n
e
po
in
t
fro

m
ea
ch

gro
u
p
,
a
n
d
a
n
y
pa
ir

o
f
po
in
ts

fro
m

d
istin

ct
gro

u
p
s

occu
rs

in
exa

ctly
λ
blocks.�

It
is

easy
to

see
from

th
e
d
efi
n
ition

s
th
at

a
tran

sversal
d
esign

is
n
ot

a
2-d

esign
b
ecau

se
tw

o
p
oin

ts
from

th
e
sam

e
grou

p
are

n
ever

con
tain

ed
in

an
y
b
lo
ck
.

3
A
n
a
ly
sis

o
f
C
o
m
m
itm

e
n
t
S
ch

e
m
e
s

T
h
is
section

p
resen

ts
an

an
aly

sis
of

th
e
p
ossib

le
attack

s
again

st
a
com

m
itm

en
t
sch

em
e
an

d
sh
ow

s
h
ow

to
b
u
ild

su
ch

sch
em

es
from

a
cip

h
er

an
d
an

au
th
en
tication

sch
em

e.

3
.1

S
e
c
u
rity

In
a
com

m
itm

en
t
sch

em
e,

b
oth

p
articip

an
ts

can
lau

n
ch

attack
s.

B
o
b’s

A
tta

ck
T
h
e
secu

rity
of

a
com

m
itm

en
t
sch

em
e
ca
n
b
e
m
easu

red
b
y
th
e
p
rob

ab
ility

th
at

A
lice

h
as

of
ch
eatin

g
B
ob

w
h
ile

B
ob

can
n
ot

ch
eat

A
lice

w
ith

m
ore

th
an

a
p
riori

p
rob

ab
ility.

B
ob

’s
ch
an

ces
at

gu
essin

g
each

x
sh
ou

ld
n
ot

b
e
altered

b
y
h
is

k
n
ow

led
ge

of
v
an

d
y
,
i.e.,

for
all

trip
les

(x
,y
,v
),

p
(x|y

,v
)
=

p
(x
).

T
h
is

ca
n

b
e
su
m
m
arized

u
sin

g
S
h
a
n
n
on

’s
en
trop

y
w
ith

H
(X

)
=

H
(X

|Y
,V

).

A
lice’s

A
tta

ck
L
et

A
lice

com
m
it
to

a
va
lu
e
x
an

d
sen

d
y
=

f
(k
,x

)
to

B
ob

w
h
ere

k
is
h
er

secret
key.

A
lice

ch
eats

B
ob

if
sh
e
can

revea
l
a
k ′6=

k
su
ch

th
at

f
−
1

k ′
(y
)
=

x
′
w
ith

x
′6=

x
,
an

d
B
ob

accep
ts

k ′
as

valid
,
i.e.,

g
v (k ′)

=
1.

It
is

p
roved

in
[2]

th
at

a
co
m
m
itm

en
t
sch

em
e
can

n
ot

b
e

in
v
u
ln
erab

le
again

st
all

of
A
lice’s

attack
s:

A
lice

can
com

p
u
te

th
e
setV

k
=

{
v
∈
V
:
p
(v|k

)
>

0}
of

all
th
e
tags

th
at

B
ob

m
ay

h
ave.

S
h
e
th
en

p
ick

s
th
e
tag

v
0
∈

V
k
th
at

m
ax

im
izes

p
(v|k

).
L
et

α
=

p
(v

0 |k
).

B
y
an

averagin
g
argu

m
en
t,

α
≥

1/|V
k |.

N
ow

,
A
lice

p
ick

s
tw

o
valu

es
x
6=

x
′
an

d
com

p
u
tes

y
=

f
(k
,x

).
B
u
t
b
y
th
e
co
n
cea

lin
g
p
rop

erty,
th
ere

is
a
k
ey

k ′su
ch

th
at

f
(k ′,x

′)
=

y
an

d
g
(v

0 ,k ′)
=

1
w
h
ich

allow
s
A
lice

to
ch
eat

su
ccessfu

lly
if
B
ob

’s
tag

is
v
0 .

T
h
e
su
ccess

p
ro
b
ab

ility
of

th
is

attack
is

th
e
p
rob

ab
ility

th
at

B
o
b
is

h
old

in
g
th
e
tag

ch
osen

b
y
A
lice,

α
.
It

is
sh
ow

n
in

th
e
sam

e
p
ap

er
th
at

th
e
average

p
rob

a
b
ility

of
th
is

a
ttack

is
a
t
least

2 −
H
(V

|K
)
a
n
d
th
erefore

th
ere’s

at
least

on
e
in
stan

ce
w
ith

at
lea

st
th
is

p
rob

a
b
ility

o
f
su
ccess.

T
h
e
attack

d
escrib

ed
ab

ove
is

th
e
cou

n
terp

art
to

a
su
b
stitu

tion
attack

in
an

au
th
en
tica

tion
sy
stem

.
T
h
ere

is
y
et

an
oth

er
attack

th
at

A
lice

can
p
erform

,
w
h
ich

h
a
s
b
een

p
oin

ted
in

[7].
T
h
is

is
th
e
cou

n
terp

art
of

an
im

p
erson

a
tion

attack
.
T
h
ese

relation
s
are

a
co
n
seq

u
en
ce

of
th
e

con
stru

ction
of

com
m
itm

en
t
sch

em
es

from
au

th
en
tication

co
d
es.

In
th
e
p
rev

iou
s
attack

,
A
lice

m
akes

th
e
b
est

p
ossib

le
u
se

of
h
er

p
rivate

in
fo
rm

atio
n
,
b
u
t
sh
e
can

also
lau

n
ch

an
a
ttack

ign
orin

g
it

altogeth
er.

T
o
d
o
th
is,

A
lice

sim
p
ly

com
p
u
tes

for
each

key
th
e
p
rob

ab
ility

th
at

B
ob

a
ccep

ts
it,

i.e.,
for

a
fi
x
ed

k
ey

k
sh
e
fi
n
d
s

γ
(k
)
=

∑v∈V
k

p
(v
).

(1
)

S
h
e
th
en

p
ick

s
th
e
k
ey

th
at

m
ax

im
izes

th
e
ab

ove
su
m

an
d
rev

eals
it

to
B
o
b
in

th
e
revealin

g
step

.
W
e
give

tw
o
com

b
in
atorial

low
er

b
o
u
n
d
s
for

th
is

attack
w
h
en

th
e
d
istrib

u
tion

of
th
e
key

s
an

d
tags

is
u
n
iform

.

T
h
e
o
re

m
3
.
T
h
ere

is
so
m
e
k
∈

K
w
ith

p
ro
ba
bility

o
f
su
ccess

γ
(k
)
≥

E
(|K

v |)
|K

|
,
w
h
ere

E
(|K

v |)
sign

ifi
es

th
e
a
vera

ge
n
u
m
ber

o
f
keys

th
a
t
ea
ch

ta
g
va
lid

a
tes.

P
roo

f.
C
on

sid
er

γ
(k
)
as

d
efi
n
ed

ab
ove.

Its
average

valu
e
is

1
/|K

| ∑k∈K

∑v∈V
k

p
(v
)
=

1/|K
| ∑v∈V |K

v |p
(v
)
=

E
(|K

v |)
|K

|
.

T
h
en
,
b
y
an

averagin
g
argu

m
en
t,
th
ere

is
som

e
k
w
h
ich

h
as

γ
(k
)≥

E
(|K

v |)
|K

|
.



C
o
ro

lla
ry

1
.
T
h
ere

is
so
m
e
k
∈

K
w
ith

p
ro
ba
bility

o
f
su
ccess

γ
(k
)
≥

E
(|V

k |)
|V|

,
w
h
ere

E
(|V

k |)
sign

ifi
es

th
e
a
vera

ge
n
u
m
ber

o
f
ta
gs

th
a
t
va
lid

a
te

ea
ch

key.

P
roo

f.
It

su
ffi
ces

to
n
ote

th
at ∑

k∈K
|V

k |
=

∑
v∈V |K

v |.
W
e
can

sh
ow

an
an

alog
resu

lt
w
ith

S
h
an

n
on

’s
en
trop

y
:

T
h
e
o
re

m
4
.
T
h
ere

is
so
m
e
k
∈
K

w
ith

p
ro
ba
bility

o
f
su
ccess

γ
(k
)≥

2 −
I
(K

;V
).

P
roo

f.
B
y
d
efi
n
ition

of
m
u
tu
al

in
form

ation
(see

[3])

−
I
(K

;V
)
=

∑

k∈K
,v∈V

p
(k
,v
)
log

p
(k
)p
(v
)

p
(k
,v
)
.

F
or

each
k
∈
K
,
p
(k
,v
)
=

0
for

every
v
6∈
V
k .

T
h
u
s,

th
e
ab

ove
can

b
e
w
ritten

∑k∈K

∑v∈V
k

p
(k
,v
)
log

p
(k
)p
(v
)

p
(k
,v
)
.

(2)

T
h
e
log

su
m

in
eq
u
ality

(see
[3])

states
th
at

n
∑i=

1

a
i log

b
i

a
i ≤

(
n

∑i=
1

a
i )

log

∑
ni=

1
b
i

∑
ni=

1
a
i .

(3)

A
p
p
ly
in
g
(3)

to
(2),

−
I
(V

;K
)
=

∑k∈K

∑v∈V
k

p
(k
,v
)
log

p
(k
)p
(v
)

p
(k
,v
)

≤


∑k∈K

∑v∈V
k

p
(k
,v
) 

log

∑
k∈K

∑
v∈V

k
p
(k
)p
(v
)

∑
k∈K

∑
v∈V

k
p
(k
,v
)

=
1·log ∑k∈K

∑v∈V
k

p
(k
)p
(v
)

=
log ∑k∈K

p
(k
)γ
(k
)

=
log

E
(γ
(K

))

w
h
ere

E
(γ
(K

))
is

th
e
average

valu
e
of

th
e
su
ccess

p
rob

ab
ility

for
each

k
.
B
y

an
averagin

g
argu

m
en
t,
th
ere

is
at

least
on

e
k
th
at

h
as

p
rob

ab
ility

greater
or

eq
u
al

to
th
e
average

valu
e.

F
or

th
is

k
:

γ
(k
)≥

E
(γ
(K

))≥
2 −

I
(K

;V
).

A
com

m
itm

en
t
sch

em
e
is

said
to

b
e
u
n
con

d
ition

ally
secu

re
if
it

is
p
erfectly

con
cealin

g
an

d
th
e
m
ax

im
u
m

p
rob

ab
ilities

of
su
ccess

for
th
ese

tw
o
attack

s
are

eq
u
al

an
d
m
eet

th
e
low

er
b
ou

n
d
s.

T
h
is

im
p
lies

H
(K

)
=

H
(V

|K
)
+

H
(K

|V
).

3
.2

C
o
n
stru

c
tio

n
o
f
C
o
m
m
itm

e
n
t
S
ch

e
m
e
s

T
h
is

section
p
resen

ts
a
p
ro
of

th
at

an
u
n
con

d
itio

n
ally

secu
re

com
m
itm

en
t
sch

em
e
can

b
e
b
u
ilt

u
sin

g
an

u
n
con

d
ition

ally
secu

re
cip

h
er

sy
stem

a
n
d

a
n

u
n
con

d
itio

n
ally

secu
re

au
th
en
tication

sy
stem

w
ith

ou
t
secrecy

as
b
u
ild

in
g
b
lo
ck
s.
E
ach

u
ser

in
th
ese

sy
stem

s
h
as

a
fu
n
ction

to
p
lay.

W
e

call
th
at

fu
n
ction

a
“role”.

In
co
m
p
osin

g
a
co
m
m
itm

en
t
sch

em
e
w
ith

tw
o
d
iff
eren

t
sy
stem

s,
th
e

u
sers

of
th
e
form

er
w
ill

h
ave

to
p
lay

th
e
d
iff
eren

t
roles

o
f
th
e
latter

at
d
iff
eren

t
step

s,
so

w
e
refer

to
th
ese

roles
b
y
w
ritin

g
th
e
ab

b
rev

ia
tion

of
th
e
sy
stem

fo
llow

ed
b
y
th
e
ro
le

p
layed

,
all

w
ith

in
sq
u
are

b
rack

ets.
In

th
e
rem

ain
d
er

of
th
e
p
ap

er,
C
P

stan
d
s
for

“cip
h
er

sy
stem

”
,
A
C

stan
d
s
for

“au
th
en
tication

sy
stem

”
an

d
C
M

stan
d
s
for

“
com

m
itm

en
t
sy
stem

”
.
T
h
e
cip

h
er

sy
stem

con
sists

of
th
ree

roles:
[C
P
.A

lice],
[C
P
.B
ob

]
an

d
[C
P
.E
v
e];

th
e
au

th
en
tication

sy
stem

h
as

roles
[A
C
.A

lice],
[A
C
.B
ob

]
an

d
[A
C
.O

scar].

A
s
p
rev

iou
sly

m
en
tion

ed
,
in

a
com

m
itm

en
t
sch

em
e
th
ere

a
re

tw
o
k
in
d
s
of

attack
s.

T
h
e
fi
rst

is
again

st
secrecy

:
B
ob

m
u
st

n
ot

learn
th
e
secret

valu
e
A
lice

co
m
m
itted

to
b
efo

re
th
e
righ

t
tim

e,
so

A
lice

sen
d
s
it

en
cip

h
ered

.
T
h
e
seco

n
d
attack

is
ag
ain

st
au

th
en
ticatio

n
:
A
lice

m
u
st

n
ot

sen
d

a
fak

e
op

en
in
g
key,

so
sh
e
m
u
st

sen
d
it

th
rou

gh
an

au
th
en
tication

sch
em

e.
In

th
e
fi
rst

step
,

A
lice

u
ses

a
cip

h
er

sy
stem

w
ith

ou
t
receiv

er.
S
h
e
m
erely

sen
d
s
B
ob

an
en
cry

p
ted

m
essage,

b
u
t

h
e
m
u
st

n
ot

b
e
ab

le
to

op
en

it.
E
ssen

tially,
B
ob

takes
th
e
role

of
[C
P
.E
ve].

A
fter

B
ob

receiv
es

a
key

in
th
e
revealin

g
step

,
h
e
takes

th
e
ro
le

of
[C
P
.B
ob

]
an

d
op

en
s
th
e
cip

h
ertex

t
learn

in
g

A
lice’s

com
m
itm

en
t.
In

th
e
seco

n
d
step

,
A
lice

sen
d
s
B
ob

th
e
key

to
o
p
en

th
e
en
cry

p
ted

m
essage

h
e
h
as,

b
u
t
B
ob

n
eed

s
to

b
e
su
re

it
is

th
e
righ

t
key,

d
istrib

u
ted

to
h
er

in
th
e
in
itial

p
h
a
se.

E
ssen

tially,
A
lice

acts
as

a
relay

b
etw

een
T
ed

an
d
B
o
b
.
S
in
ce

sh
e
read

s
w
h
at

th
e
in
itializer

sen
d
s

an
d
h
as

a
ch
oice

of
relay

in
g
th
at

m
essage

or
ch
an

gin
g
it

for
a
n
oth

er
on

e
a
ltogeth

er,
sh
e
h
as

com
p
lete

con
trol

over
th
e
ch
an

n
el.

In
th
is

p
h
ase,

T
ed

p
lay

s
th
e
role

[A
C
.A

lice],
A
lice

p
lay

s
th
e

role
[A

C
.O

scar]
an

d
B
ob

p
lay

s
th
e
role

[A
C
.B
ob

].
W
e
su
m
m
a
rize

th
e
ab

ove
in

T
ab

le
1.

U
se

r
C
o
m
m
ittin

g
S
te

p
R
e
v
e
a
lin

g
S
te

p

A
lic

e
[C

P
.A

lice]
[A

C
.O

sca
r]

B
o
b

[C
P
.E
v
e]

[C
P
.B

o
b
]
/
[A

C
.B

o
b
]

T
e
d

...
[A

C
.A

lice]
T
a
b
le

1
.
R
o
les

P
lay

ed

T
h
e
o
re

m
5
.
G
iven

a
n

u
n
co
n
d
itio

n
a
lly

secu
re

cip
h
er

system
C
P
(P

,C
,K

,f
(k
,p
))

a
n
d
a
n

a
u
-

th
en

tica
tio

n
system

w
ith

o
u
t
secrecy

A
C
(S

,A
,E

,h
(e,s),g

(e,〈s,a〉),α
,β

)
w
ith

S
=

K
,
th
ere

is
a

co
m
m
itm

en
t
sch

em
e
w
ith

in
itia

lizer
(per

R
ivest’s

m
od
el)

C
M

(P
,C

,S×
A
,E

,f
(s,p

),g
(e,〈s,a〉),α

,β
).

P
roo

f.
T
h
e
several

com
p
on

en
ts

of
th
e
com

m
itm

en
t
sch

em
e
a
re

ob
tain

ed
fro

m
th
e
cip

h
er

an
d

th
e
au

th
en
tication

sy
stem

as
sh
ow

n
in

T
ab

le
2.

B
eca

u
se

w
e
h
ave

u
sed

letters
giv

en
in

th
e
in
itial

d
efi
n
ition

s,
th
ere

are
tw

o
d
iff
eren

t
a
lp
h
ab

ets
lab

elled
K
.
T
h
ey

are
n
ot

to
b
e
con

fu
sed

.
F
or

each
k
∈
C
P
.K

,
th
ere

are|A
|
d
iff
eren

t
k ′∈

C
M

.K
,
all

w
ith

th
e
sam

e
b
eh
av
iou

r
in

th
e
cip

h
er

sy
stem

.
C
on

sid
erin

g
th
e
an

aly
sis

in
[2],

th
ese

|A
|
key

s
form

a
p
arallel

class
of

key
s
in

th
e
com

b
in
atorial

d
esign

u
sed

as
b
asis

for
th
e
resolva

b
le

d
esign

co
m
m
itm

en
t
sch

em
e.

T
h
e
p
roto

col
is

as
follow

s:



C
ip
h
e
r
C
o
m
m
itm

e
n
t
A
u
th

e
n
tic

a
tio

n

P
X

...

C
Y

...

K
...

S
...

K
S
×

A
...

V
E

f
(k
,p
)

f
(k
,x

)
...

...
g
(k
,v
)

g
(k
,〈s,a〉)

T
a
b
le

2
.
E
q
u
iva

len
ces

b
etw

een
sy
stem

s

1.
In

itia
liz

a
tio

n
:
T
ed

ch
o
oses

u
n
iform

ly
at

ran
d
om

an
en
cry

p
tion

key
s∈

S
an

d
an

au
th
en
ti-

cation
key

e
∈
E
,
com

p
u
tes

th
e
au

th
en
ticator

a
=

h
(e,s)

an
d
sen

d
s〈s,a〉

to
A
lice

an
d
e
to

B
ob

.

2.
C
o
m
m
ittin

g
S
te
p
:
A
lice

com
m
its

to
x
b
y
sen

d
in
g
B
ob

th
e
en
cry

p
tion

y
=

f
(k
,x

).

3.
R
e
v
e
a
lin

g
S
te
p
:
A
lice

sen
d
s
B
ob

a
p
ossib

ly
false

key
〈s ′,a ′〉.

B
ob

ch
eck

s
if
g
e (〈s ′,a ′〉)

=
1

an
d
if
so,

h
e
d
ecry

p
ts

x
′
=

f
−
1

s ′
(y
).

T
h
is

con
stru

ction
y
ield

s
a
com

m
itm

en
t
sch

em
e
th
at

follow
s
R
ivest’s

m
o
d
el,

as
is

sh
ow

n
n
ex
t.

T
h
e
cru

cial
p
oin

t
of

th
is

con
stru

ction
is

th
at

th
e
sou

rce
valu

e
th
at

T
ed

w
an

ts
to

sen
d
B
ob

in
th
e
revelation

step
is

th
e
actu

al
key

th
at

th
e
latter

m
u
st

u
se

to
op

en
A
lice’s

com
m
itm

en
t.

T
h
e

fi
gu

res
in

S
ection

4
can

h
elp

to
u
n
d
erstan

d
th
is.

It
is
easy

to
verify

th
at

th
e
fam

ilies
of

fu
n
ction

s
f
(k
,p
)
an

d
g
(k
,〈s,a〉)

satisfy
th
e
form

al
req

u
irem

en
ts

of
th
e
com

m
itm

en
t
sch

em
e.
N
ow

w
e
ch
eck

th
e
con

cealin
g
an

d
b
in
d
in
g
p
rop

erties.

C
o
n
cea

lin
g
L
et

x
0
b
e
th
e
valu

e
A
lice

com
m
itted

to,
k
0
th
e
k
ey

sh
e
h
old

s
an

d
y
0
=

f
(k

0 ,x
0 )

th
e

valu
e
B
ob

received
.
L
et

e
0
b
e
B
ob

’s
tag.

L
et

X
y
0
=

{x
∈

X
:∃

k
∈

K
s.t.

f
(k
,x

)
=

y
0 }

b
e
th
e

set
of

p
ossib

le
p
lain

tex
ts

for
th
e
cip

h
ertex

t
B
ob

h
old

s,K
e
0
=

{k
∈
K

:∃
a
∈
A

s.t.
h
(e

0 ,k
)
=

a}
b
e
th
e
set

of
p
ossib

le
A
lice’s

key
s
an

d
let

X
y
0
,e

0
=

{
x
∈

X
:∃

k
∈

K
e
0
s.t.

f
(k
,x

)
=

y
0 }

b
e

th
e
set

of
p
ossib

le
valu

es
for

A
lice’s

com
m
itm

en
t
given

th
e
in
form

ation
B
ob

k
n
ow

s.
B
ecau

se
th
e

au
th
en
tication

sy
stem

d
o
es

n
ot

h
ave

sp
littin

g,
for

each
p
ossib

le
k
∈
K

an
d
e∈

E
,
th
ere

is
ex
actly

on
e
a
∈
A

su
ch

th
at

h
(e,k

)
=

a
.
T
h
erefore,

all
th
e
key

s
can

b
e
asso

ciated
to

each
p
articu

lar
e,

an
d
so

K
=

K
e
0 ,

im
p
ly
in
g
th
at

X
y
0
=

X
y
0
,e

0 .

B
ob

’s
p
rob

ab
ility

of
gu

essin
g
A
lice’s

com
m
itm

en
t
w
ith

ou
t
or

w
ith

k
n
ow

led
ge

of
e
0
is,

re-
sp
ectively,

p
(x

0 |y
0 )

=
∑

k∈K
,f
(k
,x

0
)=

y
0
p
(k
)
an

d
p
(x

0 |y
0 ,e

0 )
=

∑
k∈K

e
0
,f
(k
,x

0
)=

y
0
p
(k
)
an

d
b
y
th
e

ab
ove

reason
in
g
th
ey
’re

eq
u
al.

T
h
en

H
(X

|Y
,E

)
=

E
y
,e (H

(X
|Y

=
y
,E

=
e))

=
E

y
,e ( ∑x∈X

p
(x|y

,e)
log

1
/p

(x|y
,e))

=
E

y ( ∑x∈X
p
(x|y

)
log

1
/p

(x|y
))

=
E

y (H
(X

|Y
=

y
))

=
H
(X

|Y
).

If
follow

s,
b
y
assu

m
p
tion

,
th
at

H
(X

|Y
,E

)
=

H
(X

)
an

d
th
is

com
m
itm

en
t
sch

em
e
satisfi

es
th
e

con
cealin

g
p
rop

erty.

B
in
d
in
g
L
et

x
0
b
e
th
e
valu

e
A
lice

com
m
itted

to
an

d
(k

0 ,a
0 )

b
e
th
e
key

/a
u
th
en
ticator

p
air

th
at

sh
e
h
old

s.
In

ord
er

to
reveal

a
valu

e
x
′6=

x
0 ,

A
lice

n
eed

s
to

m
ak

e
B
ob

accep
t
a
key

k ′6=
k
0 .

A
lice

can
m
ake

tw
o
k
in
d
s
of

attack
,
as

d
escrib

ed
in

S
ection

3.1
.
H
er

ch
an

ces
of

su
ccess

are,
for

th
e
fi
rst

attack
:

m
a
x

(k ′,a ′)∈K
×
A

∑

e∈E
,g

(e,(k ′,a ′))=
1

p
(e).

T
h
is

corresp
on

d
s
to

th
e
im

p
erson

atio
n

a
ttack

a
gain

st
th
e
au

th
en
tication

sy
stem

an
d

so
th
is

p
rob

ab
ility

is
at

m
ost

α
.
L
ik
ew

ise,
for

th
e
secon

d
attack

:

m
ax

(k ′,a ′),(k
0
,a

0
)∈K

×
A
,k ′6=

k
0 ∑

e∈E
,g

(e,(k ′,a ′))=
1
,g

(e,(k
0
,a

0
))=

1
p
(e)

∑
e∈E

,g
(e,(k ′,a ′))=

1
p
(e)

,

w
h
ich

corresp
on

d
s
to

a
su
b
stitu

tion
attack

an
d
is

at
m
ost

β
.
T
h
u
s,

th
is

com
m
itm

en
t
is

(1−
m
ax

(α
,β

))-b
in
d
in
g.

C
o
ro

lla
ry

2
.
G
iven

a
n

u
n
co
n
d
itio

n
a
lly

secu
re

cip
h
er

system
a
n
d

a
n

u
n
co
n
d
itio

n
a
lly

secu
re

a
u
th
en

tica
tio

n
system

w
ith

o
u
t
secrecy

th
ere

is
a
n

u
n
co
n
d
itio

n
a
lly

secu
re

co
m
m
itm

en
t
sch

em
e

w
ith

in
itia

lizer
(per

R
ivest’s

m
od
el).

N
ex
t,
w
e
sh
ow

h
ow

th
e
d
iff
eren

t
fl
ow

s
of

in
form

ation
in

th
e
th
ree

sy
stem

s
are

related
.

4
F
lo
w

A
n
a
ly
sis

In
th
e
con

clu
sion

to
th
e
p
ap

er
[2],

th
e
au

th
ors

su
ggest

a
p
ossib

le
relation

b
etw

een
com

m
itm

en
t

sch
em

es
an

d
au

th
en
tication

sch
em

es
w
ith

a
rb
itration

,
b
u
t
p
oin

t
th
at

th
e
in
form

a
tio

n
fl
ow

s
b
e-

tw
een

th
ese

sy
stem

s
are

d
iff
eren

t.
H
ere,

w
e
a
n
aly

se
th
e
d
iff
eren

t
fl
ow

s
of

in
fo
rm

ation
in

a
co
m
-

m
itm

en
t
sch

em
e,

an
d
h
ow

th
ese

are
realized

th
rou

gh
th
e
fl
ow

s
p
resen

t
in

th
e
cip

h
er

an
d
in

th
e

au
th
en
tication

sy
stem

s.
W
e
u
n
d
ersta

n
d
b
y
in
form

ation
fl
ow

s
th
e
d
ata

th
at

is
sen

t
from

on
e
u
ser

to
an

oth
er

u
ser.

T
h
e
follow

in
g
p
ictu

res
h
elp

v
isu

alize
th
e
fl
ow

s
in

th
e
d
iff
eren

t
sy
stem

s.
In

th
ese

fi
gu

res,
th
ere

are
b
lo
ck
s
rep

resen
tin

g
each

p
articip

an
t
in

th
e
sy
stem

a
n
d
a
rrow

s
rep

resen
tin

g
th
e

m
essages

sen
t
b
y
th
em

,
th
is

is,
th
e
fl
ow

s
of

in
fo
rm

atio
n
b
etw

een
u
sers.

W
ith

in
som

e
b
lo
ck
s
is

an
oth

er
n
am

e
w
ith

in
sq
u
are

b
rackets.

T
h
is

rep
resen

ts
th
e
n
a
m
e
of

th
e
u
ser

of
th
e
co
m
m
itm

en
t

sch
em

e
th
at

w
ill

b
e
p
lay

in
g
th
e
role

in
d
icated

b
y
th
e
b
lo
ck
.
F
or

in
stan

ce,
w
h
en

A
lice

sen
d
s
h
er

com
m
itm

en
t
to

B
ob

,
h
e
is
p
lay

in
g
th
e
role

of
E
ve

in
th
e
cip

h
er

sch
em

e:
h
e
receives

a
cip

h
ertex

t
b
u
t
can

n
ot

read
it.

N
ex
t
is

sh
ow

n
h
ow

ea
ch

fl
ow

is
u
sed

to
im

p
lem

en
t
th
e
fl
ow

s
of

th
e
fi
n
al

com
m
itm

en
t
sch

em
e.

W
h
en

n
ecessary,

w
e
d
escrib

e
roles

w
ith

th
e
sam

e
n
o
ta
tion

of
S
ection

3.2.
In

th
e
follow

in
g
list,

w
e
d
escrib

e
th
e
fl
ow

s
in

each
sy
stem

an
d
id
en
tify

th
em

w
ith

a
n
am

e
b
etw

een
b
rackets

th
at

in
d
icates

th
e
sy
stem

th
e
fl
ow

b
elon

gs
to

an
d
th
e
step

w
h
en

it
takes

p
lace.

W
h
en

som
e
step

s
h
ave

tw
o
sim

ilar
fl
ow

s,
th
ese

a
re

fu
rth

er
d
istin

gu
ish

ed
w
ith

letters
’a
’
an

d
’b
’.



F
ig
.
1
.
A

C
ip
h
er

S
ch
em

e

F
ig
.
2
.
A
n
A
u
th
en

tica
tio

n
S
ch
em

e

F
ig
.
3
.
A

C
o
m
m
itm

en
t
S
ch
em

e

(C
P
1
)
A
lice

(a)
an

d
B
ob

(b
)
receive

a
secret

key
b
y
so
m
e
secu

re
ch
an

n
el.

T
h
is

in
clu

d
es

th
e

case
w
h
ere

th
ey

create
a
key

th
em

selves
a
n
d
ex
ch
an

ge
it.

(C
P
2
)
A

m
essage

is
sen

t
from

A
lice

to
B
ob

(a)
an

d
p
ossib

ly
also

read
b
y
E
ve

(b
).

In
an

au
th
en
tication

sy
stem

as
d
escrib

ed
ab

ove,
th
ere

are
th
e
fo
llow

in
g
fl
ow

s:

(A
C
1
)
A
lice

(a)
an

d
B
ob

(b
)
receive

a
secret

key
b
y
som

e
secu

re
ch
an

n
el.

(A
C
2
)
A

m
essage

is
sen

t
from

A
lice

to
O
scar

(a),
w
h
o
m
ay

ch
an

ge
it
b
efore

relay
in
g
it
to

B
ob

(b
).
N
ote

th
is
is
ju
st

a
sim

p
lifi

ed
m
o
d
el.

In
reality,

A
lice

sen
d
s
th
e
m
essage

to
B
ob

,
b
u
t
O
scar

m
ay

in
tercep

t
an

d
alter

it
or

n
ot.

In
a
com

m
itm

en
t
sch

em
e,

th
ere

are
th
e
fo
llow

in
g
in
fo
rm

ation
fl
ow

s:

(C
M

1
)
T
ed

gives
a
key

to
A
lice

(a)
an

d
a
verifi

ca
tion

tag
to

B
ob

(b
).

(C
M

2
)
A
lice

sen
d
s
h
er

com
m
itm

en
t
to

B
ob

.
(C

M
3
)
A
lice

sen
d
s
h
er

key
to

B
ob

to
op

en
h
er

com
m
itm

en
t.

T
h
e
in
form

ation
fl
ow

s
of

th
e
co
m
m
itm

en
t
sch

em
e
are

carried
ou

t
b
y
th
e
in
form

ation
fl
ow

s
of

th
e
oth

er
sy
stem

s
lik

e
th
is:

–
F
low

(C
M
1.b

)
is

ach
ieved

b
y
fl
ow

(A
C
1.b

).
F
low

(A
C
1.a)

is
ign

ored
b
ecau

se
T
ed

d
o
es

n
o
t

n
eed

to
rem

em
b
er

th
e
key

after
h
e
creates

a
va
lid

m
essage

to
sen

d
A
lice.

F
low

(C
M
1.a)

is
ach

ieved
b
y
fl
ow

(A
C
2.a),

th
a
t
is,

T
ed

takes
th
e
role

[A
C
.A

lice]
an

d
sen

d
s
a
m
essage

to
A
lice

([A
C
.O

scar]).
D
u
e
to

th
e
n
atu

re
of

th
e
con

stru
ction

,
n
am

ely
b
ecau

se
th
e
a
u
th
en
tication

sy
stem

d
o
es

n
ot

h
ave

secrecy,
fl
ow

(A
C
2.a

)
in
clu

d
es

fl
ow

(C
P
1.a),

b
ecau

se
A
lice

n
ow

h
as

a
key

for
th
e
cip

h
er

sy
stem

.
–

F
low

(C
M
2)

is
ach

iev
ed

b
y
fl
ow

(C
P
2
.b
).

–
F
low

(C
M
3)

is
ach

ieved
b
y
fl
ow

(A
C
2.b

).
F
rom

th
is
m
essage,

B
ob

d
ed
u
ces

a
key,

com
p
letin

g
fl
ow

(C
P
1.b

),
an

d
op

en
s
th
e
com

m
itm

en
t
b
y
fl
ow

(C
P
2.a

).

C
ip
h
e
r
C
o
m
m
itm

e
n
t
A
u
th

e
n
tic

a
tio

n

(C
P
1
.a
)

(C
M
1
.a
)

(A
C
2
.a
)

...
(C

M
1
.b
)

(A
C
1
.b
)

[(A
C
1
.a
)]

(C
P
2
.b
)

(C
M
2
)

...

(C
P
1
.b
)

(C
M
3
)

(A
C
2
.b
)

(C
P
2
.a
)T
a
b
le

3
.
In
fo
rm

a
tio

n
F
low

s

5
O
p
tim

a
l
C
o
m
m
itm

e
n
t
S
ch

e
m
e
s

In
[2],

th
e
au

th
ors

p
rop

ose
a
gen

eral
com

m
itm

en
t
sch

em
e
w
h
ich

th
ey

ca
ll
“resolvab

le
d
esig

n
com

m
itm

en
t
sch

em
e”.

In
th
is

sectio
n
,
w
e
d
efi
n
e
op

tim
al

com
m
itm

en
t
sch

em
es

a
n
d
sh
ow

th
at

th
ey

are
resolvab

le
d
esign

affi
n
e
com

m
itm

en
t
sch

em
es.

T
h
en
,
w
e
close

th
e
circle

sh
ow

in
g
th
at



all
resolvab

le
d
esign

com
m
itm

en
t
sch

em
es

can
b
e
v
iew

ed
as

th
e
com

p
osition

of
a
cip

h
er

sy
stem

an
d
an

au
th
en
tication

sy
stem

.
F
or

sim
p
lifi

cation
,
in

w
h
at

follow
s,

con
sid

er
th
at

th
e
sou

rce
val-

u
es,

key
s
an

d
verifi

cation
tags

are
d
istrib

u
ted

u
n
iform

ly,
sin

ce
th
is

m
ax

im
izes

u
n
certain

ty
an

d
th
erefore

secu
rity.

D
e
fi
n
itio

n
8
.
A

co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is

o
p
tim

a
l
if

it
is

u
n
co
n
d
itio

n
a
lly

secu
re,|X

|
=

|Y|
a
n
d
h
a
s
th
e
m
in
im

u
m

n
u
m
ber

o
f
keys

fo
r
a
fi
xed

n
u
m
ber

o
f

so
u
rce

sta
tes

a
n
d
th
e
d
esired

secu
rity

level.
B
esid

es,
th
e
p
ro
ba
bility

o
f
A
lice’s

ch
ea
tin

g
sh
o
u
ld

be
equ

a
l
to

th
e
p
ro
ba
bility

o
f
B
o
b’s

ch
ea
tin

g.�

L
em

m
as

1
an

d
2
give

som
e
p
rop

erties
th
at

an
op

tim
al

com
m
itm

en
t
sy
stem

m
u
st

h
ave.

L
em

m
a

3
ex
clu

d
es

B
IB

D
s
as

th
e
p
ossib

le
m
in
im

al
sy
stem

,
an

d
th
is

is
n
ecessary

b
ecau

se
su
ch

sy
stem

s
are

n
ot

resolvab
le.

T
h
is
m
ean

s
th
at

th
ere

can
b
e
p
airs

of
b
lo
ck
s
w
ith

em
p
ty

in
tersection

an
d
so

th
ese

are
cou

n
ted

in
L
em

m
a
4.

A
fter

th
ese

lem
m
as,

w
e’re

read
y
to

give
th
e
tw

o
m
ain

th
eorem

s:
th
at

an
op

tim
al

com
m
itm

en
t
sy
stem

m
u
st

b
e
affi

n
e
resolvab

le
an

d
th
at

a
resolvab

le
com

m
itm

en
t

sch
em

e
can

b
e
d
ecom

p
osed

in
to

a
cip

h
er

sy
stem

an
d
an

au
th
en
tication

sy
stem

.

L
e
m
m
a
1
.
If

a
co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is

o
p
tim

a
l,
th
en

α
=

β
a
n
d
|V|

=
(1/α

)
2.

P
roo

f.
B
y
d
efi
n
ition

,

α
=

m
ax

k∈K
|V

k |/|V|≥
E
(|V

k |)/|V|.

an
d
b
y
op

tim
ality

of
th
e
sy
stem

th
e
ab

ove
h
old

s
w
ith

eq
u
ality.

T
h
en
,|V

k |
is

con
stan

t
for

all
k
.

L
ikew

ise,
an

d
b
y
T
h
eorem

3,|K
v |

m
u
st

b
e
con

stan
t.
B
y
d
efi
n
ition

,

β
=

m
ax

k6=
k ′∈K

P
r[g

(v
,k
)
=

1,g
(v
,k ′)

=
1]

P
r[g

(v
,k ′)

=
1]

=
m
ax

k6=
k ′∈K

|{v
∈
V
:
g
(v
,k
)
=

g
(v
,k ′)

=
1}|

|{v
∈
V
:
g
(v
,k
)
=

1}|

=
m
ax

k6=
k ′∈K

|V
k ∩

V
k ′|

|V
k |

.

L
et

µ
=

m
ax

k6=
k ′∈K

|V
k ∩

V
k ′|.

T
h
en

β
=

µ

|V
k | .

T
h
e
valu

e
µ
can

n
ot

b
e
0
b
ecau

se
if
so

each
tag

w
ou

ld
verify

ex
actly

on
e
key

an
d
B
ob

w
ou

ld
b
e

ab
le

to
ch
eat

A
lice

w
ith

ab
solu

te
certain

ty,
so

β
is

m
in
im

u
m

if
µ
=

1
an

d

α
=

|V
k |/|V|

β
=

1/|V
k |.

W
e
sh
ow

th
at

γ
is

m
in
im

u
m

w
h
en

α
=

β
.
L
et

|V
k |

an
d
|V|

b
e
su
ch

th
at

α
=

β
=

γ
.
T
h
en

|V
k | 2

=
|V|.

D
en
ote

b
y
α
0
an

d
γ
0
th
e
valu

es
of

α
an

d
γ
resp

ectively
in

th
is

case.

A
ssu

m
e
for

con
trad

iction
th
at

th
ere

is
som

e
com

b
in
atio

n
o
f
va
lu
es

|V
k |

a
n
d
|V|

su
ch

th
at

γ
=

m
ax

(α
,β

)
<

γ
0 .

A
ssu

m
e
w
.l.o.g

th
at

α
>

β
.
T
h
en

α
=

γ
<

γ
0
=

α
0 ⇒

|V
k |/|V|

<
|V| 1

/
2/|V|⇔

1/|V
k |

>
1
/|V| 1

/
2⇒

β
>

α
0
>

α
.

T
h
u
s
w
e
h
ave

a
con

trad
iction

,
a
n
d
so

th
e
m
in
im

u
m

γ
is
ach

ieved
w
h
en

α
=

β
.
T
h
is
im

p
lies

th
at

1
/|V

k |
=

|V
k |/|V|

an
d
|V|

=
|V

k | 2
=

(1/
α
)
2.

L
e
m
m
a
2
.
If
a
co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is
o
p
tim

a
l,
th
en

|X
| 2
=

|K
|
=

|V|.
P
roo

f.
L
et

v
b
e
B
ob

’s
tag

an
d
y
th
e
co
d
in
g
of

A
lice’s

com
m
itm

en
t.

D
efi
n
e

X
y
,v

=
{x

:
∃
k

∈
K

v
s.t.

f
−
1

k
(y
)}

to
b
e
th
e
set

o
f
p
o
ssib

le
co
m
m
itm

en
ts

fo
r
A
lice

given
th
e
in
form

ation
B
ob

h
old

s.
T
h
en
,|X

y
,v |≤

|K
v |.

B
ecau

se
|K

v |
is

co
n
stan

t,
b
y
L
em

m
a
1,

H
(X

|Y
,V

)
=

∑

y∈Y
,v∈V

P
r(y

,v
)H

(X
|Y

=
y
,V

=
v
)

≤
∑

y∈Y
,v∈V

P
r(y

,v
)
log|X

y
,v |

≤
∑

y∈Y
,v∈V

P
r(y

,v
)
log|K

v |

=
log|K

v |
an

d
b
y
op

tim
ality

of
th
e
sy
stem

log|K
v |≥

H
(X

)
=

log|X
|.

B
y
th
e
p
ro
of

of
C
orollary

1,|K
|·|V

k |
=

|K
v |·|V|

an
d
u
sin

g
L
em

m
a
1,

th
is

b
rin

gs
|K

|
=

|K
v |·|V

k |≥
|X

|·|V
k |.

B
u
t
sin

ce
th
e
sy
stem

is
op

tim
al

an
d
th
e
n
u
m
b
er

of
key

s
is
m
in
im

al,
th
en

it
m
u
st

b
e
th
at|K

v |
=

|X
|.
B
ob

’s
ch
an

ce
of

g
u
essin

g
A
lice’s

com
m
itm

en
t
is
1
/|X

|,
b
y
d
efi
n
ition

o
f

secu
rity.

F
rom

L
em

m
a
1,

A
lice’s

ch
a
n
ce

is
1/|V

k |.
B
ecau

se
in

a
n
op

tim
al

sy
stem

A
lice’s

ch
an

ce
of

su
ccess

is
eq
u
al

to
B
ob

’s,
1
/|X

|
=

1/|V
k |⇔

|X
|
=

|V
k |

w
h
ich

im
p
lies|K

|
=

|X
| 2
=

|V|.
L
e
m
m
a
3
.
If

a
co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is

o
p
tim

a
l,
th
en

its
in
cid

en
ce

m
a
trix

ca
n
n
o
t
be

a
B
a
la
n
ced

In
co
m
p
lete

B
lock

D
esign

(B
IB

D
).

P
roo

f.
B
y
L
em

m
a
2,|V|

=
|K

|.
S
u
p
p
o
se

th
e
in
cid

en
ce

m
atrix

of
th
e
co
m
m
itm

en
t
sch

em
e
is

a
2
−

(v
,k
,λ

,b,r)
B
alan

ced
In
com

p
lete

B
lo
ck

D
esig

n
.
T
h
en

th
e
d
esign

is
sy
m
m
etric

a
n
d

b
y

T
h
eorem

2,
an

y
tw

o
key

s
h
ave

ex
actly

λ
tags

va
lid

atin
g
th
em

.
B
y
th
e
p
ro
of

o
f
L
em

m
a
1,

th
e

m
ax

im
u
m

in
tersection

b
etw

een
an

y
tw

o
lin

es
sh
ou

ld
b
e
1
,
so

λ
=

1
.
T
h
en
,
b
y
T
h
eo
rem

1,
ea
ch

tag
valid

ates
ex
actly

r
=

(v
−

1)/(k
−

1)
key

s
a
n
d
again

b
y
T
h
eorem

2,
r
=

k
.
T
h
is

b
rin

gs
b
=

v
=

k
2−

k
+
1
w
h
ere

b
=

|K
|
an

d
v
=

|V|.
B
y
d
efi
n
ition

,
r
=

|K
v |.

B
y
L
em

m
a
2,|K

|/|X
|
=

|K
v |.

T
h
en
,
b/
k
m
u
st

b
e
an

in
teg

er,
b
u
t

bk
=

k
2−

k
+
1

k
=

k−
1
+
1
/k



an
d
th
is

can
n
ot

b
e
an

in
teger

for
k
>

1.

L
e
m
m
a
4
.
L
et

p
=

|X
|.
If

a
co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is

o
p
ti-

m
a
l,
th
en

th
e
su
m

o
f
d
istin

ct
pa
irs

o
f
keys

th
a
t
d
o
n’t

h
a
ve

a
n
y
ta
g
in

co
m
m
o
n
is

p
2·(p−

1)/
2.

P
roo

f.
C
on

sid
er

a
sq
u
are

m
atrix

w
h
ere

cell
(i,j)

con
tain

s
th
e
valu

e|V
k
i ∩V

k
j |
w
h
ere

k
i 6=

k
j ∈

K
.

T
h
ere

are
p
2·

(p
2−

1)
fi
lled

cells.
W
e
cou

n
t
th
e
p
airs

th
at

h
ave

a
n
on

-em
p
ty

in
tersection

.
E
ach

key
h
as

tag
v
1
in

com
m
on

w
ith

p−
1
d
iff
eren

t
k
ey
s
an

d
sin

ce
it
is
valid

ated
b
y
p
tags,

each
key

con
trib

u
tes

w
ith

p
(p−

1)
to

th
e
total

of
th
e
su
m

σ
′
=

∑k
i ∈K

∑

k
j 6=

k
i ∈K |V

k
i ∩

V
k
j |.

T
h
erefore,

σ
′
=

p
3(p−

1).
B
u
t
th
is

su
m

cou
n
ts

each
p
air

tw
ice,

so
th
e
total

n
u
m
b
er

of
d
istin

ct
in
tersection

s
is

σ
=

p
3(p−

1)/2.
W
e
can

fi
n
d
th
e
total

n
u
m
b
er

of
d
istin

ct
key

p
airs

th
at

d
on

’t
in
tersect,

recallin
g
th
at

in
th
is
p
articu

lar
case

all
fi
lled

cells
are

eith
er

0
or

1,
w
h
ich

m
ean

s
th
at

σ
is

th
e
su
m

of
all

1s
in

th
e
tab

le.
A
s
b
efore,

on
ly

a
h
alf

of
th
e
m
atrix

n
eed

s
to

b
e
con

sid
ered

.
T
h
en
,
th
e
n
u
m
b
er

of
d
istin

ct
key

p
airs

w
ith

ou
t
tags

in
com

m
on

is

(p
4−

p
2)/2−

p
3(p−

1)/
2
=

p
2·(p−

1)/2.

T
h
e
o
re

m
6
.
If

a
co
m
m
itm

en
t
sch

em
e
C
M

(X
,Y

,K
,V

,f
(k
,x

),g
(v
,k
),α

,β
)
is

o
p
tim

a
l,
th
en

it
is

a
n
a
ffi
n
e
reso

lva
ble

co
m
m
itm

en
t
sch

em
e,

a
n
d
a
ll
keys

in
ea
ch

pa
ra
llel

cla
ss

en
cryp

t
ea
ch

va
lu
e

x
∈
X

to
th
e
sa
m
e
va
lu
e
y
∈
Y
.
T
h
a
t
is,

th
e
fu
n
ctio

n
y
=

f
(k
,x

)
d
epen

d
s
o
n
ly

o
n
th
e
in
d
ex

o
f

th
e
pa
ra
llel

cla
ss

co
n
ta
in
in
g
k
,
a
n
d
n
o
t
o
n
k
itself.

P
roo

f.
L
et

p
=

|X
|.
F
rom

th
e
p
rev

iou
s
resu

lts,
th
ere

are
p
2
key

s.
F
ix

som
e
x
0 ∈

X
.
T
h
e
con

cealin
g

p
rop

erty
im

p
lies

th
at

th
ere

m
u
st

b
e
ex
actly

p
key

s
tran

sform
in
g
x
0
in
to

each
p
ossib

le
valu

e
y
∈

Y
.
T
h
en
,
th
e
key

s
can

b
e
grou

p
ed

in
p
grou

p
s
su
ch

th
at

all
key

s
k
i,j

in
grou

p
i
satisfy

f
(k

i,j ,x
0 )

=
y
i .
T
h
ere

are
ex
actly

p
key

s
valid

ated
b
y
each

verifi
er

tag.
F
or

each
tw

o
key

s
k
i
an

d
k
j
valid

ated
b
y
th
e
sam

e
tag,

it
m
u
st

h
ap

p
en

th
at

f
(k

i ,x
0 )6=

f
(k

j ,x
0 )

or
else

th
ere

w
on

’t
b
e

en
ou

gh
key

s
to

h
it

all
th
e
valu

es
in

Y
.
B
u
t
b
y
L
em

m
a
4
an

d
a
cou

n
tin

g
argu

m
en
t,

th
is

im
p
lies

th
at

all
p
airs

of
key

s
in

d
iff
eren

t
grou

p
s
m
u
st

h
ave

ex
actly

on
e
com

m
on

tag.
S
in
ce

th
ere

are
p

d
isjoin

t
key

s
in

each
grou

p
,
each

valid
ated

b
y
p
tags,

each
grou

p
form

s
a
p
artition

of|V|
an

d
is

th
erefore

a
p
arallel

class.
T
h
e
d
esign

is
th
erefore

resolvab
le

an
d
sin

ce
th
e
m
ax

im
u
m

in
tersection

b
etw

een
tw

o
k
ey
s
is

1
=

k
2/v

it
is

also
affi

n
e.

N
ow

con
sid

er
a
valu

e
x
1 ∈

X
d
iff
eren

t
from

x
0 .

S
u
p
p
ose

th
ere

are
tw

o
key

s
k
i ,k

j
in

d
iff
eren

t
grou

p
s
th
at

co
d
e
x
1
in

th
e
sam

e
w
ay.

T
h
at

is:

f
(k

i ,x
0 )6=

f
(k

j ,x
0 )

f
(k

i ,x
1 )

=
f
(k

j ,x
1 )

|V
k
i ∩

V
k
j |
=

1.

F
ollow

in
g
th
e
sam

e
reason

in
g
as

ab
ove,

if
f
(k

i ,x
1 )

=
f
(k

j ,x
1 )

th
en

th
ey

can
n
ot

h
ave

an
y
tag

in
com

m
on

,
con

trad
ictin

g
th
e
p
rev

iou
s
d
iv
ision

in
grou

p
s.
T
h
erefore,

key
s
in

d
iff
eren

t
grou

p
s
co
d
e

x
in

d
iff
eren

t
w
ay
s
an

d
b
y
a
cou

n
tin

g
argu

m
en
t
a
ll
key

s
in

th
e
sa
m
e
g
rou

p
tra

n
sform

x
in
to

th
e

sam
e
y
.

R
ep

eatin
g
th
e
argu

m
en
t
for

an
y
x
l ∈

X
an

d
fo
r
a
ll
grou

p
s,

it
m
u
st

h
a
p
p
en

th
at

all
key

s
k
i ,k

j
in

th
e
sam

e
grou

p
satisfy

f
(k

i ,x
l )
=

f
(k

j ,x
l )

an
d
so

th
e
th
eorem

is
p
roved

.

T
h
e
o
re

m
7
.
A

reso
lva

ble
d
esign

co
m
m
itm

en
t
sch

em
e
o
bta

in
ed

fro
m

a
reso

lva
ble

1−
(v
,k
,λ

,b,r)
d
esign

(D
,S

)
is

a
co
m
po
sitio

n
o
f
a
perfectly

secu
re

cip
h
er

system
a
n
d
a
n
a
u
th
en

tica
tio

n
cod

e

w
ith

P
d
0
=

k
/v

a
n
d
P
d
1
=

m
a
x|B

1 ∩
B

2 |
k

fo
r
a
ll
d
istin

ct
B

1 ,B
2 ∈

D
.

P
roo

f.
L
et

B
b
e
A
lice’s

b
lo
ck

an
d
w
b
e
B
ob

’s
tag

in
th
e
a
b
ov
e
sy
stem

.
T
h
en

w
∈
B
.
B
y
T
h
eorem

1,
b
=

r·
v
/k

.
T
h
en
,
w

can
b
e
seen

as
a
n
u
m
b
er

b
etw

een
0
an

d
v−

1
.

B
y
d
efi
n
ition

of
resolvab

le
d
esign

,
B

b
elon

gs
to

som
e
p
arallel

class.
T
h
en
,
B

can
b
e
w
ritten

(i,j),
w
h
ere

i
is
th
e
in
d
ex

of
th
e
p
a
rallel

cla
ss

an
d
j
is
th
e
in
d
ex

of
th
e
b
lo
ck

w
ith

in
th
e
p
arallel

class.
T
h
e
p
air

(i,j)
can

b
e
in
terp

reted
as

a
p
air

sou
rce

valu
e
/
au

th
en
ticator.

W
h
en

A
lice

com
m
its

to
x
0 ∈

Z
r ,

sh
e
sen

d
s
B
ob

y
0
=

(x
0
+

i)
m
o
d
r.

T
h
en
,
x
0
can

b
e
seen

as
a
sy
m
b
ol

in
alp

h
ab

et
Σ

=
Z
r
an

d
y
0
a
s
a
d
isp

la
cem

en
t
of

i
p
osition

s
over

th
a
t
alp

h
ab

et.
T
h
is

corresp
on

d
s
to

ap
p
ly
in
g
a
C
easar’s

cip
h
er

to
th
e
secret

m
essa

ge
x
0 .

In
g
en
eral,

C
easar’s

cip
h
er

is
n
ot

secu
re,

b
u
t
h
ere

th
e
m
essage

is
com

p
o
sed

of
on

ly
on

e
sy
m
b
o
l,
w
h
ich

m
ean

s
its

size
is

eq
u
al

to
th
e
size

of
th
e
key.

In
th
is

situ
a
tion

,
it

is
eq
u
iva

len
t
to

th
e
on

e-tim
e
p
ad

an
d

is
u
n
con

d
ition

ally
secu

re.
S
in
ce

all
b
lo
ck
s
in

th
e
sam

e
p
arallel

class
en
cip

h
er

x
0
in

ex
actly

th
e

sam
e
w
ay,

th
e
in
d
ex

of
th
e
p
arallel

class
rep

resen
ts

th
e
cip

h
er

key
u
sed

b
y
A
lice.

N
ow

w
e
sh
ow

th
at

th
e
d
esign

u
sed

to
ch
eck

th
e
valid

ity
o
f
th
e
valu

e
revealed

after
th
e

com
m
itm

en
t
can

also
b
e
u
sed

to
m
ake

an
au

th
en
tication

sch
em

e
w
ith

r
so
u
rce

states,
v
/
k

p
ossib

le
au

th
en
ticators

for
each

sou
rce

state
an

d
v
en
co
d
in
g
ru
les.

A
n
y
b
lo
ck

from
th
e
d
esign

can
b
e
id
en
tifi

ed
b
y
a
p
air

(i,j),
w
h
ere

i
is

th
e
in
d
ex

of
th
e
p
a
rallel

class
it

b
elon

gs
to

an
d
j

its
in
d
ex

w
ith

in
th
at

class.
L
et

B
b
e
th
e
set

rep
resen

ted
b
y
a
b
lo
ck

w
ith

in
d
ices

(i,j).
T
h
en
,
B

can
b
e
in
terp

reted
as

b
elon

gin
g
to

an
au

th
en
ticatio

n
co
d
e:

i
rep

resen
ts

th
e
sou

rce
co
d
e
an

d
j

th
e
resp

ective
au

th
en
ticator.

E
ach

elem
en
t
w

∈
B

con
trib

u
tes

for
th
e
d
efi
n
ition

of
an

en
co
d
in
g

ru
le

in
th
e
follow

in
g
w
ay
:
f
(w

,i)
=

j.
S
in
ce

each
w

b
elon

g
s
to

ex
a
ctly

on
e
b
lo
ck

in
ea
ch

p
ara

llel
class,

th
ere

is
a
u
n
iq
u
e
valu

e
a
sso

ciated
to

ea
ch

p
air

(w
,i).

S
in
ce

th
ere

are
k
elem

en
ts

in
ea
ch

b
lo
ck
,
th
ere

are
ex
actly

k
en
co
d
in
g
ru
les

a
sso

ciatin
g
i
to

j.
T
h
e
p
rob

ab
ility

of
an

im
p
erson

ation
attack

is
th
e
m
ax

im
u
m

p
rob

ab
ility

of
fi
n
d
in
g
th
e
righ

t
au

th
en
ticator

for
a
sp
ecifi

c
p
air

key
/
sou

rce
state.

T
h
ere

are
a
total

of
v
en
co
d
in
g
ru
les.

T
h
e

n
u
m
b
er

of
ru
les

th
at

asso
ciate

som
e
so
u
rce

state
i
to

a
given

au
th
en
ticato

r
j
is,

b
y
con

stru
ctio

n
,

k
.
T
h
u
s,

for
all

su
ch

p
airs

(i,j),

p
ayoff

(i,j)
=

∑

w
∈S

:f
(w

,i)=
j

1
/v

=
k
/v

an
d
b
ecau

se
th
is

is
con

stan
t
for

all
p
airs,

it
is

th
e
p
rob

ab
ility

of
a
n
im

p
erson

a
tion

attack
.
F
or

th
e
su
b
stitu

tion
attack

,
su
p
p
ose

th
e
atta

cker
k
n
ow

s
th
at

th
e
secret

en
co
d
in
g
ru
le

asso
ciates

i1



to
j
1 .

B
y
con

stru
ction

,
th
ere

are
k
su
ch

key
s.

F
or

an
y
p
air

(i,j),
th
e
p
rob

ab
ility

of
su
ccess

is

p
ayoff

(i,j,i1 ,j
1 )

=

∑
w
∈S

:f
(w

,i)=
j,f

(w
,i1

)=
j
1
p
(w

)
∑

w
∈S

:f
(w

,i1
)=

j
1
p
(w

)

=
|B

i,j ∩
B

i1
,j
1 |

k

w
h
ere

B
i,j

is
th
e
b
lo
ck

of
th
e
d
esign

in
d
ex
ed

b
y
(i,j).

T
h
en
,
th
e
p
rob

ab
ility

of
th
e
su
b
stitu

tion

attack
is

m
a
x|B

1 ∩
B

2 |
k

over
all

B
1 ,B

2 ∈
D
,B

1 6=
B

2 .

6
G
e
n
e
ra

liza
tio

n
to

G
a
lo
is

F
ie
ld
s

A
s
n
oted

in
[2],

affi
n
e
resolvab

le
2-d

esign
s
are

op
tim

al
am

on
g
th
e
resolvab

le
d
esign

s
in

term
s
of

b
in
d
in
g
p
rob

ab
ilities,

h
ow

ev
er

n
ot

m
an

y
classes

of
su
ch

d
esign

s
are

k
n
ow

n
to

ex
ist.

N
otw

ith
stan

d
-

in
g
th
is,

th
ere

are
oth

er
k
in
d
s
of

d
esign

s
th
at

can
ach

ieve
th
e
sam

e
goals,

n
am

ely
T
ran

sversal
D
esign

s.

T
h
is

section
ad

d
resses

th
is

q
u
estion

b
y
sh
ow

in
g
h
ow

to
con

stru
ct

a
resolvab

le
T
ran

sversal
D
esign

T
D
(2

n
,1,2

n
),
for

an
y
n
,
th
at

is
also

a
1−

(2
2
n
,2

n
,1)

affi
n
e
resolvab

le
d
esign

.
F
rom

su
ch

a
d
esign

,
w
e
th
en

b
u
ild

an
u
n
con

d
ition

ally
secu

re
au

th
en
tication

co
d
e
an

d
an

u
n
con

d
ition

ally
secu

re
com

m
itm

en
t
sch

em
e.

T
h
e
o
re

m
8
.
F
o
r
a
n
y
po
sitive

in
teger

n
,
it
is
po
ssible

to
co
n
stru

ct
a
T
ra
n
sversa

l
D
esign

T
D
(2

n
,1,2

n
).

P
roo

f.
T
h
e
ord

er
of

an
y
fi
n
ite

fi
eld

can
b
e
w
ritten

p
k,

w
h
ere

p
is
a
p
rim

e
an

d
k
≥

1
is
an

in
teger

(see
[4]).

L
et

G
F
(p

n
)
rep

resen
t
on

e
su
ch

fi
eld

.
F
or

an
y
fi
n
ite

fi
eld

G
F
(p

n
),

th
ere

is
a
p
rim

itive
p
oly

n
om

ial
of

d
egree

n
an

d
co
effi

cien
ts

m
o
d
u
lo

p
([4]).

F
or

com
p
osite

ord
ers

p
n
,
th
e
elem

en
ts

of
th
e
fi
eld

are
con

sid
ered

to
b
e
p
oly

n
om

ials
an

d
th
e
op

eration
s
of

th
e
fi
eld

are
ad

d
ition

an
d

m
u
ltip

lication
of

p
oly

n
om

ials
m
o
d
u
lo

th
e
p
rim

e
p
.
A
d
d
ition

is
d
en
oted

b
y
⊕

an
d
m
u
ltip

lication
b
y
�
.

F
ix

som
e
n
an

d
som

e
p
rim

itiv
e
p
oly

n
om

ial
for

G
F
(2

n
).
W
e
b
u
ild

a
tab

le
w
ith

2
2
n
row

s
an

d
2
n
colu

m
n
s.
T
h
e
row

s
are

d
iv
id
ed

in
2
n
grou

p
s
of

2
n
elem

en
ts

each
,
an

d
u
n
iq
u
ely

id
en
tifi

ed
b
y
a

p
air

(a
,b)

w
h
ere

a
,b∈

Z
2
n
.
E
ach

colu
m
n
is

lab
elled

b
y
a
n
u
m
b
er

x
∈
Z
2
n
.
C
ell

((a
,b),x

)
h
old

s
th
e
valu

e
a�

x
⊕

b,
w
h
ich

is
a
n
u
m
b
er

in
Z
2
n
.

W
e
sh
ow

th
is

tab
le

rep
resen

ts
a
T
D
(2

n
,1,2

n
)
tran

sversal
d
esign

.
C
on

sid
er

th
e
set

of
p
oin

ts
V
=

{0,1
,...,2

2
n−

1}
an

d
d
iv
id
e
th
em

in
2
n
grou

p
s
of

2
n
p
oin

ts.
E
ach

row
rep

resen
ts

a
b
lo
ck

w
ith

2
n
p
oin

ts,
on

e
from

each
grou

p
.
F
or

row
j,

th
e
i th

valu
e
rep

resen
ts

th
e
in
d
ex

of
th
e
p
oin

t
in

th
e
i th

grou
p
th
at

b
elon

gs
to

th
e
j
th

b
lo
ck
.
B
y
con

stru
ction

,
each

b
lo
ck

h
as

on
e
p
oin

t
in

each
grou

p
.
F
in
ally,

each
tw

o
p
oin

ts
from

d
istin

ct
grou

p
s
can

o
ccu

r
in

on
ly

on
e
b
lo
ck
.
T
o
see

th
is,

let
(x

0 ,y
0 )

an
d
(x

1 ,y
1 )

b
e
tw

o
p
oin

ts
from

d
istin

ct
grou

p
s,
w
h
ere

x
0 6=

x
1 .

F
or

b
oth

p
oin

ts
to

b
e
in

th
e
sam

e
b
lo
ck
,
th
ere

m
u
st

b
e
a
p
air

(a
,b)

su
ch

th
at

a�
x
0 ⊕

b
=

y
0
an

d
a�

x
1 ⊕

b
=

y
1 .

T
h
en
,

a�
x
0 −

y
0
=

a�
x
1 −

y
1 ⇔

a�
(x

0 −
x
1 )

=
y
0 −

y
1 .

S
in
ce

(x
0 −

x
1 )

an
d
(y

0 −
y
1 )

are
d
efi
n
ed

a
n
d
(x

0 −
x
1 )6=

0,
th
en

a
is
co
m
p
letely

d
eterm

in
ed
,

an
d
so

is
b.

T
h
at

m
ean

s
th
ere

is
on

ly
on

e
p
a
ir

satisfy
in
g
b
oth

eq
u
ation

s,
w
h
ich

m
ean

s
b
oth

p
oin

ts
can

b
elon

g
to

on
ly

on
e
b
lo
ck
.
T
h
is

con
clu

d
es

th
e
p
ro
of.

T
h
is

d
esign

origin
ates

an
au

th
en
tica

tion
co
d
e
A
C
(2

n
,2

n
,2

2
n
,1/2

n
,1/2

n
),
as

p
roved

in
[12

].
W

ith
su
ch

an
u
n
con

d
ition

ally
secu

re
a
u
th
en
tication

sch
em

e,
an

d
u
sin

g
th
e
on

e-tim
e
p
ad

as
a
p
erfect

cip
h
er

sy
stem

,
w
e
can

b
u
ild

a
n
u
n
co
n
d
ition

a
lly

secu
re

com
m
itm

en
t
sch

em
e
as

ou
tlin

ed
in

section
3.2.

L
etS

=
{0,1}

n
.
T
h
e
p
roto

col
is

as
follow

s:

1.
In

itia
liz

a
tio

n
:
T
ed

ch
o
o
ses

ran
d
om

ly
a
p
a
ir
(a
,b)∈

S
×
S
an

d
a
n
u
m
b
er

x
1 ∈

S
,
com

p
u
tes

y
1
=

a�
x
1 ⊕

b
an

d
sen

d
s
th
e
p
air

(x
1 ,y

1 )
to

B
o
b
an

d
th
e
p
air

(a
,b)

to
A
lice.

2.
C
o
m
m
ittin

g
S
te
p
:
A
lice

com
m
its

to
x
0 ∈

S
b
y
en
cip

h
erin

g
y
0
=

x
0 ⊕

a
an

d
sen

d
in
g
y
0
to

B
ob

.
3.

R
e
v
e
a
lin

g
S
te
p
:
A
lice

sen
d
s
(a ′,b ′)

to
B
ob

,
w
h
o
ch
eck

s
th
a
t
a ′�

x
1 ⊕

b ′
=

y
1 .

If
so,

h
e

com
p
u
tes

x
′0
=

y
0 ⊕

a ′
an

d
accep

ts
x
′0
as

A
lice’s

co
m
m
itm

en
t.

T
h
e
resu

ltin
g
com

m
itm

en
t
sch

em
e
is
a
gen

eralization
of

th
e
affi

n
e
p
lan

e
co
m
m
itm

en
t
sch

em
e.

It
u
ses

th
e
on

e-tim
e
p
ad

as
cip

h
er

sy
stem

,
w
h
ich

is
very

fast
to

im
p
lem

en
t
b
o
th

in
softw

are
a
n
d

h
ard

w
are.

B
esid

es,
it

allow
s
th
e
u
se

of
a
com

p
lete

alp
h
ab

et
of

strin
gs

of
size

n
,
w
h
erea

s
in

th
e

affi
n
e
p
lan

e
w
ith

ord
er

p
,
th
e
alp

h
ab

et
of

allow
ed

va
lu
es

d
o
es

n
o
t
coin

cid
e
w
ith

an
y
alp

h
a
b
et

o
f

all
strin

gs
of

a
giv

en
size.

In
gen

eral,
th
e
latter

sy
stem

s
w
ill

b
e
less

effi
cien

tly
im

p
lem

en
ted

in
h
ard

w
are

an
d
softw

are
b
ecau

se
th
e
b
asic

in
stru

ctio
n
s
are

m
ore

o
rien

ted
to

a
fi
x
ed

size
of

b
its

th
an

th
e
corresp

on
d
in
g
arith

m
etic

valu
e.

F
in
ally,

w
e
ad

d
ress

th
e
m
atter

of
calcu

latin
g
ad

d
itio

n
an

d
m
u
ltip

lication
in

a
G
alois

F
ield

.
E
ach

elem
en
t
of

G
F
(2

n
)
is
a
b
in
ary

strin
g
of

size
n
,
w
h
ere

b
it
i
corresp

on
d
s
to

th
e
co
effi

cien
t
o
f

term
x
i
in

a
p
oly

n
om

ial
of

d
egree

strictly
less

th
a
n
n
.
A
d
d
ition

is
p
erform

ed
b
y
ad

d
in
g
th
e
p
oly

-
n
om

ial
co
effi

cien
ts

d
egree

b
y
d
egree,

w
h
ich

co
rresp

on
d
s
easily

to
an

ex
clu

sive-or
b
etw

een
b
oth

strin
gs.

T
h
u
s,

th
is

op
eration

can
b
e
p
erform

ed
ex
trem

ely
fast

b
oth

in
h
ard

w
are

a
n
d
softw

are,
esp

ecially
if
n
corresp

on
d
s
to

th
e
size

of
th
e
w
ord

of
th
e
m
icrop

ro
cessor

u
sed

.
M
u
ltip

lication
can

b
e
com

p
u
ted

b
y
sh
iftin

g
on

e
of

th
e
strin

gs
to

th
e
left

an
a
p
p
rop

riate
n
u
m
-

b
er

of
p
osition

s
for

each
b
it
1
in

th
e
oth

er
strin

g,
X
O
R
in
g
th
e
several

d
isp

la
ced

versio
n
s
togeth

er
an

d
com

p
u
tin

g
th
e
rem

ain
d
er

of
th
e
d
iv
ision

b
y
th
e
p
rim

itive
p
o
ly
n
om

ia
l.
T
h
is

sou
n
d
s
com

p
li-

cated
,
b
u
t
can

all
b
e
im

p
lem

en
ted

w
ith

sh
ift

an
d
X
O
R

in
stru

ction
s,
an

d
b
oth

k
in
d
s
are

q
u
ick

ly
im

p
lem

en
ted

in
h
ard

w
are

an
d
m
ach

in
e-co

d
e.

A
w
h
ole

a
n
aly

sis
of

a
p
ossib

le
im

p
lem

en
tation

is
given

in
[6].

7
C
o
n
clu

sio
n

a
n
d

F
u
rth

e
r
W

o
rk

T
h
is

p
ap

er
con

tin
u
es

th
e
w
ork

b
egan

in
[2]

an
d
[7]

in
th
e
an

aly
sis

o
f
u
n
con

d
ition

a
lly

secu
re

com
m
itm

en
t
sch

em
es.

It
giv

es
form

al
ch
aracteriza

tion
s
of

cip
h
er

sch
em

es,
a
u
th
en
tication

sch
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ou
t
secrecy,
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littin
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n
an

d
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erfectly
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cealin

g
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m
itm

en
t
sch

em
es
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in
itializer,
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p
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osed
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y
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T
h
en
,
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e
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b
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ild
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n
u
n
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ition

ally
secu

re
com
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itm

en
t
sch

em
e
u
sin

g
a
n
u
n
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d
itio

n
ally
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h
er
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an
d
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u
n
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d
itio

n
ally
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th
en
tication
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d
e.
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ased
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is

con
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w
e
sh
ow
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ro
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attack
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m
itm

en
t
sch
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es
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e
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p
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attack

of
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th
en
tication
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d
es

th
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h
ad

b
een
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in

[7]
an

d
gav

e
a
sim
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com
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er

b
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n
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T
h
en

w
e
sh
ow

ed
th
at

th
e

resolvab
le
d
esign

sch
em

es
p
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in

[2]
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b
e
b
u
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g
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ou
r
com

p
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d
th
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y

op
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m
itm

en
t
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b
e
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th
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in
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e
th
en

con
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ered
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h
eth

er
it
w
ou

ld
b
e
p
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le
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b
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m
itm
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t
sch

em
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e
O
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e
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er
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h
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e
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h
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n
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an
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er
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h
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b
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ild
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d
th
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th
en
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d
e
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alp

h
ab

et
of

size
2
n
th
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n
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d
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secu
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e
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b
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itm
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em
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m
itm
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t
sch

em
e
to

G
alois

F
ield

s
of

com
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h
e
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sed
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b
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an

y
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G
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an

y
p
rim

e
p
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an

d
n
ot
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st
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=
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h
is

an
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ers
affi

rm
atively

th
e
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ou
t
th
e
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itm
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d
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ou
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secrecy
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b
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e
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com
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itm

en
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sch
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es.
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th
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b
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b
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itm
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d
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C
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p
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rogram

a
d
e
F
in
an

ciam
en
to

P
lu
rian

u
al,

F
C
T

an
d
P
rogram

a
P
O
S
I.

R
e
fe
re
n
ce

s

1
.
M
a
n
u
el

B
lu
m
,
C
o
in

fl
ip
p
in
g
by

telep
h
o
n
e:

a
p
ro
toco

l
fo
r
so
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ro
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W
e
p
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o
se
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n
in
d
iv
id
u
a
l
a
p
p
ro
a
ch

to
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n
e-w
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fu
n
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n
s
b
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o
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K
o
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o
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o
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m
p
lex
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a
n
d
p
rov

e
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m
e
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n
sh
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etw
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e
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ew

p
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p
o
sa
ls

a
n
d
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e
cla

ssica
l
d
efi

n
itio

n
s
o
f
o
n
e-w
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fu
n
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s.
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p
a
rticu

la
r,

w
e
p
rov

e
th
a
t
K
o
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o
g
o
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o
n
e-w

ay
fu
n
ctio

n
s
a
re

m
o
re
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e
th
a
n
th
e
cla

ssica
l
o
n
e-w

ay
fu
n
ctio

n
s.
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e
a
lso

rela
te
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o
lm

o
g
o
rov

o
n
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ay
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n
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n
s
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ith
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e
co
n
jectu

re
o
f
p
o
ly
n
o
m
ia
l
tim

e
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m
m
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o
f
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fo
rm

a
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n
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u
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p
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A
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h
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h
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van
tage
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e
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e
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in
d
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id
u
al
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n
ces
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p
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p
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ic

p
ro
to
co
ls.
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th
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u
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ose,
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e
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e
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e-b
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n
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olm

o
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m
p
lex

ity
to
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e
an

a
ly
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p
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rap
h
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p
rim

itives
th
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th
e
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m
m
etric

cry
p
tog

rap
h
ic

p
roto
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n
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e-w
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n
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s,
p
seu
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o
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d
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ex
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an
d
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n
ow

led
ge

in
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ro
of
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e
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d
y
on

e-w
ay
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on

e-w
ay

fu
n
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s.
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,
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ay
fu
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fu
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n
th
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b
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in
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e
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con
d
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ow

n
th
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e-w

ay
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u
b
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p
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u
b
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b
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n
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t
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v
ertin

g
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b
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algorith
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ab
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s,
th
e
fu
n
ction

on
ly

n
eed

s
to

b
e
resistan

t
to

d
eterm

in
istic

ad
versaries.

A
n
in
terestin

g
fact

ab
ou

t
th
ese

fu
n
ction

s
is
th
a
t
n
o
t
every

w
eak

on
e-w

ay
fu
n
ction

is
a
stron

g
on

e-w
ay

fu
n
ction

;
h
ow

ev
er

w
eak

on
e-w

ay
fu
n
ctio

n
s
ex
ist

if
an

d
o
n
ly

if
stron

g
on

e-w
ay

fu
n
ction

ex
ist

(see
[G

ol01]
for

d
etails).

T
h
e
K
o
lm

og
orov

com
p
lex

ity
K
(x
)
([K

o
l6
5],

[S
o
l64]

a
n
d
[C
h
a
66])

of
a
strin

g
x

is
th
e
len

gth
of

th
e
sh
ortest

p
ro
gram

p
ro
d
u
cin

g
x
in

a
u
n
iversa

l
T
u
rin

g
m
a
ch
in
e.
T
h
e
tim

e-b
ou

n
d
ed

version
of

K
olm

ogorov
com

p
lex

ity
K

t(x
),

is
th
e
len

g
th

of
th
e
sh
ortest

p
rog

ra
m

p
ro
d
u
cin

g
th
e
strin

g
x
in

a
u
n
iv
ersal

T
u
rin

g
m
ach

in
e
w
ith

in
tim

e
t(|x|).

?
A

p
relim

in
a
ry

v
ersio

n
o
f
th
is

w
o
rk

w
a
s
p
resen

ted
a
t
C
o
m
p
u
ta
b
ility

in
E
u
ro
p
e
2
0
1
0

?
?
T
h
e
a
u
th
o
rs

a
re

su
p
p
o
rted

b
y
C
S
I
2
(P

T
D
C
/
E
IA

-
C
C
O
/
0
9
9
9
5
1
/
2
0
0
8
)

?
?
?
T
h
e
a
u
th
o
r
is

a
lso

p
a
rtia

lly
fu
n
d
ed

b
y
L
IA

C
C

th
ro
u
g
h
P
F
P

o
f
F
C
T

†
T
h
e
a
u
th
o
r
is

a
lso

su
p
p
o
rted

b
y
th
e
g
ra
n
t
S
F
R
H

/
B
D

/
2
8
4
1
9
/
2
0
0
6
fro

m
F
C
T

‡
T
h
e
a
u
th
o
r
is

a
lso

su
p
p
o
rted

b
y
th
e
g
ra
n
t
S
F
R
H

/
B
D

/
3
3
2
3
4
/
2
0
0
7
fro

m
F
C
T

In
th
is

w
ork

,
w
e
ch
aracterize

on
e-w

ay
fu
n
ction

s
u
sin

g
d
iff
eren

t
ap

p
roach

es.
In

th
is

section
let

u
s
d
en
ote

th
e

ex
p
ression

E
(K

tf
(x|f

(x
),n

))
b
y
E
,
th
e
ex
p
ected

valu
e
of

tim
e-b

ou
n
d
ed

K
olm

ogorov
com

p
lex

ity
of

an
ob

ject
x

∈
Σ

n
given

f
(x
),

w
h
ere

f
is

th
e
d
escrip

tion
of

th
e
fu
n
ction

,
giv

en
b
y
an

oracle.
W
e
fi
rst

relate
E

w
ith

th
e
classical

n
otion

s
of

on
e-w

ay
fu
n
ction

s
(T

h
eorem

s
4,

5
an

d
6).

W
e
sh
ow

th
at

if
E

>
c
for

an
y
p
ositive

con
stan

t
c,

th
en

f
is

a
w
eak

on
e-w

ay
fu
n
ction

.
In

th
e
an

oth
er

d
irection

,
if

f
is

a
w
eak

on
e-w

ay
fu
n
ction

,

th
en

th
ere

is
a
p
oly

n
om

ial
q(n

)
su
ch

th
at

E
>

lo
g
(n

)
q
(n

)
;
on

th
e
oth

er
h
an

d
,
w
e
sh
ow

th
at

if
f
is

a
stron

g
on

e-

w
ay

fu
n
ction

,
th
en

E
>

c (
1−

1
q
(n

) )
log

n
for

every
con

stan
t
c
an

d
for

every
p
oly

n
om

ial
q(n

).
In

a
secon

d

ap
p
roach

,
w
e
d
efi
n
e
on

e-w
ay

fu
n
ction

s
b
ased

on
in
d
iv
id
u
al

in
stan

ces
(D

efi
n
ition

7)
an

d
relate

it
w
ith

th
e

classical
n
otion

of
w
eak

on
e-w

ay
fu
n
ction

s
(T

h
eorem

7);
th
en

a
ch
aracterization

of
on

e-w
ay

fu
n
ction

s
b
ased

on
tim

e-b
ou

n
d
ed

K
olm

ogorov
com

p
lex

ity
of

th
e
in
d
iv
id
u
al

in
sta

n
ces

is
given

(D
efi
n
ition

8)
an

d
a
relation

sh
ip

w
ith

d
eterm

in
istic

on
e-w

ay
fu
n
ction

s
is

stu
d
ied

(P
rop

osition
1).

F
or

th
e
secon

d
ap

p
roach

th
e
in
tu
ition

is
th
at

th
e

tim
e-b

ou
n
d
ed

K
olm

ogorov
com

p
lex

ity
is

su
itab

le
to

on
e-w

ay
fu
n
ction

s
u
sin

g
in
d
iv
id
u
al

in
stan

ces.
W
e
ex
p
ect

th
at

x
an

d
f
give

all
th
e
in
form

ation
n
eed

ed
to

com
p
u
te

in
p
oly

n
om

ial
tim

e
f
(x
)
an

d
,
on

th
e
oth

er
h
an

d
,
th
e

valu
e
f
(x
)
d
o
es

n
ot

con
vey

in
p
oly

n
om

ial
tim

e
u
sefu

l
in
form

ation
ab

ou
t
x
,
in

fact,
w
e
ex
p
ect

th
at

th
e
len

gth
of

a
sh
ortestp

rogram
com

p
u
tin

g
x
given

f
(x
),|x|,

an
d
f
sh
ou

ld
b
e
ap

p
rox

im
ately

eq
u
al

to
th
e
len

gth
of

a
sh
ortest

p
rogram

com
p
u
tin

g
x
w
ith

ou
t
an

y
au

x
iliary

in
p
u
t.

W
e
sh
ow

th
at

K
olm

ogorov
on

e-w
ay

fu
n
ction

s
are

m
o
re

restrictive
th
an

classical
on

e-w
ay

fu
n
ction

in
th
e
sen

se
th
at

th
e
ex
isten

ce
of

K
olm

ogorov
on

e-w
ay

fu
n
ction

s
w
ith

certain
p
aram

eters
im

p
lies

th
e
ex
isten

ce
of

classical
on

e-w
ay

fu
n
ction

s.

In
[L
M
93]

an
d
[L
W

95],
th
e
au

th
ors

relate
th
e
ex
isten

ce
of

on
e-w

ay
fu
n
ction

s
an

d
th
e
con

jectu
re

of
p
oly

n
om

ial
tim

e
sy
m
m
etry

of
in
form

ation
.
F
or

th
e
u
n
b
ou

n
d
ed

version
of

K
olm

ogorov
com

p
lex

ity,
sy
m
m
etry

of
in
form

ation
w
as

fi
rst

p
roved

b
y
L
ev
in

(as
su
ggested

in
[Z
L
70]),

b
u
t
th
e
p
ro
of

is
n
ot

valid
w
h
en

p
oly

n
om

ial
tim

e-b
ou

n
d
s

restriction
s
are

im
p
osed

.
T
h
e
con

jectu
re

of
p
oly

n
om

ial
tim

e
sy
m
m
etry

of
in
form

ation
h
as

close
con

n
ection

s
to

several
com

p
lex

ity
th
eoretic

q
u
estion

s,
sim

ilar
to

th
e
con

n
ection

s
con

cern
in
g
th
e
ex
isten

ce
of

on
e-w

ay
fu
n
ction

s.
In

th
is

w
ork

,
w
e
relate

th
is

con
jectu

re
w
ith

th
e
ex
isten

ce
of

K
olm

ogorov
on

e-w
ay

fu
n
ction

s,
b
y
p
rov

in
g
th
at

th
e
p
oly

n
om

ial
tim

e
sy
m
m
etry

of
in
form

ation
fails

if
K
olm

ogorov
on

e-w
ay

fu
n
ction

s
ex
ist

(P
rop

osition
s
2
an

d
3
an

d
T
h
eorem

8).

2
P
re
lim

in
a
rie

s

A
ll
th
e
strin

gs
w
e
u
se

are
elem

en
ts

of
Σ

∗
=

{0
,1} ∗

an
d
w
e
d
en
ote

th
em

b
y
x
,
y
,
z
.
T
h
e
fu
n
ction

log
alw

ay
s

d
en
otes

th
e
fu
n
ction

log
2
an

d
|.|

rep
resen

ts
th
e
len

gth
of

a
strin

g.
T
h
e
n
u
m
b
er

of
elem

en
ts

of
a
set

A
,
i.e.

its
card

in
ality,

is
d
en
oted

b
y
#
A
.
W
e
assu

m
e
th
at

an
y
tim

e
b
ou

n
d
t(n

)
w
e
u
se

is
con

stru
ctib

le
an

d
larger

th
an

n
.

F
or

con
ven

ien
ce

w
e
giv

e
d
efi
n
ition

of
som

e
ord

er
n
otation

s.

D
e
fi
n
itio

n
1
.
L
et

f
a
n
d
g
be

tw
o
po
sitive

fu
n
ctio

n
s.

–
f
(n
)∈

O
(g
(n
))

if
a
n
d
o
n
ly

if∃
k
>

0,
n
0 ∀

n
>

n
0 ,f

(n
)≤

k·
g
(n
).

–
f
(n
)∈

Ω
(g
(n
))

if
a
n
d
o
n
ly

if∃
k
>

0,
n
0 ∀

n
>

n
0 ,f

(n
)≥

k·g
(n
).

–
f
(n
)∈

ω
(g
(n
))

if
a
n
d
o
n
ly

if∀
k
>

0,∃
n
0 ∀

n
>

n
0 ,f

(n
)≥

k·
g
(n
).

2
.1

K
o
lm

o
g
o
ro

v
C
o
m
p
le
x
ity

W
e
p
resen

t
th
e
b
asic

d
efi
n
ition

s
an

d
th
e
resu

lts
n
ecessary

for
th
e
rest

of
th
is
p
ap

er;
fu
rth

er
d
etails

on
K
olm

ogorov
com

p
lex

ity
can

b
e
fou

n
d
,
for

in
stan

ce,
on

th
e
com

p
reh

en
siv

e
tex

tb
o
ok

[L
V
08].

W
e
w
ill

u
se

th
e
p
refi

x
-free

d
efi
n
ition

of
K
olm

ogorov
com

p
lex

ity.
A

set
of

strin
gs

A
is

p
refi

x
-free

if
th
ere

are
n
ot

tw
o
strin

gs
x
an

d
y
in

A
su
ch

th
at

x
is

a
p
rop

er
p
refi

x
of

y
.

D
e
fi
n
itio

n
2
.
L
et

U
be

a
fi
xed

u
n
iversa

l
T
u
rin

g
m
a
ch
in
e
w
ith

a
p
refi

x-free
d
o
m
a
in
.
F
o
r
a
n
y
strin

gs
x
,y

∈
{0
,1} ∗,

th
e
K
olm

ogorov
com

p
lex

ity
of

x
given

y
w
ith

oracle
access

to
f
is

K
f
(x|y

)
=

m
inp
{|p|

:
U
f
(p
,y
)
=

x}
.



F
o
r
a
n
y
tim

e
co
n
stru

ctible
t,

th
e
t
tim

e-b
ou

n
d
ed

K
olm

og
orov

com
p
lex

ity
of

x
given

y
w
ith

oracle
access

to
f
is

d
efi

n
ed

by

K
tf
(x|y

)
=

m
inp
{|p|

:
U
f
(p
,y
)
=

x
in

a
t
m
o
st

t(|x|
+
|y|)

step
s}.

T
h
e
d
efau

lt
va
lu
e
for

y
,
th
e
au

x
ilia

ry
in
p
u
t
fo
r
th
e
p
ro
gra

m
p
,
is

th
e
em

p
ty

strin
g
ε
an

d
for

oracle
f

is
th
e

n
u
ll
fu
n
ctio

n
.
In

ord
er

to
avo

id
overlo

ad
ed

n
o
tatio

n
,
in

th
ose

cases
w
e
ty
p
ically

d
rop

th
ese

argu
m
en
ts

in
th
e

n
o
tation

.
N
o
tice

th
a
t
K
olm

o
go
rov

co
m
p
lex

ity
is

m
ach

in
e
in
d
ep

en
d
en
t
in

th
e
sen

se
th
at

w
e
can

fi
x
a
u
n
iversal

T
u
rin

g
m
ach

in
e
U

w
h
o
se

p
rog

ram
size

is
at

m
o
st

a
con

stan
t
ad

d
itiv

e
term

w
orse

th
an

in
an

y
oth

er
m
ach

in
e,

an
d
th
e
ru
n
n
in
g
tim

e
is,

at
m
ost,

a
log

arith
m
ic

m
u
ltip

lica
tive

factor
slow

er
th
an

in
an

y
oth

er
m
ach

in
e.

O
n
e
im

p
ortan

t
resu

lt
in

K
o
lm

og
orov

com
p
lex

ity
is

th
e
fo
llow

in
g
th
eorem

on
th
e
ex
isten

ce
of

in
com

p
ressib

le
strin

gs
(see

[L
V
08
]).

T
h
e
o
re

m
1
.

(In
com

p
ressib

ility
T
h
eo
rem

)

1
.
F
o
r
ea
ch

n
,
m
ax{

K
(x
)
:|x|

=
n}

=
n
+
K
(n
)
+

O
(1
).

2
.
F
o
r
ea
ch

fi
xed

co
n
sta

n
t
r,

th
e
set{

x
:
(|x|

=
n
)
∧

(K
(x
)≤

n
+
K
(n
)−

r)}
h
a
s
a
t
m
o
st

2
n−

r
+
O
(1

)
elem

en
ts,

i.e,
a
lm

o
st

a
ll
x
h
a
ve

n
ea
rly

m
a
xim

u
m

co
m
p
lexity.

In
In
form

a
tion

T
h
eo
ry,

o
n
e
u
sefu

l
resu

lt
is
th
e
sy
m
m
etry

of
in
fo
rm

ation
w
h
ich

states
th
at,

giv
en

tw
o
d
istrib

u
tion

s
X

an
d
Y
,
I
(X

|Y
)
=

I
(Y

|X
),

w
h
ere

I
(·)

is
th
e
m
u
tu
a
l
in
fo
rm

ation
(see

).
In

[Z
L
70],

it
is

sh
ow

n
th
at

in
th
e

resou
rce

u
n
b
ou

n
d
ed

case,
th
e
sy
m
m
etry

of
in
fo
rm

ation
co
n
cern

in
g
th
e
K
olm

ogorov
com

p
lex

ity
also

h
old

s:

T
h
e
o
re

m
2
.

(S
y
m
m
etry

o
f
In
form

atio
n
)
F
o
r
a
ll
strin

gs
x
a
n
d
y
in

{
0
,1}

n
,

K
(x
,y
)
=

K
(x
)
+

K
(y|x

)
+

O
(log

n
).

W
e
w
ill

b
e
in
terested

in
relatin

g
th
e
ex
isten

ce
of

K
o
lm

ogo
rov

o
n
e-w

ay
fu
n
ction

s
w
ith

p
oly

n
om

ial
tim

e-b
ou

n
d
ed

sy
m
m
etry

of
in
fo
rm

atio
n
,
w
h
ich

ca
n
b
e
d
escrib

ed
b
y
:

H
y
p
o
th

e
sis

3
(P

o
ly
n
o
m
ia
l
tim

e
-b

o
u
n
d
e
d

sy
m
m
e
try

o
f
in
fo
rm

a
tio

n
)
L
et

t
be

a
po
lyn

o
m
ia
l.
F
o
r
a
ll
strin

gs
x
a
n
d
y
in

{0
,1}

n
,

K
t(x

,y
)
=

K
t(x

)
+

K
t(y|x

)
+

O
(log

n
).

T
h
is

co
n
jectu

re
is

u
n
k
n
ow

n
to

h
o
ld

u
n
co
n
d
ition

a
lly,

b
u
t
in

[L
M
93]

an
d
in

[L
W

95],
it

is
sh
ow

n
th
at:

–
If
P

=
N
P

th
en

p
o
ly
n
om

ia
l
tim

e
sy
m
m
etry

of
in
fo
rm

a
tion

h
old

s
([L

W
95]);

–
If

d
eterm

in
istic

o
n
e-w

ay
fu
n
ctio

n
s
ex
ist,

th
en

th
e
p
o
ly
n
om

ial
tim

e
sy
m
m
etry

of
in
form

ation
con

jectu
re

is
false

([L
M
93
,L
W

95
]).

In
[L
R
05
],
th
e
a
u
th
ors

ex
p
lore

th
is

co
n
jectu

re
for

oth
er

ty
p
es

of
tim

e-b
ou

n
d
ed

com
p
lex

ity
m
easu

res.

2
.2

O
n
e
-w

a
y
fu
n
c
tio

n
s

N
ow

w
e
p
resen

t
th
e
n
o
tion

of
o
n
e-w

ay
fu
n
ction

.

D
e
fi
n
itio

n
3
.
A

fu
n
ctio

n
f
is

h
o
n
est

if
fo
r
so
m
e
k
>

0
a
n
d
fo
r
a
ll
x
∈
{0,1}

?,

(|f
(x
)|≤

|x| k
+

k
)∧

(|x|≤
|f
(x
)| k

+
k
)

In
a
ll
d
efi
n
itio

n
s
p
resen

ted
in

th
is

p
ap

er
w
e
assu

m
e
th
a
t
f
is

h
on

est.

D
e
fi
n
itio

n
4

(D
e
te
rm

in
istic

o
n
e
-w

a
y
fu
n
c
tio

n
,
[L

M
9
3
]).

A
fu
n
ctio

n
f
:{0

,1} ∗→
{0
,1} ∗

is
a
d
eterm

in
-

istic
on

e-w
ay

fu
n
ctio

n
if
th
e
fo
llo

w
in
g
tw
o
co
n
d
itio

n
s
h
o
ld
:

1
.
E
a
sy

to
co
m
p
u
te:

th
ere

is
a
(d
eterm

in
istic)

po
lyn

o
m
ia
l-tim

e
a
lgo

rith
m

A
su
ch

th
a
t
o
n
every

in
p
u
t
x
,
th
e

a
lgo

rith
m

A
o
u
tp
u
ts

f
(x
)
(i.e.,

A
(x
)
=

f
(x
)).

2
.
S
ligh

tly
h
a
rd

to
in
vert:

fo
r
a
n
y
po
lyn

o
m
ia
l
tim

e
a
lgo

rith
m

B
,
fo
r
so
m
e
po
lyn

o
m
ia
l
q,

fo
r
a
ll
su
ffi
cien

tly
la
rge

n
,

p
rob

x∈
Σ

n
[f
(B

(f
(x
),n

))6=
f
(x
)]
>

1

q(n
)
.

D
e
fi
n
itio

n
5

(W
e
a
k
o
n
e
-w

a
y
fu
n
c
tio

n
).

A
fu
n
ctio

n
f
:{

0,1} ∗→
{0,1} ∗

is
a
w
eak

on
e-w

ay
fu
n
ction

if
th
e

fo
llo

w
in
g
tw
o
co
n
d
itio

n
s
h
o
ld
:

1
.
E
a
sy

to
co
m
p
u
te:

th
ere

is
a
(d
eterm

in
istic)

po
lyn

o
m
ia
l-tim

e
a
lgo

rith
m

A
su
ch

th
a
t
o
n
every

in
p
u
t
x
,
th
e

a
lgo

rith
m

A
o
u
tp
u
ts

f
(x
)
(i.e.,

A
(x
)
=

f
(x
)).

2
.
S
ligh

tly
h
a
rd

to
in
vert:

th
ere

is
a
po
lyn

o
m
ia
l
q
su
ch

th
a
t
fo
r
every

p
ro
ba
bilistic

po
lyn

o
m
ia
l-tim

e
a
lgo

rith
m

B
a
n
d
a
ll
su
ffi
cien

tly
la
rge

n
’s,

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) [f

(B
(f
(x
),r,n

))6=
f
(x
)]
>

1

q(n
)
.

D
e
fi
n
itio

n
6

(S
tro

n
g
o
n
e
-w

a
y

fu
n
c
tio

n
).

A
fu
n
ctio

n
f
:{

0,1} ∗
→

{0
,1} ∗

is
a
stron

g
on

e-w
ay

fu
n
ction

if
th
e
fo
llo

w
in
g
tw
o
co
n
d
itio

n
s
h
o
ld
:

1
.
E
a
sy

to
co
m
p
u
te:

th
ere

is
a
(d
eterm

in
istic)

po
lyn

o
m
ia
l-tim

e
a
lgo

rith
m

A
su
ch

th
a
t
o
n
every

in
p
u
t
x
a
lgo

rith
m

A
o
u
tp
u
ts

f
(x
)
(i.e.,

A
(x
)
=

f
(x
)).

2
.
H
a
rd

to
in
vert:

fo
r
every

p
ro
ba
bilistic

po
lyn

o
m
ia
l
tim

e
a
lgo

rith
m

B
,
every

po
sitive

po
lyn

o
m
ia
l
q,

a
n
d
every

su
ffi
cien

tly
la
rge

n
,

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) [f

(B
(f
(x
),r,n

))
=

f
(x
)]
<

1

q(n
)
.

It
is

easy
to

see
th
at

an
y
stron

g
on

e-w
ay

fu
n
ction

is
a
d
eterm

in
istic

an
d
it

is
also

a
w
eak

on
e-w

ay
fu
n
ction

.

3
O
n
e
-w

a
y
fu
n
ctio

n
s
a
n
d

K
o
lm

o
g
o
ro
v
co

m
p
le
x
ity

W
e
p
resen

t
som

e
ap

p
roach

es
to

d
efi
n
e
on

e-w
ay

fu
n
ction

s
u
sin

g
K
olm

ogorov
com

p
lex

ity.

3
.1

A
n

e
x
p
e
c
te
d

v
a
lu
e
a
p
p
ro

a
ch

W
e
fi
rst

sh
ow

h
ow

on
e-w

ay
fu
n
ction

s
are

related
w
ith

ex
p
ected

valu
e
of

p
oly

n
om

ial
tim

e-b
ou

n
d
ed

K
olm

ogorov
com

p
lex

ity
ov
er

Σ
n
.
In

p
articu

lar,
w
e
sh
ow

th
at

if
th
e
ex
p
ectation

is
at

least
larger

th
an

an
y
con

stan
t,
w
e
h
ave

a
w
eak

on
e-w

ay
fu
n
ction

b
u
t
if
th
is
valu

e
is
n
early

m
ax

im
u
m
,
th
en

f
is
a
stron

g
on

e-w
ay

fu
n
ction

.
O
n
th
e
oth

er
h
an

d
,
w
e
sh
ow

th
at

if
f
is

a
stron

g
on

e-w
ay

fu
n
ction

,
th
en

th
e
ex
p
ectation

m
u
st

b
e
larger

th
an

logarith
m
ic.

T
h
e
o
re

m
4
.
L
et

f
be

a
n
in
jective

a
n
d
po
lyn

o
m
ia
l
tim

e
co
m
p
u
ta
ble

fu
n
ctio

n
.
If

fo
r
a
ll
po
lyn

o
m
ia
l
t
a
n
d
fo
r

every
co
n
sta

n
t
c,

th
e
expected

va
lu
e
o
f
K

tf
(x|f

(x
),r,n

)
o
ver

pa
irs

(x
,r)

∈
Σ

n
×

Σ
≤
t(n

)
is

la
rger

th
a
n

c
fo
r

su
ffi
cien

tly
la
rge

n
′s

th
en

f
is

a
w
ea
k
o
n
e-w

a
y
fu
n
ctio

n
.

P
roo

f.
A
ssu

m
e
th
at

f
is

n
ot

a
w
eak

on
e-w

ay
fu
n
ction

.
T
h
en
,
in

p
articu

lar,
if
q(n

)
=

n
2,

th
ere

is
an

algorith
m

B
su
ch

th
at

p
rob

x
,r (B

(f
(x
),r,n

)6=
x
)≤

1
/n

2
for

in
fi
n
itely

m
an

y
in
tegers

n
.
L
et

t
b
e
an

y
p
oly

n
om

ial
su
ch

th
at

t(n
)≥

tim
e
B
(n
)
log

(tim
e
B
(n
)).

C
on

sid
er

th
e
set:

I
=

{
(x
,r)∈

Σ
n×

Σ
≤
t(n

)
:
B
(f
(x
),r,n

)
=

x}



N
o
tice

th
a
t
if
(x
,r)∈

I
th
en

K
tf
(x|f

(x
),r,n

)≤
|B

|.
T
h
u
s,

fo
r
in
fi
n
itely

m
an

y
n
:

E
(K

tf
(x|f

(x
),r,n

))
=

∑

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) p

rob
(x
,r)·K

tf
(x|f

(x
),r,n

)
=

=
∑(x
,r
)∈

I

p
ro
b
(x
,r)·

K
tf
(x|f

(x
),r,n

)
+

∑(x
,r
)
/∈
I

p
rob

(x
,r)·

K
tf
(x|f

(x
),r,n

)≤

≤
p
rob

[(x
,r)∈

I
]·|B

|+
∑(x
,r
)
/∈
I

p
rob

(x
,r)·(n

+
O
(1))

<

<
|B

|+
1n
2
(n

+
O
(1
))∈

O
(1
)

T
h
u
s,

if
E
(K

tf
(x|f

(x
),r,n

))
>

c
is

sa
tisfi

ed
for

a
ll
con

stan
ts

c
an

d
for

alm
ost

all
n
,
th
en

f
is

a
w
eak

on
e-w

ay
fu
n
ction

.
ut

W
e
n
ow

p
resen

t
tw

o
resu

lts
th
at

g
iv
e
som

e
in
tu
itio

n
a
b
ou

t
th
e
ex
p
ectation

of
th
e
K
olm

ogorov
com

p
lex

ity
of

a
stron

g
o
n
e-w

ay
fu
n
ction

an
d
a
w
eak

o
n
e-w

ay
fu
n
ction

.
N
otice

th
at

th
e
resu

lt
for

w
eak

on
e-w

ay
fu
n
ction

s
is
n
ot

tig
h
t
sin

ce
th
e
ga
p
for

th
e
b
o
u
n
d
p
roved

in
th
e
last

th
eo
rem

is
large.

T
h
e
o
re

m
5
.
L
et

t
be

a
n
y
po
lyn

o
m
ia
l.
If

f
is

a
stro

n
g
o
n
e-w

a
y
fu
n
ctio

n
th
en

,
fo
r
every

co
n
sta

n
t
c
a
n
d
every

po
lyn

o
m
ia
l
q,

E
(x

,r
)∈

Σ
n×

Σ
≤

t
(
n
) (K

tf
(x|f

(x
),r,n

)
>

c (
1−

1
q
(n

) )
log

n
fo
r
a
lm

o
st

a
ll
n
.

P
roo

f.
A
ssu

m
e,b

y
con

trad
ictio

n
th
at

for
so
m
e
co
n
sta

n
t
c
an

d
som

e
p
oly

n
om

ials
q
an

d
t
w
e
h
ave

E
(x

,r
)∈

Σ
n×

Σ
≤

t
(
n
) (K

tf
(x|f

(x
),r,n

c (
1−

1
q
(n

) )
log

n
in
fi
n
itely

often
.
B
y
th
e
M
arkov

b
ou

n
d
w
e
h
ave:

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) [K

tf
(x|f

(x
),r,n

)≤
c
log

n
]
>

1−
c (

1−
1

q
(n

) )
log

n

c
log

(n
)

=
1

q(n
)

W
e
b
u
ild

a
n

alg
orith

m
Q

th
at

o
n

in
p
u
t
(f
(x
),r)

tries
to

in
vert

f
(x
),

an
d

su
cceed

s
for

th
e
cases

w
h
ere

K
tf
(x|f

(x
),r,n

)
≤

c
log

n
.
T
h
is

alg
orith

m
sim

p
ly

ru
n
s
all

p
rogram

s
of

size
u
p
to

c
log

n
for

at
m
ost

t
step

s
an

d
w
ith

ra
n
d
om

n
ess

r
fo
r
in
p
u
t
f
(x
).

F
or

ea
ch

su
ch

p
ro
gram

,
Q

tests
if
th
e
ou

tp
u
t
is

an
in
v
erse

of
f
(x
),

an
d

if
it
is

,
it
o
u
tp
u
ts

th
at

in
v
erse.

If
for

th
e
p
air

(x
,r)

it
h
a
p
p
en
s
th
at

K
tf
(x|f

(x
),r,n

)≤
c
log

n
,
th
en

Q
w
ill

fi
n
d

a
su
ita

b
le

sh
ortest

p
ro
gra

m
an

d
ou

tp
u
t
th
e
co
rrect

x
.
T
h
erefore,

its
su
ccess

p
rob

ab
ility

is
at

least
th
at

of
(x
,r)

satisfy
in
g
th
is

co
n
d
ition

,
th
at

is,
P
r [K

tf
(x|f

(x
),r,n

)≤
c
lo
g
n ]

>
1

q
(n

) .

S
in
ce

th
ere

a
re

at
m
ost

2
c
lo
g
n
+
1
=

2·
2
c
lo
g
n
p
rogram

s
o
f
len

g
th

at
m
ost

c
log

n
an

d
each

of
th
em

is
ru
n
for

a
p
oly

n
om

ial
n
u
m
b
er

o
f
step

s,
th
en

clearly
Q

ru
n
s
in

p
oly

n
om

ial
tim

e.

B
y
assu

m
p
tio

n
,
w
e
k
n
ow

th
a
t
fo
r
in
fi
n
itely

m
an

y
n
′s,

p
ro
b
(x

,r
)∈

Σ
n×

Σ
≤

t
(
n
) [Q

(f
(x
),r,n

)
=

x
]
>

1

q(n
)

T
h
u
s,

f
is

n
o
t
a
stron

g
o
n
e-w

ay
fu
n
ction

.
ut

T
h
e
o
re

m
6
.
L
et

t
be

a
n
y
po
lyn

o
m
ia
l.
If

f
is

a
w
ea
k
o
n
e-w

a
y
fu
n
ctio

n
th
en

,
th
ere

is
a
po
lyn

o
m
ia
l
q
su
ch

th
a
t,

E
(x

,r
)∈

Σ
n×

Σ
≤

t
(
n
) (K

t(x|f
(x
),r,n

)
>

lo
g
(n

)
q
(n

)
.

P
roo

f.
A
ssu

m
e,b

y
co
n
tra

d
iction

th
a
t
fo
r
ev
ery

p
oly

n
o
m
ialp

a
n
d
for

som
e
p
oly

n
om

ial
t,w

e
h
ave

E
(x

,r
)∈

Σ
n×

Σ
≤

t
(
n
) (K

t(x|f
(x
),r,n

lo
g
(n

)
p
(n

)
in
fi
n
itely

o
ften

.
B
y
th
e
M
a
rkov

b
o
u
n
d
w
e
h
ave:

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) [K

t(x|f
(x
),r,n

)≤
c
log

n
]
>

1−
lo
g
(n

)
p
(n

)

c
log

n
=

1−
1

cp
(n
)

W
e
con

sid
er

a
p
oly

n
om

ial
tim

e
alg

orith
m

Q
sim

ilar
w
ith

th
e
algorith

m
th
at

w
as

u
sed

in
th
e
p
ro
of

of
th
e
last

th
eo
rem

,
th
at

o
n
th
e
in
p
u
t
(f
(x
),r)

ru
n
s
a
ll
p
ro
gra

m
s
of

len
gth

at
m
ost

c
log

n
for

t
step

s
each

.

S
in
ce

th
ere

are
at

m
ost

2
c
lo
g
n
+
1
=

2
n
c
p
rogram

s
of

len
gth

at
m
ost

c
log

n
an

d
each

of
th
em

is
ru
n

for
a

p
oly

n
om

ial
n
u
m
b
er

of
step

s,
th
en

clearly
Q

ru
n
s
in

p
oly

n
om

ial
tim

e.

B
y
assu

m
p
tion

,
w
e
k
n
ow

th
at

for
in
fi
n
itely

m
an

y
n
′s,

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) [Q

(f
(x
),r,n

)
=

x
]
>

1−
1

cp
(n
)
=

1−
1

q(n
)

T
h
u
s,

f
is

n
ot

a
w
eak

on
e-w

ay
fu
n
ction

.
ut

3
.2

A
n

in
d
iv
id
u
a
l
a
p
p
ro

a
ch

T
h
e
ch
aracterization

of
on

e-w
ay

fu
n
ction

s
p
rop

osed
in

th
e
last

section
d
o
es

n
ot

give
a
satisfactory

in
sigh

t
ab

ou
t

th
e
secu

rity
of

p
articu

lar
in
d
iv
id
u
al

in
stan

ces
of

on
e-w

ay
fu
n
ction

s.
T
h
is

issu
e
is

im
p
ortan

t
in

ou
r
ap

p
roach

to
cry

p
tograp

h
y.

In
fact,

to
h
av
e
an

in
d
iv
id
u
al

in
stan

ce
an

aly
sis

of
secu

rity
w
e
m
u
st

h
av
e
a
p
recise

con
trol

on
th
e
q
u
an

tity
of

in
form

ation
th
at

each
p
articu

lar
in
stan

ce
m
ay

leak
.
In

th
is

section
w
e
give

a
n
otion

of
on

e-w
ay

fu
n
ction

b
ased

on
K
olm

ogorov
com

p
lex

ity
of

p
articu

lar
in
stan

ces.

D
e
fi
n
itio

n
7
.
L
et

t
be

a
n
y
po
lyn

o
m
ia
l,
f
:
Σ

∗
→

Σ
∗
be

a
po
lyn

o
m
ia
l
tim

e
co
m
p
u
ta
ble

a
n
d
in
jective

fu
n
ctio

n
a
n
d
δ(·)

a
po
sitive

fu
n
ctio

n
.
W
e
sa
y
th
a
t
a
n
in
sta

n
ce

x
o
f
len

gth
n

is
δ-secu

re
rela

tively
to

a
ra
n
d
o
m

strin
g

r∈
Σ

≤
t(n

)
if:

K
tf
(x|r,n

)−
K

tf
(x|f

(x
),r,n

)≤
δ(n

).

L
et

ε(·)
be

a
fu
n
ctio

n
.
W
e
sa
y
th
a
t
f
is

a
n
(ε,δ)-secu

re
K
olm

ogorov
on

e-w
ay

fu
n
ction

if
fo
r
su
ffi
cien

tly
la
rge

n
′s

w
e
h
a
ve:

p
rob

(x
,r
)∈

Σ
n×

Σ
≤

t
(
n
) (x

is
δ-secu

re
fo
r
r)≥

ε(n
)

In
tu
itively,

an
(ε,δ)-secu

re
K
olm

ogorov
on

e-w
ay

fu
n
ction

is
a
fu
n
ction

w
h
ose

p
rob

ab
ility

of
h
av

in
g
an

ad
van

tage
of

m
ore

th
an

δ
b
its

in
th
e
d
escrip

tion
of

x
b
y
seein

g
f
(x
)
is

n
ot

larger
th
an

1−
ε.

T
h
e
o
re

m
7
.
L
et

t
be

a
n
y
po
lyn

o
m
ia
l.
If

f
is

a
n
in
jective

a
n
d
po
lyn

o
m
ia
l
tim

e
co
m
p
u
ta
ble

fu
n
ctio

n
w
h
ich

is
a
n

(ω
(1
/n

),c)-secu
re

K
o
lm

ogo
ro
v
o
n
e-w

a
y
fu
n
ctio

n
fo
r
every

co
n
sta

n
t
c,

th
en

f
is

a
w
ea
k
o
n
e-w

a
y
fu
n
ctio

n
.

P
roo

f.
L
et

t
b
e
an

y
p
oly

n
om

ial
an

d
con

sid
er

th
e
follow

in
g
sets:

R
−
=

{
(x
,r)∈

Σ
n×

Σ
≤
t(n

)
: (K

tf
(x|r,n

)≤
n
−
log

n )∨
(K

tf
(x|r,f

(x
),n

)≤
K

tf
(x|r,n

)−
c ) }

R
+
=

Σ
n×

Σ
≤
t(n

)\
R

−

U
sin

g
a
cou

n
tin

g
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−
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p
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p
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+
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p
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+
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+
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+
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+
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p
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at
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+
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=

∑
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∑
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−
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−
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p
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d
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b
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p
oly

n
om

ial
q
an

d
all

n
0 ,

th
ere

is
an

n
≥

n
0 ,

fo
r
w
h
ich

:

#
{
x
∈
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=
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at
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√
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√
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⇔
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⇒
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⇒
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=
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b
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p
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in
tro

d
u
ce

th
e
n
otion

of
u
n
iversal

en
u
m
erab

le
d
iscrete

sem
im

ea
su
re.

D
e
fi
n
itio

n
2
.2

T
h
ere

exists
a
u
n
iversa

l
en

u
m
era

ble
d
iscrete

sem
im

ea
su
re,

w
h
ich

w
e
d
en

o
te

by
m
.
It

is
a
d
iscrete

sem
im

ea
su
re

th
a
t
m
u
ltip

lica
tively

d
o
m
in
a
tes

every
o
th
er

en
u
m
era

ble
d
iscrete

sem
im

ea
su
re.

T
h
e
o
re

m
2
.3

(C
o
d
in
g
T
h
e
o
re

m
)
F
o
r
every

x
∈
{0,1}

n
,

K
(x
)
=

−
lo
g
Q

U
(x
)
+

O
(1
)
=

−
log

m
(x
).

H
en

ce,
if
x
h
as

h
ig
h
p
ro
b
ab

ility
b
ecau

se
it

h
as

m
an

y
lon

g
d
escrip

tion
s
th
en

it
m
u
st

h
av
e

a
sh
o
rt

d
escrip

tio
n
to
o
.

W
e
refer

to
m
u
tu
a
l
in
fo
rm

a
tio

n
of

tw
o
fi
n
ite

strin
g
s
as

I
(x

:
y
)
=

K
(x
)
+

K
(y
)−

K
(x
,y
).

N
o
tice

th
a
t
th
e
m
u
tu
a
l
in
form

a
tion

is
sy
m
m
etric,

i.e.,
I
(x

:
y
)
=

I
(y

:
x
).

3

3
D
e
p
th

B
en

n
ett

[B
en

88]
d
efi

n
es

th
e
b-sign

ifi
can

t
logica

l
d
ep

th
of

an
ob

ject
x
a
s
th
e
tim

e
req

u
ired

b
y

th
e
referen

ce
u
n
iv
ersal

T
u
rin

g
m
ach

in
e
to

gen
erate

x
b
y
a
p
rogram

th
at

is
n
o
m
ore

th
an

b
b
its

lon
ger

th
an

th
e
sh
ortest

d
escrip

tion
s
of

x
.
B
en

n
ett

u
ses

tim
e
as

th
e
n
u
m
b
er

of
step

s;
in
stead

,
w
e
gen

eralize
th
e
d
efi

n
ition

to
con

sid
er

th
e
n
u
m
b
er

of
step

s
t(|x|),

w
h
ere

t
is

a
tim

e-con
stru

ctib
le

fu
n
ction

.
W
e
w
ill

u
se

a
m
ore

gen
eral

d
efi

n
ition

in
th
e
later

th
eorem

s.

D
e
fi
n
itio

n
3
.1

(L
o
g
ic
a
l
D
e
p
th

)
T
h
e
logical

d
ep

th
of

a
strin

g
x
at

a
sign

ifi
can

ce
lev

el
b
is

ld
ep

th
b (x

)
=

m
in {

t(|x|)
:
Q

tU
(x
)

Q
U
(x
)
≥

2 −
b }

,

w
h
ere

th
e
m
in
im

u
m

is
taken

ov
er

all
tim

e
con

stru
ctib

le
t.

G
iven

a
sign

ifi
can

ce
level

b,
th
e
logical

d
ep

th
of

a
strin

g
x
is

th
e
m
in
im

al
ru
n
n
in
g
tim

e
t(|x|),

su
ch

th
at

p
rogram

s
ru
n
n
in
g
in

at
m
ost

t(|x|)
step

s
accou

n
t
for

ap
p
rox

im
ately

a
1/

2
b

fraction
of

x
’s

u
n
iversal

p
rob

ab
ility.

In
fact,

w
ith

som
e
p
rob

ab
ility

w
e
can

d
eriv

e
th
e
strin

g
b
y
sim

p
ly

fl
ip
p
in
g
a
coin

.
B
u
t
for

lon
g
strin

gs
th
is
p
rob

ab
ility

is
ex
ceed

in
gly

sm
all.

If
th
e
strin

g
h
as

a
sh
ort

d
escrip

tion
th
en

w
e

can
fl
ip

th
at

w
ith

h
igh

er
p
rob

ab
ility.

B
en

n
ett

p
rop

osal
tries

to
ex
p
ress

th
e
trad

eoff
b
etw

een
th
e
p
rob

ab
ility

of
fl
ip
p
in
g
a
sh
ort

p
rogram

an
d
th
e
sh
ortest

com
p
u
tatio

n
tim

e
from

p
rogram

to
ob

ject.
A
n
tu
n
es

et
a
l.
[A

F
M
V
06]

d
evelop

ed
th
e
n
otion

of
com

p
u
tation

al
d
ep

th
in

o
rd
er

to
cap

tu
re

th
e
trad

eoff
b
etw

een
th
e
am

ou
n
t
of

h
elp

b
its

req
u
ired

an
d
th
e
red

u
ced

com
p
u
tation

tim
e
to

com
p
u
te

a
strin

g.
T
h
e
con

cep
t
is

sim
p
le:

th
ey

con
sid

er
th
e
d
iff
eren

ce
of

tw
o
version

s
of

K
olm

ogorov
com

p
lex

ity
m
easu

res.

D
e
fi
n
itio

n
3
.2

(B
a
sic

C
o
m
p
u
ta

tio
n
a
l
D
e
p
th

)
L
et

t
b
e
a
tim

e
con

stru
ctib

le
fu
n
ction

.
F
or

an
y
fi
n
ite

b
in
ary

strin
g
x
w
e
d
efi

n
e

d
ep

th
t(x

)
=

K
t(x

)−
K
(x
).

B
en

n
ett

is
n
ot

very
p
recise,

b
u
t
from

h
is

orig
in
al

p
ap

er
[B
en

88]
w
e
can

con
clu

d
e
th
at

h
e
in
ten

d
s
th
at

a
strin

g
x

to
b
e
(t(|x|),b)-d

eep
iff

t(|x|)
is

th
e
least

n
u
m
b
er

of
step

s
to

com
p
u
te

x
from

a
p
rogram

of
len

gth
at

m
o
st

K
(x
)
+

b.
T
h
en

,
it

is
straig

h
tforw

ard
th
at

d
ep

th
t(x

)
=

K
t(x

)−
K
(x
)
iff

x
is
(t(|x|),K

t(x
)−

K
(x
))-d

eep
.
T
h
e
rela

tion
s
b
etw

een
B
en

n
ett’s

logical
d
ep

th
an

d
th
e
com

p
u
tation

al
d
ep

th
follow

.

T
h
e
p
ro
of

of
Item

(ii)
b
elow

u
ses

an
id
ea

con
tain

ed
in

th
e
p
ro
of

of
T
h
eorem

7.7.1
of

[L
V
97].

D
efi

n
e
K
(t)

w
h
ere

t
is

a
tim

e-con
stru

ctib
le

fu
n
ction

,
as

m
in

i {
i
:
T
i
com

p
u
tes

t(·)},
w
h
ere

T
1 ,T

2 ,...
is

th
e
stan

d
ard

en
u
m
eration

of
all

T
u
rin

g
m
ach

in
es.

T
h
e
o
re

m
3
.3

L
et

t
be

a
tim

e-co
n
stru

ctible
fu
n
ctio

n
.

(i)
If

b
is

th
e
m
in
im

u
m

va
lu
e
su
ch

th
a
t
ld
ep

th
b (x

)
=

t(|x|),
th
en

d
ep

th
t(x

)≥
b
+

O
(1).

(ii)
If

d
ep

th
t(x

)
=

b,
th
en

ld
ep

th
b+

m
in{

K
(b),K

(t)}
+
O
(1
) (x

)≥
t(|x|).

4



P
roo

f.
(i)

A
ssu

m
e,

ld
ep

th
b (x

)
=

t(|x|).
S
o

Q
tU
(x
)

Q
U
(x
)
≥

2 −
b,

w
ith

t(|x|)
lea

st.
A
ssu

m
e
fu
rth

erm
ore

th
a
t
b
is

th
e
lea

st
in
teger

so
th
at

th
e
in
eq
u
ality

h
old

s
fo
r
th
is

t(|x|).
W
e
also

h
ave

Q
tU
(x
)

Q
U
(x
)
≥

2 −
K

t(x
)

Q
U
(x
)
=

2 −
(K

t(x
)−

K
(x

)−
O
(1
))
=

2 −
b−

∆
,

w
h
ere

b
+
∆

=
K

t(x
)−

K
(x
)−

O
(1).

T
h
e
fi
rst

in
eq
u
ality

h
old

s
sin

ce
th
e
su
m

Q
tU
(x
)
com

p
rises

a
term

2 −
K

t(x
)
b
ased

on
a
sh
o
rtest

p
ro
g
ra
m

o
f
len

g
th

K
t(x

)
com

p
u
tin

g
x
in

at
m
ost

t(|x|)
step

s.
S
in
ce

b
is
th
e
least

in
teger,

it
fo
llow

s
th
a
t
∆

≥
0
.
S
in
ce

d
ep

th
t(x

)
=

K
t(x

)−
K
(x
),
w
e

fi
n
d
th
at

d
ep

th
t(x

)≥
b
+

O
(1
).

(ii)
A
ssu

m
e
th
at

d
ep

th
t(x

)
=

b,
th
at

is,
x
is

(t(|x|),b)-d
eep

.
W
e
can

en
u
m
erate

th
e
set

S
o
f
a
ll
p
ro
gra

m
s
com

p
u
tin

g
x
in

tim
e
a
t
m
o
st

t(|x|)
b
y
sim

u
latin

g
all

p
rogram

s
of

len
gth

l≤
|x|

+
2
lo
g|x|

fo
r
t(|x|)

step
s.

H
en

ce,
th
e
sh
o
rtest

su
ch

p
rogram

q
en
u
m
eratin

g
S

h
as

len
gth

|q|≤
K
(x
,t)

+
O
(1
).

B
u
t
w
e
a
ch
ieve

th
e
sa
m
e
eff

ect
if,

given
x
an

d
b
w
e
en
u
m
erate

all
p
rog

ram
s
o
f
len

gth
l
as

ab
ove

in
o
rd
er

of
in
creasin

g
ru
n
n
in
g
tim

e
an

d
stop

w
h
en

th
e

accu
m
u
lated

a
lgo

rith
m
ic

p
ro
b
a
b
ility

ex
ceed

s
2 −

K
(x

)+
b.

T
h
e
ru
n
n
in
g
tim

e
of

th
e
last

p
rogram

is
t(|x|).

(T
h
is

sh
ow

s
th
a
t
K
(t,x

)≤
K
(b,x

)
+

O
(1),

n
o
t
K
(t)≤

K
(b)

+
O
(1)).

T
h
e
sh
ortest

p
ro
gra

m
r
d
o
in
g
th
is

h
a
s
len

gth
|r|≤

K
(x
,b)

+
O
(1
).

H
en

ce,
K
(S

)≤
m
in{K

(x
,t),K

(x
,b)}.

B
y
d
efi

n
ition

,
Q

tU
(x
)
=

∑
p∈

S
2 −

|p|.
A
ssu

m
e,

b
y
w
ay

of
con

trad
iction

,
th
at

Q
tU
(x
)

Q
U
(x
)
<

2 −
b−

m
in{

K
(b),K

(t)}−
O
(1
)

S
in
ce

Q
U
(x
)
=

2 −
K
(x

)−
O
(1
),
w
e
h
ave

Q
tU
(x
)
<

2 −
K
(x

)−
b−

m
in{

K
(b),K

(t)}−
O
(1
)

D
en

o
te

m
=

K
(x
)
+

b
+

m
in{

K
(b),K

(t)}
+

O
(1
).

S
in
ce

S
is

a
p
refi

x
-free

∑
p∈

S
2 −

|p|
<

2 −
m
.

N
ow

every
strin

g
in

S
ca
n
b
e
eff

ectiv
ely

co
m
p
ressed

b
y
a
t
least

m
−
K
(S

)−
O
(1)

b
its.

N
am

ely,

∑p∈
S

2 −
|p|+

m
<

1

T
h
erefo

re,
th
e
elem

en
ts

o
f
S

ca
n
b
e
co
d
ed

b
y
th
e
S
h
an

n
on

-F
an

o
co
d
e
w
ith

th
e
co
d
e
w
ord

len
gth

for
p
a
t
m
ost|p|−

m
+
2
.
In

o
rd
er

to
m
ake

th
is

co
d
in
g
eff

ective,
w
e
u
se

a
p
rogram

of
len

g
th

K
(S

)
to

en
u
m
era

te
ex
a
ctly

th
e
strin

gs
o
f
S
.
T
h
is
takes

an
ad

d
ition

al
K
(S

)
+
O
(1)

b
its

in
th
e
co
d
e
for

each
p
∈
S
.
T
h
is
w
ay,

ea
ch

p
∈
S
is
eff

ectively
com

p
ressed

b
y
m
−
K
(S

)−
O
(1)

b
its.

T
h
erefo

re,
ea
ch

p
∈

S
can

b
e
com

p
ressed

b
y
a
t
least

K
(x
)
+

b
+

m
in{K

(b),K
(t)}−

m
in{K

(x
,t),K

(x
,b}

b
its,

u
p
to

a
n
a
d
d
itive

co
n
stan

t
w
e
can

set
freely,

an
d
h
en

ce
b
y
m
ore

th
a
n
b
b
its

w
h
ich

is
a
co
n
trad

iction
.
H
en

ce,

Q
tU
(x
)

Q
U
(x
)
≥

2 −
b−

m
in{

K
(t),K

(b)}−
O
(1
)

w
h
ich

p
roves

(ii).
�

5

4
A

U
n
ify

in
g
A
p
p
ro

a
ch

L
ogical

d
ep

th
an

d
com

p
u
tation

al
d
ep

th
are

all
in
stan

ces
of

a
m
ore

gen
eral

m
easu

re,
n
am

ely
th
e
ran

d
om

n
ess

d
efi

cien
cy

of
a
strin

g
x

w
ith

resp
ect

to
a
p
rob

ab
ility

d
istrib

u
tion

,
L
ev
in

[L
ev
74,

L
ev
84].

F
or

u
s,

w
ith

som
e
ab

u
se

of
n
otation

,
see

[L
V
97],

a
fu
n
ction

µ
:{0

,1} ∗→
R

d
efi

n
es

a
p
ro
ba
bility

m
ea
su
re

or
m
ea
su
re

for
sh
ort,

if

µ
(ε)

=
1,

µ
(x
)
=

∑a∈{
0
,1}

µ
(x
a
).

D
e
fi
n
itio

n
4
.1

L
et

µ
b
e
a
com

p
u
tab

le
m
easu

re.
T
h
en

,

δ(x
|
µ
)
=

⌊
log

Q
U
(x
)

µ
(x
)

⌋

is
th
e
ra
n
d
o
m
n
ess

d
efi

cien
cy

1
of

x
w
ith

resp
ect

to
µ
.

H
ere

Q
U

is
th
e
u
n
iversal

a
p
riori

p
rob

ab
ility

of
D
efi

n
ition

2.1.

N
ote

th
at

Q
U
(x
)
is

of
ex
act

ord
er

o
f
2 −

K
(x

)
b
y

th
e
C
o
d
in
g
T
h
eorem

2.3,
i.e.,

u
p

to
m
u
ltip

licative
term

s
Q

U
(x
)
an

d
2 −

K
(x

)
are

eq
u
al.

(In
th
e
literatu

re,
see

for
ex
am

p
le

[L
V
97],

m
(x
)
=

2 −
K
(x

)
is

u
sed

in
stead

o
f
Q

U
(x
),

an
d
it

is
straigh

tforw
ard

th
at

th
is

is
eq
u
ivalen

t
u
p

to
a
m
u
ltip

licative
in
d
ep

en
d
en
t
co
n
stan

t
b
y
th
e
C
o
d
in
g
T
h
eorem

.)

L
ev
in

[L
ev
74,

L
ev
84]

sh
ow

ed
th
at

th
e
ran

d
om

n
ess

d
efi

cien
cy

of
x
w
ith

resp
ect

to
µ
is
th
e

largest,
w
ith

in
an

ad
d
itive

con
stan

t,
ran

d
om

n
ess

µ
-test

for
x
.
S
o
δ(x

|
µ
)
is,

in
a
sen

se,
a

u
n
iversal

ch
aracterization

of
“n

on
-ran

d
om

n
ess”,

“u
sefu

l”
or

“m
ean

in
gfu

l”
in
form

ation
in

a
strin

g
x
w
ith

resp
ect

to
a
p
rob

ab
ility

d
istrib

u
tion

µ
.

•
R
an

d
om

n
ess

d
efi

cien
cy

is
“alm

o
st

n
on

-n
egative”

in
th
e
sen

se
th
at

δ(x
|
µ
)≥

C
for

so
m
e

con
stan

t
C

(p
ossib

ly
n
egative)

an
d
all

x
w
ith

µ
(x
)
>

0
.
In
d
eed

,
ev
ery

su
ch

elem
en
t
x

can
b
e
d
escrib

ed
b
y
its

log
1/µ

(x
)-b

it
S
h
an

n
on

-F
an

o
co
d
e
w
ord

con
d
ition

al
to

µ
.
T
h
u
s

K
(x

|
µ
)≤

log
1/µ

(x
)
+

O
(1).

•
F
or

all
com

p
u
tab

le
m
easu

re
µ
,
th
e
ran

d
om

n
ess

d
efi

cien
cy

of
alm

ost
all

elem
en
ts

of
p
ositive

µ
-m

easu
re

is
sm

all:
th
e
µ
-p
rob

ab
ility

con
cen

trated
on

x
’s

w
ith

µ
(x
)
>

0
an

d
δ(x

|
µ
)
>

β
is
less

th
an

2 −
β
.
In
d
eed

,
δ(x

|
µ
)
>

β
im

p
lies

th
at

K
(x

|
µ
)
<

lo
g
1/µ

(x
)−

β
.
S
in
ce

th
ere

are
at

m
ost

2
lo
g
1
/
µ
(x

)−
β
p
rog

ram
s
w
ith

less
th
an

log
1/µ

(x
)−

β
b
its,

th
e

n
u
m
b
er

of
x
’s

satisfy
in
g
th
e
in
eq
u
ality

can
n
ot

b
e
larger.

•
E
very

elem
en
t
w
ith

sm
all

ran
d
om

n
ess

d
efi

cien
cy

w
ith

resp
ect

to
µ
p
ossesses

every
sim

-
p
ly

d
escrib

ab
le

p
rop

erty
of

a
set

of
elem

en
ts

of
p
ositiv

e
µ
-p
rob

ab
ility,

on
w
h
ich

th
e

m
a
jority

of
µ
-p
rob

ab
ility

is
con

cen
trated

.
W
e
id
en
tify

a
p
rop

erty
of

elem
en
ts

of
p
osi-

tive
µ
-p
rob

ab
ility

w
ith

a
su
b
set

con
sistin

g
o
f
all

elem
en
ts

h
av
in
g
th
at

p
rop

erty.
M
ore

sp
ecifi

cally,
assu

m
e
th
at

P
is

a
su
b
set

w
ith

µ
(P

)
≥

1
−

2 −
β
(m

a
jority

of
µ
-p
ositive

elem
en
ts

p
ossess

th
e
p
rop

erty
P
)
an

d
K
(P

|
µ
)≤

γ
(th

e
p
rop

erty
P

h
as

a
sh
ort

d
e-

scrip
tion

).
T
h
en

th
e
ran

d
om

n
ess

d
efi

cien
cy

of
all

x
6∈
P

of
p
ositive

µ
-p
rob

ab
ility

satisfi
es

1brc
d
en

o
tes

th
e
in
teg

er
p
a
rt

o
f
r
a
n
d
dαe

d
en

o
tes

th
e
sm

a
llest

in
teg

er
b
ig
g
er

th
a
n
α
.

6



δ(x
|
µ
)
>

β−
γ−

O
(log|x|),

w
h
ich

is
la
rge

if
β
is
large

an
d
γ
is
sm

all.
In
d
eed

,
ign

orin
g

th
e
lo
g
arith

m
ic

term
s,

w
e
h
ave

K
(x

|
µ
)≤

lo
g|P

|
+
K
(P

|
µ
)≤

log
1/µ

(x
)−

β
+

γ
.

T
h
e
ra
n
d
om

n
ess

d
efi

cien
cy

m
easu

res
o
u
r
d
isb

elief
th
at

x
can

b
e
ob

tain
ed

b
y

ran
d
om

sam
p
lin

g
fro

m
µ
.
B
y
th
e
seco

n
d
p
ro
p
erty,

w
ith

h
igh

p
rob

ab
ility,

th
e
ran

d
om

n
ess

d
efi

cien
cy

of
a
n
elem

en
t
ran

d
o
m
ly

d
raw

n
fro

m
µ
is

sm
all.

O
n
th
e
oth

er
h
an

d
,
if
δ(x

|
µ
)
is

sm
all,

th
ere

is
n
o
w
ay

to
refu

te
th
e
h
y
p
o
th
esis

th
a
t
x
w
a
s
ob

ta
in
ed

b
y
µ
-ran

d
om

sam
p
lin

g:
every

su
ch

refu
tation

is
b
a
sed

o
n
a
sim

p
ly

d
escrib

ed
p
ro
p
erty

p
o
ssessed

b
y
a
µ
-m

a
jority

b
u
t
n
ot

b
y
x
.

A
t
th
is
p
o
in
t,
it
is
im

p
o
rta

n
t
to

co
n
sid

er
on

ly
sim

p
ly

d
escrib

ab
le

p
rop

erties,
as

oth
erw

ise
w
e

ca
n
refu

te
th
e
h
y
p
oth

esis
b
y
ex
h
ib
itin

g
th
e
p
ro
p
erty

P
=

{
y
:
µ
(y
)
>

0}\{
x}.

W
e
n
ow

ob
serve

th
a
t
lo
gica

l
d
ep

th
a
n
d

co
m
p
u
ta
tion

al
d
ep

th
of

a
strin

g
x

eq
u
als

th
e

ra
n
d
o
m
n
ess

d
efi

cien
cy

o
f
x
w
ith

resp
ect

to
th
e
m
ea
su
res

Q
t(x

)
=

∑
U

t(p
)=

x
2 −

|p|
an

d
2 −

K
t(x

)

resp
ectively.

T
h
e
p
ro
o
fs

follow
d
irectly

from
th
e
d
efi

n
ition

s.

L
e
m
m
a
4
.2

L
et

x
be

a
fi
n
ite

bin
a
ry

strin
g
a
n
d
let

t
be

a
tim

e-co
n
stru

ctible
fu
n
ctio

n
.

(i)
ld
ep

th
b (x

)
=

m
in{t

:
δ(x

|
Q

t)≤
b}
.

(ii)
d
ep

th
t(x

)
=

δ(x
|
m

t)
w
h
ere

m
t(z

)
=

2 −
K

t(z
).

5
O
n
th

e
in
fo
rm

a
tio

n
o
f
in
fi
n
ite

strin
g
s

B
a
sed

on
th
e
u
n
ifi
ca
tio

n
o
f
d
ep

th
co
n
cep

ts
fo
r
fi
n
ite

strin
gs,

w
e
ex
ten

d
th
ese

id
eas

for
in
fi
n
ite

seq
u
en

ces.
In

o
rd
er

to
m
o
tivate

o
u
r
a
p
p
roa

ch
w
e
start

b
y

in
tro

d
u
cin

g
L
ev
in
’s

n
otion

of
ran

d
om

n
ess

d
efi

cien
cy

for
in
fi
n
ite

seq
u
en

ces.

D
e
fi
n
itio

n
5
.1

(L
e
v
in
)
T
h
e
va
lu
e
D
(α

/
µ
)
=

blo
g
su
p
(m

(α
n
) ∗/µ

(α
n
))c

is
ca
lled

th
e
ra
n
-

d
o
m
n
ess

d
efi

cien
cy

o
f
α

w
ith

respect
to

th
e
sem

i-m
ea
su
re

µ
.

H
ere

m
(α

n
) ∗

is
th
e
d
en

sity
p
ro
ba
bility

fu
n
ctio

n
o
f
m
(α

n
).

L
et

α
an

d
β
b
e
tw

o
seq

u
en

ces
a
n
d
m

⊗
m

b
e
d
efi

n
ed

b
y
m

⊗
m
(α

,β
)
=

m
(α

)m
(β

).

D
e
fi
n
itio

n
5
.2

(L
e
v
in
)
T
h
e
va
lu
e
I
(α

:
β
)
=

D
((α

,β
)/
m

⊗
m
)
is

ca
lled

th
e
a
m
o
u
n
t
o
f

in
fo
rm

a
tio

n
in

α
a
bo
u
t
β
o
r
th
e
d
efi

cien
cy

o
f
th
eir

in
d
epen

d
en

ce.

T
h
is

d
efi

n
ition

is
eq
u
iva

len
t
to

th
e
m
u
tu
a
l
in
form

ation
I
(α

:
β
)
=

su
p
n
I
(α

n
:
β
n
).

L
et

α
an

d
γ

b
e
tw

o
ran

d
o
m

in
fi
n
ite

a
n
d

in
d
ep

en
d
en
t
strin

gs
(in

th
e
sen

se
th
at

th
eir

p
refi

x
es

a
re

in
d
ep

en
d
en
t).

C
o
n
sid

er
th
e
fo
llow

in
g
seq

u
en

ce
β

E
x
a
m
p
le

5
.3

β
=

α
1γ

1α
2γ

2
...

B
y
D
efi

n
ition

5
.2

w
e
h
ave

I
(α

:
β
)

=
su
pn
I
(α

n
:
β
n
)

=
su
pn
(K

(α
n
)
+

K
(β

n
)−

K
(α

n
,β

n
))

≥
su
pn
(n

+
n
−

(n
+

n
/2))

=
∞
.

7

A
s
I
(β

:
α
)
=

I
(α

:
β
)
th
en

I
(β

:
α
)
=

∞
.

H
ow

ever,
in
tu
itiv

ely
β

con
tain

s
m
ore

in
form

ation
ab

ou
t
α

th
an

th
e
oth

er
w
ay

arou
n
d
,

sin
ce

from
th
e
seq

u
en

ce
β
w
e
can

totally
recon

stru
ct

α
b
u
t
from

α
w
e
ca
n
on

ly
recover

h
alf

of
β
,
n
am

ely,
th
e
b
its

w
ith

o
d
d
in
d
ex
es.

T
h
is
seem

s
to

b
e
a
lacu

n
a
in

D
efi

n
ition

5.2.
T
h
e
d
efi

n
ition

say
s
m
ore

w
h
en

th
e
in
form

ation
is

fi
n
ite

b
u
t
th
at

is
p
recisely

w
h
en

w
e
d
o
n
ot

n
eed

an
a
ccu

rate
resu

lt.
N
otice

th
at

if
th
e

seq
u
en

ces
are

fi
n
ite

w
e
can

argu
e
th
at

th
ey

are
in
d
ep

en
d
en
t.

In
th
e
in
fi
n
ite

case,
on

e
sh
ou

ld
b
e

ab
le
to

classify
th
e
cases

w
h
ere

th
e
m
u
tu
al

in
form

ation
is
in
fi
n
ite.

T
w
o
in
fi
n
ite

seq
u
en

ces
m
ay

h
ave

in
fi
n
ite

m
u
tu
al

in
form

ation
an

d
y
et

in
fi
n
ite

in
form

ation
still

lack
s
in

ord
er

to
recon

stru
ct

each
of

th
em

.
In

th
e
p
rev

iou
s
ex
am

p
le

α
fails

to
p
rov

id
e
all

th
e
in
form

atio
n
of

β
related

to
γ
,

w
h
ich

h
as

in
fi
n
ite

in
form

ation
.
In

th
is

sectio
n
w
e
w
ill

p
resen

t
tw

o
ap

p
roach

es
to

reform
u
late

th
e
d
efi

n
ition

of
“m

u
tu
al

in
form

ation
”
in

ord
er

to
fu
lfi
ll
ou

r
in
tu
ition

.
In

ord
er

to
h
av
e
a

p
rop

ortion
of

in
form

ation
as

th
e
p
refi

x
es

grow
w
e
n
eed

to
d
o
so
m
e
n
orm

alization
in

th
e

p
ro
cess.

5
.1

T
h
e
M

u
tu

a
l
In

fo
rm

a
tio

n
P
o
in
t
o
f
V
ie
w

W
e
are

lo
ok

in
g
for

a
n
orm

alized
m
u
tu
al

in
form

ation
m
easu

re
I
m

th
at

ap
p
lied

to
E
x
am

p
le

5.3
gives

I
m
(α

:
α
)
=

1;
I
m
(α

:
β
)
=

1/
2;

I
m
(β

:
α
)
=

1;
I
m
(β

:
β
)
=

1

C
on

trarily
to

th
e
d
efi

n
ition

of
L
ev
in

of
in
fi
n
ite

m
u
tu
a
l
in
form

ation
,
an

d
accord

in
gly

to
ou

r
in
tu
ition

,
th
e
ab

ove
con

d
ition

s
im

p
ly

th
at

th
e
n
orm

alized
version

m
u
st

b
e
n
on

-sy
m
m
etric.

D
e
fi
n
itio

n
5
.4

(F
irst

a
tte

m
p
t)

G
iven

tw
o
in
fi
n
ite

sequ
en

ces
α
a
n
d
β
th
e
n
o
rm

a
lized

m
u
-

tu
a
l
in
fo
rm

a
tio

n
th
a
t
β
h
a
s
a
bo
u
t
α

is
d
efi

n
ed

a
s

I
m
(β

:
α
)
=

lim
n→

∞
lim

m
→

∞
I
(β

m
:
α
n
)

I
(α

n
:
α
n
)

T
h
e
m
a
jor

d
raw

b
ack

of
th
is

d
efi

n
ition

is
th
e
fa
ct

th
at

th
e
lim

it
d
o
es

n
ot

alw
ay
s
ex
ist. 2

H
ow

ever,
it

d
o
es

ex
ist

for
th
e
E
x
a
m
p
le

5.3
w
ith

th
e
d
esired

p
rop

erties.
F
u
rth

erm
ore,

w
e

ob
tain

for
th
e
sam

e
α
an

d
βI
m
(α

:
α
)
=

1
;

I
m
(β

:
β
)
=

1;

I
m
(α

:
β
)
=

lim
n→

∞
lim

m
→

∞
m

+
n
−
(m

+
n
−

n
/
2)

n
=

12
;

I
m
(β

:
α
)
=

lim
n→

∞
lim

m
→

∞
m

+
n
−

m

n
=

1;

2N
o
tice

th
a
t
th
ere

a
re

seq
u
en

ces
α

fo
r
w
h
ich

limn

n

K
(α

n
)
d
o
es

n
o
t
ex
ist.
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D
e
fi
n
itio

n
5
.5

(N
o
rm

a
liz

e
d

m
u
tu

a
l
in
fo
rm

a
tio

n
fo
r
in
fi
n
ite

se
q
u
e
n
c
e
s)

G
iven

tw
o

in
fi
n
ite

sequ
en

ces
α

a
n
d
β

w
e
d
efi

n
e
th
e
lo
w
er

n
o
rm

a
lized

m
u
tu
a
l
in
fo
rm

a
tio

n
th
a
t
β

h
a
s

a
bo
u
t
α

a
s

I
m
∗ (β

:
α
)
=

lim
in
f

n→
∞

lim
m
→

∞
I
(β

m
:
α
n
)

I
(α

n
:
α
n
)

a
n
d
th
e
u
p
per

n
o
rm

a
lized

m
u
tu
a
l
in
fo
rm

a
tio

n
th
a
t
β
h
a
s
a
bo
u
t
α

a
s

I ∗m
(β

:
α
)
=

lim
su
p

n→
∞

lim
m
→

∞
I
(β

m
:
α
n
)

I
(α

n
:
α
n
)

N
o
tice

th
a
t
th
ese

d
efi

n
itio

n
s
a
lso

fu
lfi
ll
th
e
req

u
irem

en
ts

p
resen

ted
in

th
e
b
egin

n
in
g
of

th
is

sectio
n
w
ith

resp
ect

to
th
e
ex
am

p
le

5.3
.

W
e
n
ow

ca
n
d
efi

n
e
in
d
ep

en
d
en

ce
w
ith

resp
ect

to
n
o
rm

alized
m
u
tu
al

in
form

ation
:

D
e
fi
n
itio

n
5
.6

T
w
o
sequ

en
ces,

α
a
n
d
β
,
a
re

in
d
epen

d
en

t
if
I ∗m

(α
:
β
)
=

I ∗m
(β

:
α
)
=

0
.

In
[L
u
t0
0,

L
u
t0
2],

th
e
a
u
th
or

d
evelo

p
ed

a
con

stru
ctive

version
of

H
au

sd
orff

d
im

en
sion

.
T
h
a
t
d
im

en
sio

n
a
ssign

s
to

every
b
in
a
ry

seq
u
en

ce
α

a
real

n
u
m
b
er

d
im

(α
)
in

th
e
in
terval

[0,1
].

L
u
tz

cla
im

s
th
a
t
th
e
d
im

en
sion

o
f
a
seq

u
en

ce
is

a
m
easu

re
of

its
in
form

ation
d
en

sity.
T
h
e
id
ea

is
to

d
iff
eren

tia
te

seq
u
en

ces
b
y
n
o
n
-ran

d
o
m
n
ess

d
egrees,

n
am

ely
b
y
th
eir

d
im

en
sion

.
O
u
r
a
p
p
ro
ach

is
p
recisely

to
in
tro

d
u
ce

a
m
easu

re
o
f
d
en

sity
of

in
form

ation
th
at

on
e
seq

u
en

ce
h
a
s
ab

o
u
t
th
e
o
th
er,

in
th
e
to
tal

am
ou

n
t
o
f
th
e
oth

er’s
in
form

ation
.

S
o
w
e
d
iff
eren

tiate
n
o
n
-in

d
ep

en
d
en
t
seq

u
en

ces,
b
y
th
eir

n
orm

alized
m
u
tu
a
l
in
form

ation
.

M
ayord

om
o
[M

ay
02

]
red

efi
n
ed

con
stru

ctive
H
a
u
sd
o
rff

d
im

en
sion

in
term

s
of

K
olm

ogorov
co
m
p
lex

ity.

T
h
e
o
re

m
5
.7

(M
a
y
o
rd

o
m
o
)
F
o
r
every

sequ
en

ce
α
,

d
im

(α
)
=

lim
in
f

n→
∞

K
(α

n
)

n

S
o
,
n
ow

th
e
co
n
n
ectio

n
b
etw

een
co
n
stru

ctive
d
im

en
sion

an
d
n
orm

alized
in
form

ation
m
ea-

su
re

in
tro

d
u
ced

h
ere

is
clea

r.
It

is
o
n
ly

n
a
tu
ral

to
a
ccom

p
lish

resu
lts

ab
ou

t
th
e
H
au

sd
orff

co
n
stru

ctive
d
im

en
sion

of
a
seq

u
en

ce,
k
n
ow

in
g
th
e
d
im

en
sion

of
an

oth
er,

an
d
th
eir

n
orm

alized
in
form

a
tion

.

L
e
m
m
a
5
.8

L
et

α
a
n
d
β
be

tw
o
in
fi
n
ite

sequ
en

ces.
T
h
en

I ∗m
(α

:
β
)·

d
im

(β
)≥

d
im

(α
)
+
lim

in
f

n→
∞

−
K
(α

n |β
n
)

n

P
roo

f.

I ∗m
(α

,β
)·d

im
(β

)
=

lim
su
p

n
limm

I
(α

m
:
β
n
)

I
(β

n
:
β
n
)
·lim

in
f

n

K
(β

n
)

n

≥
lim

in
f

n
lim

in
f

m

I
(α

m
:
β
n
)

n

≥
lim

in
f

n
lim

in
f

m

I
(α

m
:
β
n
)

m

≥
lim

in
f

n
lim

in
f

m

K
(α

m
)−

K
(α

m |β
m
)

m

≥
lim

in
f

m

K
(α

m
)

m
+
lim

in
f

m

−
K
(α

m |β
m
)

m

=
d
im

(α
)
+
lim

in
f

m
−
K
(α

m |β
m
)

m
�

9

W
e
p
resen

t
n
ow

th
e
tim

e
b
ou

n
d
ed

versio
n
of

d
im

(α
).

T
h
is

d
efi

n
ition

w
ill

b
e
im

p
ortan

t
later

on
th
is

p
ap

er.

D
e
fi
n
itio

n
5
.9

T
h
e
t-bo

u
n
d
ed

d
im

en
sio

n
o
f
a
n
in
fi
n
ite

sequ
en

ce
α

is
d
efi

n
ed

a
s

d
im

t(α
)
=

lim
in
f

n→
∞

K
t(α

n
)

n

5
.2

T
h
e
H
a
u
sd

o
rff

co
n
stru

ctiv
e
d
im

e
n
sio

n
p
o
in
t
o
f
v
ie
w

In
th
is
su
b
section

w
e
d
efi

n
e
th
e
com

m
on

in
form

ation
b
etw

een
tw

o
seq

u
en

ces
b
ased

on
H
au

s-
d
orff

con
stru

ctive
d
im

en
sion

an
d
estab

lish
a
con

n
ection

to
it.

D
e
fi
n
itio

n
5
.1
0

T
h
e
d
im

en
sio

n
a
l
m
u
tu
a
l
in
fo
rm

a
tio

n
o
f
th
e
sequ

en
ces

α
a
n
d
β
is

d
efi

n
ed

a
s

I
d
im
(α

,β
)
=

d
im

(α
)
+
d
im

(β
)−

2
d
im

〈α
,β〉

T
h
is

m
easu

re
of

m
u
tu
al

in
form

ation
is

sy
m
m
etric.

T
h
e
d
efi

n
ition

con
sid

ers
tw

ice
d
im

〈α
,β〉

b
ecau

se
w
h
en

en
co
d
in
g
th
e
p
refi

x
es

α
n
an

d
β
n
th
e
resu

lt
is

a
2
n
-len

gth
strin

g.
N
otice

th
at,

I
d
im
(α

,β
)

=
d
im

(α
)
+
d
im

(β
)−

2
d
im

〈α
,β〉

=
lim

in
f

n→
∞

K
(α

n
/
2 )

n
/2

+
lim

in
f

n→
∞

K
(β

n
/
2 )

n
/
2

−
2
lim

in
f

n→
∞

K
(〈α

,β〉
n
)

n

≤
lim

in
f

n→
∞

K
(α

n
/
2 )

+
K
(β

n
/
2 )−

K
(α

n
/
2 ,β

n
/
2 )

n
/
2

=
lim

in
f

n→
∞

I
(α

n
:
β
n
)

n

≤
lim

in
f

n→
∞

I
(α

n
:
β
n
)

K
(β

n
)

≤
lim

in
f

n→
∞

lim
m
→

∞
I
(α

m
:
β
n
)

K
(β

n
)

=
I
m
∗ (α

:
β
)

T
h
e
th
ird

in
eq
u
ality

is
tru

e
b
ecau

se:

I
(β

n
:
α
m
)
=

K
(β

n
)−

K
(β

n |α
m
)≥

K
(β

n
)−

K
(β

n |α
n
)
=

I
(β

n
:
α
n
).

B
y
th
e
sy
m
m
etry

of
th
e
d
efi

n
ition

w
e
also

h
ave

th
at

I
d
im
(α

,β
)≤

I
m
∗ (β

:
α
).

T
h
ese

tw
o

facts
p
rove

th
e
follow

in
g
lem

m
a:

L
e
m
m
a
5
.1
1

L
et

α
a
n
d
β
be

tw
o
sequ

en
ces.

T
h
en

I
d
im
(α

,β
)≤

m
in
(I

m
∗ (α

:
β
),I

m
∗ (β

:
α
))

O
n
e
can

easily
m
o
d
ify

th
e
d
efi

n
ition

s
in
tro

d
u
ced

in
th
is

section
b
y
con

sid
erin

g
th
e
lim

its
w
h
en

n
go

es
to

th
e
len

gth
of

th
e
strin

g,
or

th
e
m
ax

im
u
m

len
g
th

of
th
e
strin

gs
b
ein

g
con

sid
ered

.
O
n
e
sh
ou

ld
also

n
otice

th
at

w
h
en

x
an

d
y
are

fi
n
ite

strin
gs

an
d
K
(y
)≥

K
(x
),

I
m
∗ (x

:
y
)
is

1−
d
(x
,y
),
w
h
ere

d
(x
,y
)
is

th
e
n
orm

alized
in
form

ation
d
istan

ce
stu

d
ied

in
[L
i03].
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6
D
e
p
th

o
f
in
fi
n
ite

strin
g
s

W
e
n
ow

stu
d
y
d
ep

th
o
f
in
fi
n
ite

seq
u
en

ces
an

d
p
rove

so
m
e
resu

lts
con

cern
in
g
th
ese

d
efi

n
ition

s.
T
o
m
otiva

te
o
u
r
d
efi

n
itio

n
s
w
e
recall

th
e
d
efi

n
itio

n
s
o
f
th
e
classes

of
w
eak

ly
(v
s.

stron
gly

d
eep

)
seq

u
en

ces
an

d
w
ea
k
ly

u
sefu

l
(v
s.

stro
n
g
ly

u
sefu

l)
seq

u
en

ces.

D
e
fi
n
itio

n
6
.1

([B
e
n
8
8
])

A
n
in
fi
n
ite

bin
a
ry

sequ
en

ce
α

is
d
efi

n
ed

a
s

•
w
ea
kly

d
eep

if
it
is

n
o
t
co
m
p
u
ta
ble

in
recu

rsively
bo
u
n
d
ed

tim
e
fro

m
a
n
y
a
lgo

rith
m
ica

lly
ra
n
d
o
m

in
fi
n
ite

sequ
en

ce.

•
stro

n
gly

d
eep

if
a
t
every

sign
ifi
ca
n
ce

level
b,

a
n
d
fo
r
every

recu
rsive

fu
n
ctio

n
t,

a
ll
bu
t

fi
n
itely

m
a
n
y
in
itia

l
segm

en
ts

α
n
h
a
ve

logica
l
d
ep
th

exceed
in
g
t(n

).

D
e
fi
n
itio

n
6
.2

([F
L
M

R
0
5
])

A
n
in
fi
n
ite

bin
a
ry

sequ
en

ce
α

is
d
efi

n
ed

a
s

•
w
ea
kly

u
sefu

l
if

th
ere

is
a
co
m
p
u
ta
ble

tim
e
bo
u
n
d
w
ith

in
w
h
ich

a
ll
th
e
sequ

en
ces

in
a

n
o
n
-m

ea
su
re

0
su
bset

o
f
th
e
set

o
f
d
ecid

a
ble

sequ
en

ces
a
re

T
u
rin

g
red

u
cible

to
α
.

•
stro

n
gly

u
sefu

l
if
th
ere

is
a
co
m
p
u
ta
ble

tim
e
bo
u
n
d
w
ith

in
w
h
ich

every
d
ecid

a
ble

sequ
en

ce
is

T
u
rin

g
red

u
cible

to
α
.

T
h
e
relatio

n
b
etw

een
lo
gical

d
ep

th
a
n
d
u
sefu

ln
ess

w
as

stu
d
ied

b
y
J
u
ed

es,
L
ath

rop
an

d
L
u
tz

[J
L
L
9
4]

w
h
o
d
efi

n
ed

th
e
co
n
d
itio

n
s
for

w
ea
k
an

d
stron

g
u
sefu

ln
ess

an
d
sh
ow

ed
th
at

every
w
eak

ly
u
sefu

l
seq

u
en

ce
is

stro
n
g
ly

d
eep

.
T
h
is

resu
lt

gen
eralizes

B
en

n
ett’s

rem
ark

on
th
e
d
ep

th
o
f
d
ia
go

n
al

of
th
e
h
a
ltin

g
p
ro
b
lem

,
stren

g
th
en

in
g
th
e
relation

b
etw

een
d
ep

th
an

d
u
sefu

ln
ess.

L
a
tter

F
en

n
er

et
a
l.
[F
L
M
R
0
5
]
p
roved

th
e
ex
isten

ce
of

seq
u
en

ces
th
at

are
w
eak

ly
u
sefu

l
b
u
t
n
o
t
stro

n
g
ly

u
sefu

l.
T
h
e
H
a
u
sd
o
rff

co
n
stru

ctive
d
im

en
sion

h
a
s
a
clo

se
co
n
n
ection

w
ith

th
e
in
form

ation
th
eories

fo
r
in
fi
n
ite

strin
g
s
stu

d
ied

b
efo

re,
see

fo
r
ex
a
m
p
le

[F
L
M
R
05],

[L
u
t00],

[L
u
t02]

an
d
[M

ay
02].

T
h
erefo

re,
in

th
is

sectio
n
w
e
d
efi

n
e
th
e
d
im

en
sio

n
a
l
com

p
u
tation

al
d
ep
th

of
a
seq

u
en

ce
in

o
rd
er

to
stu

d
y
th
e
n
on

ra
n
d
o
m

in
form

a
tion

on
a
in
fi
n
ite

seq
u
en

ce.

D
e
fi
n
itio

n
6
.3

T
h
e
d
im

en
sio

n
a
l
d
ep
th

o
f
a
sequ

en
ce

α
is

d
efi

n
ed

a
s

d
ep

th
td
im
(α

)
=

lim
in
f

n→
∞

δ(α
n
/2 −

K
t(α

n
))

n
.

L
e
m
m
a
6
.4

d
ep
th

td
im
(α

)≤
d
im

t(α
)−

d
im

(α
)

P
roo

f.

d
ep

th
td
im
(α

)
=

lim
in
f

n→
∞

δ(α
n
/
2 −

K
t(α

n
))

n

=
lim

in
f

n→
∞

K
t(α

n
)−

K
(α

n
)

n
≤

d
im

t(α
)−

d
im

(α
).

T
h
e
la
st

in
eq
u
ality

h
o
ld
s
sin

ce
th
e
seq

u
en

ce
of

va
lu
es

K
(α

n
)/n

is
n
on

n
egativ

e
an

d
th
en

lim
in
f

n
−
K
(α

n
)/
n
≤

−
lim

in
f

n
K
(α

n
)/
n
.

�

1
1

N
ow

,
in

th
e
d
efi

n
ition

of
stron

gly
d
eep

seq
u
en

ces,
in
stead

of
con

sid
erin

g
a
fi
x
ed

sign
ifi
can

ce
level

s
w
e
con

sid
er

a
sign

ifi
can

ce
level

fu
n
ction

s
:N

→
N

.
N
atu

ra
lly,

w
e
w
a
n
t
s(n

)
to

grow
very

slow
ly

so
w
e
assu

m
e
for

ex
am

p
le

th
at

s
=

o(n
).

W
ith

th
is

rep
lacem

en
t
w
e
ob

tain
a

tigh
ter

d
efi

n
ition

as
d
eep

n
ess

d
ecreases

w
ith

th
e
in
crease

of
th
e
sign

ifi
can

ce
level.

D
e
fi
n
itio

n
6
.5

A
sequ

en
ce

is
ca
lled

su
per

d
eep

if
fo
r
every

sign
ifi
ca
n
ce

level
fu
n
ctio

n
s
:N

→
N
,
su
ch

th
a
t
s
=

o(n
),

a
n
d
fo
r
every

recu
rsive

fu
n
ctio

n
t
:N

→
N
,
a
ll
bu
t
fi
n
itely

m
a
n
y
in
itia

l
segm

en
ts

α
n
h
a
ve

logica
l
d
ep
th

exceed
in
g
t(n

).

W
e
h
ave

alread
y
ch
aracterized

su
p
er

d
eep

seq
u
en

ces
u
sin

g
th
eir

d
im

en
sion

al
d
ep

th
in

th
eorem

3.3.
In

fact
w
e
h
ave

ld
ep

th
b (x

)
=

t(|x|),
w
ith

b
m
in
im

a
l⇒

d
ep

th
t(x

)≥
b
+

O
(1)

T
h
e
o
re

m
6
.6

A
sequ

en
ce

α
is

su
per

d
eep

if
a
n
d
o
n
ly

if
d
ep

th
td
im
(α

)
>

0
fo
r
a
ll
recu

rsive
tim

e
bo
u
n
d
t.

P
roo

f.
L
et

α
b
e
a
su
p
er

d
eep

seq
u
en

ce.
T
h
en

for
every

sign
ifi
can

ce
level

fu
n
ction

s,
su
ch

th
at

s
=

o(n
)
an

d
ev
ery

recu
rsiv

e
fu
n
ction

t
w
e
h
ave

th
at

for
alm

ost
all

n
,
ld
ep

th
s(n

) (α
n
)
>

t(n
).

T
h
en

d
ep

th
t(n

)(α
n
)
>

s(n
).

N
ow

if
for

som
e
tim

e
b
ou

n
d
g
,
d
ep

th
gd
im
(α

)
=

0
th
en

th
ere

ex
ists

a
b
ou

n
d
S
,
su
ch

th
at

S
=

o(n
),
an

d
,
in
fi
n
itely

often

d
ep

th
g
(n

)(α
n
)
<

S
(n
).

T
h
is

is
ab

su
rd

an
d
th
erefore

for
all

recu
rsive

tim
e
b
ou

n
d
t,
d
ep

th
td
im
(α

)
>

0.
C
on

versely
if

d
ep

th
td
im
(α

)
>

0
th
en

th
ere

is
som

e
ε
>

0
su
ch

th
at

fo
r
alm

ost
all

n
,

d
ep

th
t(n

)
d
im
(α

n
)
>

εn
.
T
h
is

im
p
lies

th
at

ld
ep

th
s(n

) (α
n
)
>

ld
ep

th
εn
(α

n
)
>

t(n
)

for
all

sign
ifi
can

ce
fu
n
ction

s
=

o(n
)
an

d
a
lm

ost
a
ll
n
.
S
o
α
is

su
p
er

d
eep

.
�

In
[J
L
L
94]

several
ch
aracterization

s
o
f
stro

n
g
com

p
u
tation

al
d
ep

th
are

ob
tain

ed
.
W
e
can

p
rove

an
alogou

s
ch
aracterization

s
for

su
p
er

d
eep

n
ess.

T
h
e
o
re

m
6
.7

F
o
r
every

sequ
en

ce
α

th
e
fo
llo

w
in
g
co
n
d
itio

n
s
a
re

equ
iva

len
t.

1
.
α

is
su
per

d
eep

;

2
.
F
o
r
every

recu
rsive

tim
e
bo
u
n
d
t
:
N

→
N

a
n
d
every

sign
ifi
ca
n
ce

fu
n
ctio

n
g
=

o(n
),

d
ep

th
t(α

n
)
>

g
(n
)
fo
r
a
ll
excep

t
fi
n
itely

m
a
n
y
n
;

3
.
F
o
r
every

recu
rsive

tim
e
bo
u
n
d
t
:
N

→
N

a
n
d
every

sign
ifi
ca
n
ce

fu
n
ctio

n
g
=

o(n
),

Q
(α

n
)≥

2
g
(n

)Q
t(α

n
)
fo
r
a
ll
excep

t
fi
n
itely

m
a
n
y
n
;

In
[J
L
L
94]

th
e
au

th
ors

p
roved

th
at

every
w
eak

ly
u
sefu

l
seq

u
en

ce
is

stron
gly

d
eep

.
F
ol-

low
in
g
th
e
id
eas

in
[J
L
L
94]

w
e
can

also
p
rove

th
at

every
w
eak

ly
u
sefu

l
seq

u
en

ce
is

su
p
er

d
eep

.
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T
h
e
o
re

m
6
.8

E
very

w
ea
kly

u
sefu

l
sequ

en
ce

is
su
per

d
eep

.

C
o
ro

lla
ry

6
.9

T
h
e
ch
a
ra
cteristic

sequ
en

ces
o
f
th
e
h
a
ltin

g
p
ro
blem

a
n
d
th
e
d
ia
go
n
a
l
h
a
ltin

g
p
ro
blem

a
re

su
per

d
eep

.

A
ck

n
o
w
le
d
g
e
m
e
n
t

W
e
th
an

k
H
arry

B
u
h
rm

a
n
,
L
a
n
ce

F
ortn

ow
,
an

d
M
in
g
L
i
for

com
m
en
ts

an
d
su
ggestion

s.

R
e
fe
re
n
ce

s

[S
to
ck
8
5]

L
.
S
to
ck
m
eyer,

O
n

ap
p
rox

im
a
tio

n
a
lg
o
rith

m
s
for

#
P
,
S
IA

M
J
.
C
om

p
u
tin

g
14

(19
8
5),

84
9
-8
6
1

[A
C
M
V
07

]
L
.
A
n
tu
n
es

a
n
d
A
.
C
o
sta

a
n
d
A
.
M
a
tos

a
n
d
P
.
V
itn

y
i.
C
om

p
u
tation

al
D
ep

th
:
A

U
n
ify

in
g
A
p
p
roa

ch
.
S
u
b
m
itted

,
20

0
7.

[A
F
P
S
0
6]

L
.
A
n
tu
n
es,

L
.
F
o
rtn

ow
,
A
.
P
in
to
,
a
n
d
A
.
S
o
u
to.

L
ow

-d
ep

th
w
itn

esses
are

easy
to

fi
n
d
.
T
ech

n
ical

R
ep

o
rt

T
R
0
6-1

25
,
E
C
C
C
,
2
00

6
.

[A
F
0
5]

L
.
A
n
tu
n
es

an
d
L
.
F
o
rtn

ow
.
T
im

e-b
o
u
n
d
ed

u
n
iversal

d
istrib

u
tion

s.
T
ech

n
ical

R
ep

ort
T
R
0
5
-14

4
,
E
C
C
C
,
2
0
05

.

[A
F
M
V
0
6]

L
.
A
n
tu
n
es

an
d
L
.
F
o
rtn

ow
a
n
d
D
.
va
n
M
elk

eb
eek

an
d
N
.
V
.
V
in
o
d
ch
an

d
ran

.
C
om

p
u
tation

a
l
d
ep

th
:
con

cep
t
a
n
d
a
p
p
lica

tio
n
s.

T
h
eo
r.

C
o
m
p
u
t.

S
ci.,

354
(3):

391–404,
2
0
06

.

[B
en

8
8]

C
.
H
.
B
en

n
ett.

L
o
gica

l
d
ep

th
a
n
d
p
h
y
sica

l
co
m
p
lex

ity.
In

R
.
H
erken

,
ed

itor,
T
h
e
U
n
i-

versa
l
T
u
rin

g
M
a
ch
in
e:

A
H
a
lf-C

en
tu
ry

S
u
rvey,

p
a
ges

227–257.
O
x
ford

U
n
iv
ersity

P
ress,

19
8
8.

[F
L
M
R
0
5
]
S
tep

h
en

A
.
F
en

n
er

a
n
d
J
a
ck

H
.
L
u
tz

an
d
E
lv
ira

M
ayord

om
o
an

d
P
atrick

R
eard

on
.

W
ea
k
ly

u
sefu

l
seq

u
en

ces.
In
fo
rm

a
tio

n
a
n
d
C
o
m
p
u
ta
tio

n
197

(2005),
p
p
.
41-54.

[G
a
c7
4
]
P
.
G
cs.

O
n
th
e
sy
m
m
etry

o
f
a
lg
o
rith

m
ic

in
fo
rm

ation
.
S
o
viet

M
a
th
.
D
o
kl.,

15
(1974)

1
4
77

–
14

8
0.

[J
L
L
9
4]

D
av
id

W
.
J
u
ed

es,
J
am

es
I.

L
a
th
rop

a
n
d
J
a
ck

H
.
L
u
tz.

C
om

p
u
tation

al
D
ep

th
an

d
R
ed

u
cib

ility.
T
h
eo
ret.

C
o
m
p
u
t.
S
ci.

1
32

(19
9
4),

3
7-7

0.

[L
L
9
9]

J
am

es
I.
L
ath

rop
a
n
d
J
a
ck

H
.
L
u
tz.

R
ecu

rsiv
e
com

p
u
tation

al
d
ep

th
.
In
fo
rm

a
tio

n
a
n
d

C
o
m
p
u
ta
tio

n
15

3
(1
9
99

),
p
p
.
13

9
-1
7
2.

[L
ev
7
3
]
L
eon

id
A
.
L
ev
in
.

U
n
iv
ersa

l
S
ea
rch

P
rob

lem
s.

P
ro
blem

s
In
fo
rm

.
T
ra
n
sm

issio
n
,

9(1
97

3
),
2
65

-2
66

.

[L
ev
7
4]

L
eo
n
id

A
.
L
ev
in
.
L
aw

s
o
f
in
form

a
tion

con
servation

(n
on

grow
th
)
an

d
asp

ects
of

th
e

fou
n
d
atio

n
o
f
p
ro
b
a
b
ility

th
eo
ry.

P
ro
bl.

In
fo
rm

.
T
ra
n
sm

.,
vol.

10,
p
ages

206–210,
1974.

[L
ev
8
0
]
L
eon

id
A
.
L
ev
in
.
A

con
cep

t
o
f
in
d
ep

en
d
en

ce
w
ith

ap
p
lication

s
in

variou
s
fi
eld

s
of

m
a
th
em

a
tics

M
IT

,
L
a
b
o
rato

ry
fo
r
C
o
m
p
u
ter

S
cien

ce,
1980.

1
3

[L
ev
84]

L
eon

id
A
.
L
ev
in
.
R
an

d
om

n
ess

con
serva

tion
in
eq
u
a
lities:

in
form

ation
an

d
in
d
ep

en
-

d
en

ce
in

m
ath

em
atical

th
eories.

In
fo
rm

a
tio

n
a
n
d
C
o
n
tro

l,
61:15–37,

1984.

[L
i03]

M
in
g
L
i
an

d
X
in

C
h
en

an
d
X
in

L
i
an

d
B
in

M
a
an

d
P
au

l
M
.B
.
V
itán

y
i
T
h
e
sim

ilarity
m
etric.

In
P
roceed

in
gs

o
f
th
e
1
4
th

A
C
M
-S
IA

M
S
ym

po
siu

m
o
n
D
iscrete

A
lgo

rith
m
s,

2001.

[L
V
97]

M
in
g
L
i
an

d
P
au

l
M
.
B
.
V
itán

y
i.

A
n
in
trod

u
ctio

n
to

K
o
lm

ogo
ro
v
co
m
p
lexity

a
n
d
its

a
p
p
lica

tio
n
s.

S
p
rin

ger,
2n

d
ed

ition
,
1997.

[L
u
t00]

J
.
H
.
L
u
tz.

D
im

en
sion

in
com

p
lex

ity
classes.

P
roceed

in
gs

o
f
th
e
1
5
th

IE
E
E
C
o
n
feren

ce
o
f
C
o
m
p
u
ta
tio

n
a
l
C
o
m
p
lexity,

IE
E
E

C
om

p
u
ter

S
o
ciety

P
ress,

200
0.

[L
u
t02]

J
.
H
.
L
u
tz.

T
h
e
d
im

en
sion

s
of

in
d
iv
id
u
al

strin
gs

an
d
seq

u
en

ces.
T
ech

n
ica

l
R
epo

rt
cs.C

C
/
0
2
0
3
0
1
7
,
A
C
M

C
o
m
p
u
tin

g
R
esea

rch
R
epo

sito
ry,

2002.

[M
ay
02]

E
.
M
ayord

rom
o.

A
K
olm

og
orov

com
p
lex

ity
ch
aracterization

o
f
con

stru
tive

H
au

sd
orff

d
im

en
sion

.
In
fo
rm

a
tio

n
P
rocessin

g
L
etters,

84:1-3,
2002.
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O
n
the

largest
m
ono

chrom
atic

com
binatorial

rectangles

w
ith

an
application

to
C
om

m
unication

C
om

plexity

A
rm

an
d
o
M
ato

s
1
,3
,?

A
n
d
reia

T
eix

eira
1
,2
,?
?

A
n
d
ré

S
o
u
to

1
,2
,?

?
?

1
U
n
iv
ersid

a
d
e
P
o
rto

2
In
stitu

to
d
e
T
eleco

m
u
n
ica

çõ
es

3
L
IA

C
C

A
b
stra

c
t.

T
h
e
co
n
cep

t
o
f
co
m
b
in
a
to
ria

l
recta

n
g
le

is
o
f
fu
n
d
a
m
en

ta
l
im

p
o
rta

n
ce

in
C
o
m
m
u
n
ica

tio
n
C
o
m
-

p
lex

ity.

G
iv
en

a
fi
n
ite

set
R
,
a
co
m
b
in
a
to
ria

l
recta

n
g
le

is
a
set

o
f
th
e
fo
rm

A
×
B
w
h
ere

A
a
n
d
B
a
re

su
b
sets

o
f
R
.
A

sq
u
a
re

R×
R
to
g
eth

er
w
ith

a
fu
n
ctio

n
c
:
R×

R
→

{0
,1
}
is
ca
lled

a
co
lo
red

sq
u
a
re.

A
co
lo
red

sq
u
a
re

is
ca
lled

ra
n
d
o
m

if
ea
ch

c(a
,b

)
is

a
n
in
d
ep

en
d
en

t
ra
n
d
o
m

va
ria

b
le;

in
th
is

ca
se,

c
is

ca
lled

a
ra
n
d
o
m

fu
n
ctio

n
.
A

co
lo
red

co
m
b
in
a
to
ria

l
recta

n
g
le

A
×
B
is

ca
lled

m
o
n
o
ch
ro
m
a
tic

if
c(a

,b
)
h
a
s
th
e
sa
m
e
va
lu
e
(eith

er
0
o
r
1
)

fo
r
ev
ery

a
∈
A

a
n
d
b
∈
B
.

W
e
p
rov

e
th
a
t
th
e
d
ecisio

n
p
ro
b
lem

a
sso

cia
ted

w
ith

th
e
p
ro
b
lem

o
f
fi
n
d
in
g

th
e
m
a
x
im

u
m

a
rea

o
f
a

m
o
n
o
ch
ro
m
a
tic

co
m
b
in
a
to
ria

l
recta

n
g
le

(m
cr)

o
f
a
g
iv
en

co
lo
red

sq
u
a
re

is
N
P
-co

m
p
lete.

M
o
st

o
f
th
is

p
a
p
er

d
ea
ls

w
ith

th
e
a
sy
m
p
to
tic

m
a
x
im

u
m

a
rea

o
f
th
e
m
crs

o
f
a
ra
n
d
o
m

sq
u
a
re.

L
et

p
b
e

th
e
p
ro
b
a
b
ility

th
a
t
a
n
y
cell

h
a
s
th
e
va
lu
e
1
.
W
e
esta

b
lish

sev
era

l
im

p
rov

em
en

ts
a
n
d
g
en

era
liza

tio
n
s
o
f
th
e

resu
lts

p
rev

io
u
sly

k
n
ow

n
,
n
a
m
ely

:
(i)

b
etter

b
o
u
n
d
s
fo
r
sev

era
l
sta

tistica
l
p
a
ra
m
eters

a
sso

cia
ted

w
ith

th
e

a
sy
m
p
to
tic

m
a
x
im

u
m

a
rea

s
o
f
m
crs;

(ii)
th
e
g
en

era
liza

tio
n
fo
r
a
rb
itra

ry
va
lu
es

o
f
p
o
f
th
e
resu

lts
o
b
ta
in
ed

fo
r
p

=
1
/
2
,
th
e
o
n
ly

va
lu
e
p
rev

io
u
sly

stu
d
ied

.
T
h
ese

resu
lts

ca
n

b
e
u
sefu

l
in

In
fo
rm

a
tio

n
T
h
eo
ry

a
n
d

C
o
m
m
u
n
ica

tio
n
C
o
m
p
lex

ity
;
w
e
u
se

th
em

to
o
b
ta
in

a
low

er
b
o
u
n
d
o
f
th
e
co
m
m
u
n
ica

tio
n
co
m
p
lex

ity
o
f

“
ra
n
d
o
m

fu
n
ctio

n
s”
.

K
e
y
w
o
rd

s:
C
om

b
in
a
torial

p
rob

lem
s,

C
om

m
u
n
ication

C
om

p
lex

ity.

1
In

tro
d
u
ctio

n

A
fu
n
d
am

en
tal

co
n
cep

t
in

C
o
m
m
u
n
ica

tion
C
om

p
lex

ity
is
th
e
com

b
in
atorial

rectan
gle;

for
in
stan

ce,
a
d
eterm

in
-

istic
p
ro
to
col

fo
r
th
e
co
m
p
u
tatio

n
of

a
fu
n
ctio

n
b
y
tw

o
com

m
u
n
icatin

g
p
arties

corresp
on

d
s
to

a
p
artition

of
a

“co
lored

sq
u
are”

in
to

m
o
n
o
ch
ro
m
a
tic

co
m
b
in
ato

rial
recta

n
g
les

[3].

G
iven

a
fi
n
ite

set
R
,
a
co
m
b
in
ato

ria
l
rectan

gle
is

a
set

A
×

B
w
h
ere

A
an

d
B

are
su
b
sets

of
R
;
its

area
is

|A
|·
|B
|.
A

sq
u
are

R
×

R
to
geth

er
w
ith

a
fu
n
ction

c
:
R
×

R
→

{0,1
}
is

called
a
colored

sq
u
are.

A
com

b
in
atorial

rectan
gle

A
×

B
is

called
m
o
n
o
ch
ro
m
atic

(“m
cr”)

if
c(a

,b
)
h
as

th
e
sam

e
valu

e
(0

or
1;

th
e
corresp

on
d
in
g

recta
n
gles

are
d
en
oted

b
y
“
0-m

cr”
an

d
“
1-m

cr”
)
for

every
a
∈
A

an
d
b
∈
B
.

W
e
stu

d
y
th
e
d
ecision

p
ro
b
lem

“
given

a
co
lored

sq
u
a
re

Q
an

d
an

in
teger

k
,
d
o
es

Q
con

tain
a
m
cr

w
ith

a
rea

a
t
least

k
?”

a
n
d
p
rove

its
N
P
-com

p
leten

ess.
It

is
in
terestin

g
to

n
otice

th
at

th
e
corresp

on
d
in
g
p
rob

lem
for

geo
m
etrica

l
recta

n
g
les

ca
n
ea
sily

b
e
so
lved

in
p
o
ly
n
o
m
ia
l
tim

e;
to

see
th
is,

it
is
en
ou

gh
to

ob
serve

th
at

th
e
total

n
u
m
b
er

of
geom

etrical
rectan

gles
is

p
o
ly
n
o
m
ial

in
|R
|.

M
ost

o
f
th
is
p
ap

er
is
a
stu

d
y
o
f
m
crs

in
sq
u
ares

ra
n
d
om

ly
colored

w
ith

2
colors,

say
0
an

d
1.

W
e
p
rove

low
er

a
n
d
u
p
p
er

asy
m
p
to
tic

b
ou

n
d
s
for

th
e
m
ax

im
u
m

area
o
f
th
e
m
crs

b
elon

gin
g
to

su
ch

sq
u
ares,

im
p
rov

in
g
an

d

g
en
eralizin

g
th
e
resu

lts
p
rev

iou
sly

p
roved

in
[1
].
N
otice

th
at

w
h
en

stu
d
y
in
g
areas,

on
e
m
u
st

take
in
to

accou
n
t

?
a
c
m
@
d
c
c
.
f
c
.
u
p
.
p
t
;
A
ll
th
e
a
u
th
o
rs

a
re

p
a
rtia

lly
su
p
p
o
rted

b
y
C
S
I
2
(P

T
D
C
/
E
IA

-C
C
O
/
0
9
9
9
5
1
/
2
0
0
8
).T

h
e
a
u
th
o
r
is

a
lso

p
a
rtia

lly
fu
n
d
ed

b
y
L
IA

C
C

th
ro
u
g
h
P
ro
g
ra
m
a
d
e
F
in
a
n
cia

m
en

to
P
lu
ria

n
u
a
l,
F
u
n
d
a
o
p
a
ra

a
C
in
cia

e
T
ecn

o
lo
g
ia

(F
C
T
)

?
?
a
n
d
r
e
i
a
s
o
f
i
a
@
d
c
c
.
f
c
.
u
p
.
p
t
;
T
h
e
a
u
th
o
r
is

a
lso

su
p
p
o
rted

b
y
th
e
g
ra
n
t
S
F
R
H
/
B
D
/
3
3
2
3
4
/
2
0
0
7
o
f
F
C
T

?
?
?
a
n
d
r
e
s
o
u
t
o
@
d
c
c
.
f
c
.
u
p
.
p
t
;
T
h
e
a
u
th
o
r
is

a
lso

su
p
p
o
rted

b
y
th
e
g
ra
n
t
S
F
R
H
/
B
D
/
2
8
4
1
9
/
2
0
0
6
o
f
F
C
T

n
ot

on
ly

h
ow

th
at

area
can

b
e
d
ecom

p
osed

as
a
p
ro
d
u
ct

of
th
e
len

gth
s
of

th
e
2
sid

es,
b
u
t
also

th
e
d
iff
eren

t
w
ay

s

in
w
h
ich

a
given

n
u
m
b
er

of
row

s
or

colu
m
n
s
can

b
e
selected

in
th
e
sq
u
are.

L
et

p
b
e
th
e
p
rob

ab
ility

th
at

an
y
sp
ecifi

c
cell

of
th
e
sq
u
are

h
as

th
e
color

1
an

d
let

n
b
e
th
e
sid

e
of

th
e
sq
u
are.

T
h
e
sp
ecial

b
u
t
im

p
ortan

t
case

of
p
=

1
/
2,

is
stu

d
ied

fi
rst;

it
corresp

on
d
s
to

th
e
“m

ax
im

u
m

ran
d
om

n
ess”

of
th
e

fu
n
ction

b
ein

g
stu

d
ied

.
It

is
p
roved

th
at,

if
b
oth

sid
es

of
a
com

b
in
atorial

rectan
gle

ex
ceed

2
log

n
,
it

is
alm

ost

su
re

th
at

th
e
rectan

gle
is

n
ot

m
on

o
ch
rom

atic;
th
u
s,

in
th
is

case,
th
e
m
ax

im
u
m

area
of

a
m
cr

is
very

sm
all,

n
am

ely
it

d
o
es

n
ot

ex
ceed

4
log

2
n
.

W
e
th
en

allow
on

e
of

th
e
sid

es
to

b
e
sm

aller
th
an

2
log

n
an

d
d
iscover

th
at

m
crs

w
ith

m
ax

im
u
m

area
(w

h
ich

is
n
/
2
+

o
(n

))
h
ave

a
sid

e
w
ith

a
len

gth
w
h
ich

is
eith

er
1
or

2.
H
ow

ever,
d
u
e
to

th
e
fact

th
at

th
e
stan

d
ard

d
ev
iation

is
d
iff
eren

t
for

th
ose

tw
o
cases,

th
e
largest

m
crs

tu
rn

ou
t
to

h
ave

h
eigh

t
(or

w
id
th
)
2;

th
e
len

gth
of

th
e
oth

er
sid

e
is

th
en

n4
+
o
(n

).
T
h
e
m
ain

resu
lts

for
th
e
case

p
=

1
/
2
are

T
h
eorem

s
2
an

d
3.

T
h
ese

resu
lts

are
th
en

gen
eralized

for
an

arb
itrary

valu
e
of

p
.
F
irst

w
e
p
rove

th
at

n
o
m
crs

ex
ist

w
ith

b
oth

sid
es

larger
th
an

(2
/
log

(1
/
p
))
log

n
an

d
from

th
is

fact
w
e
ob

tain
an

u
p
p
er

b
ou

n
d
for

th
e
area.

T
h
en

w
e
allow

on
e
of

th
e
sid

es
to

b
e
sm

aller
th
an

(2
/
log

(1
/
p
))
log

n
an

d
d
iscover

again
th
at

th
e
m
ax

im
u
m

area
is
ob

tain
ed

for

rectan
gles

w
ith

a
h
eigh

t
w
h
ich

is
in
d
ep

en
d
en
t
of

n
b
u
t
d
ep

en
d
en
t
on

p
.
T
h
e
m
ain

resu
lts

for
th
e
gen

eral
case

are
T
h
eorem

s
4
an

d
5.

T
h
ese

resu
lts

are
th
en

u
sed

to
ob

tain
a
low

er
b
ou

n
d
for

th
e
d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
of

th
e
“ran

d
om

fu
n
ction

”,
see

T
h
eorem

6;
for

p
=

1
/
2
th
is
b
ou

n
d
is
n
ecessarily

alm
ost

op
tim

al
on

ce

it
alm

ost
eq
u
als

th
e
triv

ial
u
p
p
er

b
ou

n
d
dlog

(n
)
+
1e,

see
[3].

2
P
re
lim

in
a
rie

s

W
e
p
resen

t
th
e
b
asic

d
efi
n
ition

s
an

d
resu

lts
th
at

w
ill

b
e
n
eed

ed
later

in
th
is
p
ap

er.
T
h
e
read

er
can

con
su
lt
[2]

for

m
ore

d
etails.

F
or

th
e
b
asic

con
cep

ts
of

C
om

m
u
n
ication

C
om

p
lex

ity
w
e
refer

th
e
read

er
to

th
e
fi
rst

tw
o
ch
ap

ters

of
[3].

T
h
e
class

of
p
rob

lem
s
d
ecid

ab
le
in

p
oly

n
om

ial
tim

e
b
y
a
d
eterm

in
istic

(resp
ectively

n
on

-d
eterm

in
istic)

T
u
rin

g

m
ach

in
e
is
called

P
(resp

ectively
N
P
).
T
h
e
d
ecision

p
rob

lem
A

red
u
ces

po
lyn

o
m
ia
lly

to
th
e
d
ecision

p
rob

lem
B
,

w
ritten

A
6

p
B
,
if
th
ere

is
a
fu
n
ction

f
:
Σ
?A

→
Σ
?B
(w

h
ere

Σ
A

an
d
Σ
B
are

th
e
alp

h
ab

ets,
A

⊆
Σ
?A
,
B

⊆
Σ
?B
)

com
p
u
tab

le
in

p
oly

n
om

ial
tim

e
su
ch

th
at,

for
every

x
∈
Σ
?,

w
e
h
av
e
x
∈
A

iff
f(x

)∈
B
.
T
h
e
d
ecision

p
rob

lem
A

is
N
P
-co

m
p
lete

if
A

∈
N
P
an

d
B
6

p
A

for
ev
ery

p
rob

lem
B
∈
N
P
.

If
e
is

an
even

t,
p
rob

(e
)
d
en
otes

its
p
rob

ab
ility.

A
b
o
olean

ran
d
om

variab
le

P
(n

)
w
h
ich

d
ep

en
d
s
on

a

p
aram

eter
n
,
h
old

s
a
lm

o
st

su
rely

or
in

th
e
lim

it
or

a
sym

p
to
tica

lly
if
lim

n
→

∞
p
rob

(P
(n

))
=

1.

T
h
e
m
ean

of
a
ran

d
om

variab
le
x
w
ill

b
e
d
en
oted

b
y
µ
(x
)
or

b
y
E
(x
).
T
h
e
varian

ce
an

d
th
e
stan

d
ard

d
ev
iation

w
ill

b
e
d
en
oted

b
y
v(x

)
an

d
b
y
σ
(x
),

resp
ectively.

W
h
en

th
ere

is
n
o
p
ossib

ility
of

con
fu
sion

,
w
e
u
se

µ
,
v
an

d
σ

in
stead

of
µ
(x
),

v(x
)
an

d
σ
(x
)
resp

ectively.

A
ran

d
om

variab
le

x
is

(µ
,σ

)-n
o
rm

a
l
if

its
d
en
sity

fu
n
ction

an
d

d
istrib

u
tion

fu
n
ction

are
resp

ectiv
ely

f(x
)
=

e
(x

−
µ
)
2
/
(2

σ
2
)

√
2
π
σ

an
d
F(x

)
=

1
√
2
π

∫
x
−

µ
σ

−
∞

e
−
t
2
/
2d

t.
A

ran
d
om

variab
le

x
is

n
o
rm

a
l
if
it

is
(0,1

)-n
orm

al.
A
n
y

(µ
,σ

)-n
orm

al
ran

d
om

variab
le

can
b
e
red

u
ced

b
y
tran

slation
an

d
ch
an

ge
of

scale
to

a
n
orm

al
variab

le
z
=

x
−
µ

σ
.

L
et

ϕ
(x
)
an

d
Φ
(x
)
b
e
th
e
d
en
sity

fu
n
ction

an
d
th
e
d
istrib

u
tion

fu
n
ction

resp
ectively

of
th
e
n
orm

al
variab

le.

T
h
e
follow

in
g
in
eq
u
ality

w
ill

b
e
u
sefu

l
an

d
follow

s
easily

u
sin

g
th
e
su
b
stitu

tion
z
=

y
2/
2
in

th
e
d
istrib

u
tion

fu
n
ction

:
for

x
>

0,
1
−
Φ
(x
)6

ϕ
(x
)/
x
.

In
p
articu

lar
w
e
h
av
e

for
x
>

1,
1
−
Φ
(x
)6

ϕ
(x
)

(1)

C
on

sid
er

a
(p
ossib

ly
b
iased

)
coin

su
ch

th
at

h
ead

s
tu
rn

u
p

w
ith

a
p
rob

a
b
ility

p
an

d
tails

tu
rn

u
p

w
ith

p
rob

ab
ility

q
=

1
−
p
.
S
u
p
p
ose

th
at

th
e
coin

is
tossed

n
tim

es;
th
e
n
u
m
b
er

x
of

h
ead

s
is
a
ran

d
om

variab
le

w
ith

p
rob

ab
ility

b
in

n
,p
(x
)
=

(
nx )

p
x
q
(n

−
x
).

T
h
is

is
th
e
b
in
om

ial
d
istrib

u
tion

.
T
h
e
m
ean

,
varian

ce,
an

d
stan

d
ard

d
ev
iation

are
resp

ectiv
ely

µ
=

p
n
;
v
=

n
p
q
;
σ
=

√
n
p
q
.

U
sin

g
M
oiv

re’s
T
h
eorem

,
a
con

seq
u
en
ce

of
th
e
C
en
tral

L
im

it
T
h
eorem

,
if

n
is

large
en
ou

gh
an

d
x
h
as

a
b
in
om

ial
d
istrib

u
tion

w
ith

p
aram

eters
n

an
d
p
,
th
e
d
istrib

u
tion

p
rob

ab
ility

fu
n
ction

f
n
(z)

of
th
e
ran

d
om

variab
le

z
=

(x
−

p
n
)/ √

n
p
q
is

ap
p
rox

im
ately

n
orm

al
in

th
e
sen

se
th
at∀

ε
>

0,∃
n
0 ,∀

n
>

n
0 ,∀

z
:
|f
n
(z)

−

ϕ
(z)|6

ε.



3
F
in
d
in
g
th

e
m
a
x
im

u
m

a
re
a
o
f
m
cr’s

is
N
P
-h

a
rd

W
e
stu

d
y
th
e
com

p
lex

ity
of

th
e
p
rob

lem
of

fi
n
d
in
g
th
e
la
rg
est

1-m
cr

of
a
giv

en
colored

sq
u
are

an
d
p
rov

e
th
at

th
e
corresp

on
d
in
g
d
ecisio

n
p
rob

lem
is

N
P
-com

p
lete.

T
h
e
1-m

cr
d
ecisio

n
p
ro
b
lem

is
th
e
follow

in
g
.

1
M

M
R
,
m
a
x
im

u
m

a
re

a
1
-m

c
r

In
st
a
n
c
e
:〈(Q

,c),n
,k〉

w
h
ere

(Q
,c)

is
a
colored

sq
u
a
re

w
ith

sid
e
n
an

d
k
∈
Z
+
.

Q
u
e
st

io
n
:
D
o
es

Q
con

ta
in

a
n
1
-m

cr
w
ith

area
a
t
least

k
?

D
e
fi
n
itio

n
1
.
G
iven

a
gra

p
h
G

=
(V

,E
),

a
set

A
⊆

V
is

in
d
ep

en
d
en
t
if
x
,y

∈
A

⇒
(x
,y

)
/∈
E
.

D
e
fi
n
itio

n
2
.
A

b
icliq

u
e
o
f
a
n

u
n
d
irected

gra
p
h
G

=
(V

,E
)
is

a
d
isjo

in
t
pa
ir

(A
,B

)
o
f
su
bsets

o
f
V

su
ch

th
a
t
(a
,b

)
∈

E
fo
r
every

a
∈

A
a
n
d
b

∈
B
.
T
h
e
n
u
m
ber

o
f
vertices

o
f
th
e
bicliqu

e
is

|A
|+

|B
|.
If

A
a
n
d
B

a
re

in
d
epen

d
en

t
sets,

th
e
bicliqu

e
w
ill

be
ca
lled

i-bicliqu
e
(in

d
epen

d
en

t
bicliqu

e).
T
h
e
n
u
m
ber

o
f
ed
ges

o
f
a
n

i-bicliqu
e
is

|A
|·
|B
|.

T
h
e
con

cep
ts

of
colored

sq
u
are,

b
in
a
ry

rela
tion

,
1
-m

cr
an

d
b
icliq

u
e
are

related
.
In

p
articu

lar,
a
colored

sq
u
are

(Q
,c)

w
ith

sid
e
n
can

b
e
seen

as
a
b
in
a
ry

rela
tio

n
an

d
an

1-m
cr

A
×
B
b
elon

gin
g
to

a
colored

sq
u
are

Q
,

can
b
e
seen

as
a
b
icliq

u
e
o
f
th
e
corresp

o
n
d
in
g
g
rap

h
.

W
h
en
ever

w
e
ta
lk

a
b
o
u
t
b
ip
artite

g
ra
p
h
s
G

=
(V

1 ∪
V
2 ,E

),
it

is
assu

m
ed

th
at

V
1
an

d
V
2
are

in
d
ep

en
d
en
t

an
d
d
isjoin

t.
N
o
tice

th
a
t,

if
(A

,B
)
is

a
n
o
n
em

p
ty

b
icliq

u
e
of

a
b
ip
artite

grap
h
G

=
(V

1 ∪
V
2 ,E

),
th
en

A
⊆

V
1

a
n
d
B
⊆

V
2
o
r
A

⊆
V
2
a
n
d
B
⊆

V
1 .

T
h
e
fo
llow

in
g
N
P
-co

m
p
lete

d
ecisio

n
p
ro
b
lem

rela
ted

w
ith

1M
M
R

h
as

b
een

stu
d
ied

b
efore

[5].

M
E
iB

,
m
a
x
im

u
m

e
d
g
e
in
d
e
p
e
n
d
e
n
t
b
ic
liq

u
e

In
st
a
n
c
e
:〈(V

1 ∪
V
2 ,E

),k〉
w
h
ere

(V
1 ∪

V
2 ,E

)
is

a
b
ip
a
rtite

grap
h
an

d
k
∈
Z
+
.

Q
u
e
st

io
n
:
D
o
es

G
con

tain
an

i-b
icliq

u
e
(A

,B
)
su
ch

th
at

|A
|·
|B
|>

k
?

In
[5
],
th
e
p
ro
of

th
at

3S
A
T
6

p
M
E
iB

u
ses

th
e
d
ecisio

n
p
rob

lem
C
liq

u
e/2

an
d
ch
aracterizes

th
e
p
oly

n
om

ial

red
u
ctio

n
s
3
S
A
T
6

p
C
liq

u
e/
2
an

d
C
liq

u
e/26

p
M
E
iB
;

T
h
e
p
ro
b
lem

s
1M

M
R

an
d
M
E
iB

a
re

q
u
ite

sim
ila

r;
th
e
grap

h
asso

ciated
w
ith

a
colored

sq
u
are

w
ith

sid
e
n
is

b
ip
a
rtite;

co
m
p
ared

w
ith

M
E
iB
,
th
e
p
ro
b
lem

1M
M
R

h
as

th
e
ad

d
ition

al
restriction

|V
1 |=

|V
2 |.

In
ord

er
to

p
rov

e

th
at

1M
M
R

is
N
P
-com

p
lete,

w
e
n
ow

d
escrib

e
a
p
o
ly
n
o
m
ial

red
u
ction

M
E
iB6

p
1M

M
R
:

M
E
iB

6
p
1M

M
R

〈(V
1 ∪

V
2 ,E

),k〉
→

〈Q
,n

,c,k
′〉

W
ith

ou
t
loss

of
g
en
erality

assu
m
e
th
at

|V
1 |>

|V
2 |

an
d

let
V
1
=

{x
1 ,x

2 ,...,x
m
}
an

d
V
2
=

{y
1 ,y

2 ,...,y
p
},

w
ith

m
>

p
.
T
h
e
red

u
ctio

n
is

d
efi
n
ed

b
y
:
n
=

m
=

|V
1 |;

Q
=

{1,2,...,n
}×

{1,2,...,n
};
c(i,j)

=
1
iff

(i,j)∈
E

an
d
c(i,j)

=
0
for

p
<

j6
n
;
k
′
=

k
.

T
h
en

(V
1 ∪

V
2 ,E

)
h
a
s
an

i-b
icliq

u
e
w
ith

k
ed
ges

iff
Q

h
a
s
an

1-m
cr

w
ith

area
k
′
an

d
th
at

th
e
tran

sform
ation

a
sso

ciated
w
ith

th
e
red

u
ction

can
b
e
im

p
lem

en
ted

in
p
o
ly
n
o
m
ial

tim
e.

T
h
u
s,

T
h
e
o
re

m
1
.
1
M
M
R

is
N
P
-co

m
p
lete.

4
T
h
e
m
a
x
im

u
m

a
re
a
s
w
h
e
n

th
e
p
ro

b
a
b
ility

is
1
/
2

4
.1

R
a
n
d
o
m

c
o
lo
re

d
sq

u
a
re

s

L
et

N
=

{1,2
,...,n

}
an

d
co
n
sid

er
a
ran

d
om

co
lored

sq
u
a
re

(Q
,c)

w
h
ere

Q
=

N
×

N
.

W
e
say

th
at

s(n
)
is

an
a
sy
m
p
totic

u
p
p
er

b
ou

n
d
of

th
e
m
ax

im
u
m

area
s
of

an
1-m

cr
if

lim
n
→

∞
p
ro
b
{th

ere
is

a
n
1
-m

cr
w
ith

area
>

s(n
)}
=

0

W
e
n
ow

lo
o
k
for

g
o
o
d
u
p
p
er

b
ou

n
d
s
s(n

).
D
en
o
te

b
y
E
(a
,b

)
th
e
ex
p
ected

n
u
m
b
er

of
1-m

crs
w
ith

h
eigh

t
a
an

d

w
id
th

b
in

a
ran

d
o
m

co
lored

sq
u
are.

W
e
h
ave

E
(a
,b

)
=

2
−
a
b (

na )(
nb )

.

4
.2

W
h
e
n

b
o
th

sid
e
s
a
re

la
rg

e

S
u
p
p
ose

th
at

th
e
valu

es
of

a
an

d
b
are

su
ch

th
at

a
,b

>
c
log

n
,
w
h
ere

c
is

a
p
ositive

con
stan

t
to

b
e
d
efi
n
ed

later.
H
en
ce

E
(a
,b

)
=

2
−
a
b (

na )(
nb )

6
2
−
a
b
n
a
+
b
.
W
rite

a
=

c
log

(n
)
+
α

an
d
b
=

c
log

(n
)
+
β

w
h
ere

α
an

d
β

are
arb

itrary
p
ositiv

e
con

stan
ts.

T
h
en

E
(a
,b

)6
2
−
a
b
n
a
+
b
=

2
−
a
b
+
(a

+
b
)
lo
g
n
.
N
otice

th
at

th
e
ex
p
on

en
t
of

2

can
b
e
w
ritten

as

−
a
b
+
(a

+
b
)
log

n
=

−
(c

log
n
+
α
)(c

log
n
+
β
)
+
(c

log
n
+
α
+
c
log

n
+
β
)
log

n

=
−
c(c

−
2
)
log

2
n
−
(c

−
1
)(α

+
β
)
log

n
−
α
β
6

−
γ
log

2
n

w
h
ere

γ
is
p
ositive

if
c
>

2;
h
ere

an
d
h
en
ceforth

b
y
“
c
>

2”
w
e
m
ean

th
at

c
>

2
+
γ
for

som
e
p
ositive

con
stan

t
γ
,

n
ot

d
ep

en
d
in
g
on

n
.
T
h
u
s
E
(a
,b

)6
2
−
γ
lo
g
2
n
an

d
lim

n
→

∞
E
(a
,b

)
=

0.
T
h
u
s,

L
e
m
m
a
1
.
If

c
>

2
a
n
d
a
,b

a
re

su
ch

th
a
t
a
,b

>
c
log

n
,
th
en

lim
n
→

∞
E
(a
,b

)
=

0
.

A
re

a
s
in
ste

a
d

o
f
sid

e
s.

S
u
p
p
ose

n
ow

th
at,

in
stead

of
th
e
sid

es
of

th
e
1-m

cr,
a
certain

area
s(n

)
is
given

an
d

w
e
ask

if
th
e
p
rob

ab
ility

th
at

th
ere

ex
ists

som
e
1-m

cr
w
ith

an
area

at
least

s(n
)
is

still
van

ish
in
gly

sm
all;

th
e

an
sw

er
is

yes,
as

p
roved

b
elow

.

T
h
e
n
u
m
b
er

of
factorization

s
of

a
n
u
m
b
er

m
is

u
su
ally

d
en
oted

b
y
τ
(m

)
an

d
it

is
k
n
ow

n
(see

[4])
th
at

∀
δ
>

0∃
c
>

0
:
τ
(m

)
6

c
m

δ.
A
s
th
e
m
ax

im
u
m

len
gth

of
a
sid

e
is

n
,
th
e
n
u
m
b
er

of
factorization

s
of

s
is

at

m
ost

n
;
th
is

n
u
m
b
er

w
ill

b
e
d
en
oted

b
y
τ
n
(s).

C
on

sid
er

th
e
case

a
,b

>
c
log

n
w
ith

c
>

2.
C
an

w
e
ex
p
ect

th
at

at
least

an
1-m

cr
w
ith

a
given

area
ex
ists?

G
iven

th
at

τ
n
(s)6

n
,
th
e
ex
p
ected

n
u
m
b
er

E
(s)

of
su
ch

rectan
gles

satisfi
es

E
(s)6

∑

{a
,b

:a
b
=
s
∧
a
,b

>
c
lo
g
n
} E

(a
,b

)6
τ
n
(s)E

(c
log

n
,c

log
n
)

6
τ
n
(s)2

−
γ
lo
g
2
n
=

τ
n
(s)n

−
γ
lo
g
n
6

n
−
γ
lo
g
n
+
1

w
h
ere

γ
is

a
p
ositiv

e
con

stan
t.

T
h
u
s
th
e
an

sw
er

to
th
e
q
u
estion

is
n
o.

H
en
ce

w
e
h
ave

T
h
e
o
re

m
2
.
F
o
r
a
n
y
co
n
sta

n
t
c
>

2
a
n
d
a
rea

s,
th
e
fo
llo

w
in
g
even

t
h
a
s
a
sym

p
to
tic

p
ro
ba
bility

0
:
“
th
ere

is
a
t

lea
st

o
n
e
m
o
n
och

ro
m
a
tic

co
m
bin

a
to
ria

l
recta

n
gle

w
ith

a
rea

s
a
n
d
sid

es
bo
th

la
rger

th
a
n
c
log

n
”
.

4
.3

W
h
e
n

a
t
le
a
st

o
n
e
sid

e
is

sm
a
ll

W
e
stu

d
y
th
e
m
ax

im
u
m

areas
for

th
e
case

w
h
ere

at
least

on
e
of

th
e
sid

es
is

sm
all

(6
2
log

n
).

F
ix
e
d
su

b
se
t
o
f
ro

w
s
L
et

u
s
con

sid
er

fi
rst

a
fi
x
ed

su
b
set

w
ith

a
row

s.
T
h
e
p
rob

ab
ility

th
at

th
ere

are
on

ly
1’s

at
th
e
in
tersection

of
all

th
ese

row
s
w
ith

som
e
colu

m
n
is
p
=

2
−
a
;
th
e
n
u
m
b
er

x
of

colu
m
n
s
con

tain
in
g
on

ly
1’s

at
th
ose

row
s
h
as

a
b
in
om

ial
p
rob

ab
ility

fu
n
ction

w
ith

E
(x
)
=

n2
a
;

v(x
)
=

n
1
−
1
/
2
a

2
a

(2)

U
sin

g
M
oiv

re
resu

lt,
w
e
n
orm

alize
x
b
y
a
ch
an

ge
of

variab
le
z
=

(x
−
µ
)/
σ
,
see

p
age

2;
th
e
p
rob

ab
ility

d
istrib

u
tion

of
th
is

n
orm

alized
ran

d
om

variab
le

is,
in

th
e
lim

it,
a
n
orm

al
p
rob

ab
ility

d
istrib

u
tion

.

W
e
w
an

t
th
at,

if
z
>

f(n
),

th
e
p
rob

ab
ility

p
rob

(z
>

f(n
))

is
ex
p
on

en
tially

sm
all.

B
ased

on
in
eq
u
ality

(1)
a

p
ossib

ility
is

f(n
)
=

log
2
n
.

C
h
o
o
sin

g
th

e
ro

w
s
in

e
v
e
ry

p
o
ssib

le
w
a
y

B
y
assu

m
p
tion

a
6

2
log

n
,
so

th
at

th
e
n
u
m
b
er

of
w
ay
s
of

ch
o
osin

g

th
e
a
row

s
satisfi

es (
na )

6
n
a
6

n
2
lo
g
n
=

e
(2

lo
g
e
)
ln

2
n
.
T
h
e
p
rob

ab
ility

of
an

u
n
ion

of
even

ts
is
at

m
ost

th
e
su
m

of
th
eir

p
rob

ab
ilities;

th
u
s
th
e
p
rob

ab
ility

of
h
av
in
g
z
>

log
2
n
is
b
ou

n
d
ed

b
y
g
(n

)
=

1
√
2
π
e
−

lo
g
4
n
/
2
+
(2

lo
g
e
)
ln

2
n

an
d
lim

n
→

∞
g
(n

)
=

0.



A
re

a
s
in
ste

a
d

o
f
sid

e
s
T
h
e
p
ro
b
a
b
ility

h
(n
)
th
a
t
th
ere

ex
ists

1-m
crs

w
ith

a
given

area
s
satisfi

es

h
(n

)6
τ
n
(s)g

(n
)6

1
√
2
π
τ
n
(s)e

−
lo
g
4
n
/
2
+
(c

lo
g
e
)
ln

2
n

6
1

√
2
π
n
e
−

lo
g
4
n
/
2
+
(c

lo
g
e
)
ln

2
n

=
1

√
2
π
e
−

lo
g
4
n
/
2
+
(c

lo
g
e
)
ln

2
n
+
ln

n

an
d
a
ga
in

w
e
h
av
e
lim

n
→

∞
h
(n

)
=

0
.

4
.4

T
h
e
“
1
lin

e
”
v
e
rsu

s
“
2
lin

e
s”

c
o
m
p
e
titio

n

T
h
e
a
sy
m
p
totic

m
ax

im
u
m

area
of

a
n
1
-m

cr
is

n
/
2
+

o
(n

).
T
w
o
sh
ap

es
h
ave,

in
th
e
lim

it,
th
at

area:
1×

n
/
2

a
n
d
2×

n
/
4
.
H
ow

d
o
th
e
p
rob

ab
ilities

of
each

of
th
ese

sh
a
p
es

fall
ou

t
w
h
en

th
e
h
orizon

tal
sid

es
are

sligh
tly

larger
th
an

th
e
m
ean

?
W

h
ich

of
th
em

(h
eig

h
t
1
o
r
2),

if
an

y,
d
om

in
ates?

L
et

u
s
rev

iew
th
e
m
ain

sta
tistical

p
a
ra
m
eters

fo
r
th
e
h
eigh

ts
a

=
1
an

d
a

=
2.

L
et

x
b
e
th
e
n
u
m
b
er

of

m
o
n
o
ch
ro
m
atic

colu
m
n
s;

th
e
a
rea

of
an

1-m
cr

is
a
x
.
W
e
h
av
e

a
=

1
a
=

2
G
en
eral

case

E
(x
)

n
/
2

n
/
4

n
/
2
a

E
(s)

n
/
2

n
/
2

n
a
/
2
a

v(x
)

n
/
4

3
n
/
1
6

n
(1

−
1
/
2
a
)/
2
a

σ
(x
) √

n
/
2

√
3
n
/
4

√
n
(1

−
1
/
2
a
)/
2
a

v(s)
n
/
4

3
n
/
4

n
a
2(1

−
1
/
2
a
)/
2
a

σ
(s) √

n
/
2

√
3
n
/
2

a √
n
(1

−
1
/
2
a
)/
2
a

H
eigh

ts
la
rg
er

th
an

2
can

b
e
ign

ored
sin

ce
th
e
average

valu
e
of

th
e
area

is
less

th
an

n
/
2.

C
o
n
sid

er
th
e
stan

d
a
rd

d
ev
ia
tion

s
for

a
=

2
a
n
d
a
=

1;
th
e
form

er
ex
ceed

s
th
e
secon

d
b
y
a
factor

of √
3.

T
h
u
s,

alth
o
u
gh

th
e
averag

e
valu

e
o
f
th
e
area

is
th
e
sa
m
e,

w
e
h
ave

T
h
e
o
re

m
3
.
In

a
ra
n
d
o
m

co
lo
red

squ
a
re,

th
e
la
rgest

m
o
n
och

ro
m
a
tic

co
m
bin

a
to
ria

l
recta

n
gles

h
a
ve

a
rea

n
/
2
+

o
(n

)
a
n
d
sh
a
pe

2×
(n

/
4
+
o
(n

)).

5
T
h
e
m
a
x
im

u
m

a
re
a
s
(a
rb

itra
ry

p
ro

b
a
b
ility

)

C
o
n
sid

er
ag
ain

a
ra
n
d
o
m

co
lored

sq
u
a
re

(Q
,c),

b
u
t
n
ow

su
p
p
ose

th
at

each
c(i,j)

is
a
ran

d
om

variab
le

z
th
at

takes
th
e
valu

e
1
w
ith

p
rob

ab
ility

p
>

0
a
n
d
ta
kes

th
e
va
lu
e
0
w
ith

p
rob

ab
ility

1
−

p
>

0.
A
ll
th
ese

ran
d
om

varia
b
les

b
ein

g
in
d
ep

en
d
en
t.

5
.1

W
h
e
n

b
o
th

sid
e
s
a
re

la
rg

e
(a

rb
itra

ry
p
ro

b
a
b
ility

)

T
h
e
m
a
in

resu
lt
of

th
is

su
b
-sectio

n
is

T
h
eorem

4
w
h
ich

is
a
gen

eralization
of

L
em

m
a
1
(p
age

4).

A
s
in

S
ec.

4
.2

su
p
p
ose

th
at

th
e
va
lu
es

of
a
an

d
b
a
re

su
ch

th
at

a
,b

>
c
log

n
w
h
ere

c
is

a
p
ositive

con
stan

t

to
b
e
d
efi
n
ed

la
ter.

D
en
ote

log
(1
/
p
)
b
y
k
.
W
e
h
ave

E
(a
,b

)
=

p
a
b (

na )(
nb )

6
p
a
b
n
a
+
b

(3)

=
2
−
lo

g
(1

/
p
)a

b
+
(a

+
b
)
lo
g
n
=

2
−
k
a
b
+
(a

+
b
)
lo
g
n

(4)

W
rite

a
=

c
lo
g
(n

)
+
α
a
n
d
b
=

c
lo
g
(n

)
+
β
w
h
ere

α
,
β
>

ε
>

0.
T
h
u
s,
th
e
ex
p
on

en
t
of

2
in

(4)
can

b
e
rew

ritten

a
s

−
k
a
b
+
(a

+
b
)
lo
g
n
=

−
k
(c

log
n
+
α
)(c

lo
g
n
+
β
)
+
(2
c
log

n
+
α
+
β
)
log

n

=
−
k
c
2
log

2
n
−
k
c(α

+
β
)
lo
g
n
−
k
α
β
+
2
c
log

2
n
+
(α

+
β
)
log

n

=
−
c(k

c
−
2
)
log

2
n
−
(k
c
−
1
)(α

+
β
)
log

(n
)
−
k
α
β

T
h
e
ex
p
o
n
en
t
is
asy

m
p
to
tica

lly
n
eg
ativ

e
if
k
c
−
2
is
a
p
ositive

con
stan

t
if
c
>

2
/
log

(1
/
p
).
T
h
u
s
w
e
h
av
e
fou

n
d

th
a
t
th
e
co
n
sta

n
t
c
in

(4.2)
eq
u
als

2
/
log

(1
/
p
).

In
th
e
lim

it,
th
e
co
effi

cien
t
of

log
n

an
d
th
e
in
d
ep

en
d
en
t
term

are
irreleva

n
t.

A
s
w
e
h
ave

seen
in

th
e
case

p
=

1
/
2,

th
e
n
u
m
b
er

of
w
ay

s
of

ch
o
osin

g
a
lin

es
an

d
th
e
n
u
m
b
er

of
sh
ap

es
of

th
e
m
ax

im
u
m

area
rectan

gles
d
o
n
ot

in
fl
u
en
ce

th
e
asy

m
p
totic

resu
lts,

an
d
w
e
get

th
e
follow

in
g
gen

eralization

of
L
em

m
a
1.

T
h
e
o
re

m
4
.
If
a
,b

a
re

su
ch

th
a
t
a
,b

>
c
log

n
/
log

(1
/
p
)
w
ith

c
>

2,
th
en

lim
n
→

∞
E
(a
,b

)
=

0
so
,
a
rea

s
grea

ter

th
a
n
4
log

2
n
/
log

2(1
/
p
)
d
o
n
o
t
exist

in
th
e
lim

it.

S
m
all

valu
es

of
p
corresp

on
d
to

sm
all

u
p
p
er

b
ou

n
d
s
for

th
e
areas

w
h
ile

valu
es

of
p
n
ear

1
corresp

on
d
to

larger

u
p
p
er

b
ou

n
d
s.

5
.2

W
h
e
n

a
t
le
a
st

o
n
e
sid

e
is

sm
a
ll

(a
rb

itra
ry

p
ro

b
a
b
ility

)

S
u
p
p
ose

th
at

on
e
of

th
e
sid

es,
say

a
,
is

sm
all

in
th
e
sen

se
th
at

a
6

2
lo
g
(1

/
p
)
log

n
.
A
s
it

h
ap

p
en
ed

in
S
ec

4.3,

th
e
m
ax

im
u
m

area
is

ob
tain

ed
for

a
fi
x
ed

valu
e
of

a
,
th
at

is,
a
valu

e
in
d
ep

en
d
en
t
of

n
(b
u
t
d
ep

en
d
en
t
on

p
).

T
h
e
m
ean

valu
e,

varian
ce

an
d
stan

d
ard

d
ev
iation

of
th
e
n
u
m
b
er

of
colu

m
n
s
of

an
1-m

cr
are

E
p
,a
(x
)
=

n
p
a
;

v
p
,a
(x
)
=

n
p
a
(1

−
p
a
)
an

d
σ
p
,a
(x
)
=

√
n
p
a
(1

−
p
a
).
T
h
e
fi
rst

tw
o
ex
p
ression

s
are

gen
eralization

s
of

eq
u
alities

(2).L
et

u
s
fi
n
d
th
e
valu

e
of

a
th
at

m
ax

im
izes

th
e
area.

T
h
e
m
ean

valu
e
of

th
e
area

is
E
p
,a
(s)

=
n
a
p
a
,
com

p
are

w
ith

p
articu

lar
case

p
=

1
/
2
(see

th
e
tab

le
in

p
age

5).
A
s
a
real

fu
n
ction

of
a
,
E
p
,a
(s)

h
as

a
m
ax

im
u
m

th
at

can

b
e
fou

n
d
b
y
solv

in
g
th
e
eq
u
ation

d
E
p
,a
(s)/

d
a
=

0;
w
e
fi
n
d
th
at

th
e
m
ax

im
u
m

area
o
ccu

rs
for

a
=

1
/
ln
(1
/
p
).

T
h
e
o
re

m
5
.
T
h
e
h
eigh

t
o
f
th
e
m
a
xim

u
m

a
rea

o
f
a
n
1
-m

cr
is

eith
er

a
1
=

b1
/
ln
(1
/
p
) c

o
r
a
2
=

d1
/
ln
(1
/
p
) e.

T
h
e
m
a
xim

u
m

a
rea

is
m
ax

{n
a
1 p

a
1,n

a
2 p

a
2}.

W
e
h
ave

seen
th
at,

w
ith

an
error

less
th
an

1,
th
e
valu

e
of

a
th
at

m
ax

im
izes

th
e
area

is
a
=

1
/
ln
(1
/
p
).
T
h
is

m
ax

im
u
m

area
is

n
1

ln
(1
/
p
)
p
1
/
ln
(1

/
p
)
=

n
1

ln
(1
/
p
)
e
ln

p
/
ln
(1

/
p
)
=

n

e
ln
(1
/
p
)

(5)

A
s
ex
p
ected

,
th
is

valu
e
in
creases

u
n
iform

ly
w
ith

p
.

6
A
n

a
p
p
lica

tio
n

to
co

m
m
u
n
ica

tio
n

co
m
p
le
x
ity

T
h
e
low

er
b
ou

n
d
p
roved

in
T
h
eorem

5
can

b
e
u
sefu

l
in

C
om

m
u
n
ication

C
om

p
lex

ity.
C
on

sid
er

for
in
stan

ce
th
e

ran
d
om

fu
n
ction

f
p
(x
,y

)
th
at

takes
th
e
valu

e
1
w
ith

p
rob

ab
ility

p
>

0
an

d
takes

th
e
valu

e
0
w
ith

p
rob

ab
ility

1
−

p
>

0.
W
e
w
ill

ap
p
ly

th
e
resu

lts
ob

tain
ed

in
S
ec.

5
to

estab
lish

a
low

er
b
ou

n
d

for
th
e
d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
of

f
p
(x
,y

).

It
is
w
ell

k
n
ow

n
(see

for
in
stan

ce
[3])

th
at

a
d
eterm

in
istic

p
roto

col
for

f
p
in
d
u
ces

a
p
artition

Q
=

R
1 ∪

R
2 ∪

...∪
R
m

of
th
e
n×

n
sq
u
are

Q
in
to

m
on

o
ch
rom

atic
rectan

gles.
If
A

m
a
x
is
th
e
m
ax

im
u
m

area
of

a
m
on

o
ch
rom

atic

rectan
gle

of
Q
,
th
e
n
u
m
b
er

m
of

rectan
gles

of
an

y
su
ch

p
artition

satisfi
es

m
>

n
2/A

m
a
x ;

th
erefore,

w
e
h
ave

th
e

follow
in
g
in
eq
u
ality

for
th
e
com

m
u
n
ication

com
p
lex

ity
D
(f

p
)
of

f
p
(x
,y

):
D
(f

p
)>

dlog
(n

2/A
m
a
x )e.

T
h
e
total

area
w
ith

color
1
is
ap

p
rox

im
ately

p
n
2;
th
u
s,
u
sin

g
th
e
eq
u
ality

(5)
th
e
n
u
m
b
er

of
1-m

crs
is
at

least

p
n
2/
(n

/
(e

ln
(1
/
p
))

=
e
n
p
ln
(1
/
p
);
con

sid
erin

g
also

0
-m

crs,
w
e
get

th
e
follow

in
g
low

er
b
ou

n
d
for

th
e
n
u
m
b
er

of

m
on

o
ch
rom

atic
rectan

gles:
e
n
[p

ln
(1
/
p
)
+
(1

−
p
)
ln
(1
/
(1

−
p
))].

T
h
u
s
w
e
h
ave

T
h
e
o
re

m
6
.
T
h
e
a
sym

p
to
tic

d
eterm

in
istic

co
m
m
u
n
ica

tio
n
co
m
p
lexity

o
f
a
ra
n
d
o
m

fu
n
ctio

n
f
p
(x
,y

)
sa
tisfi

es

D
(f)>

dlog
n
+
log

(p
ln
(1
/
p
)
+
(1

−
p
)
ln
(1
/
(1

−
p
)))

+
log

e e

F
or

an
y
b
o
olean

fu
n
ction

f(x
,y

),
an

u
p
p
er

b
ou

n
d
of

D
(f)

isdlog
(n

)
+
1e

w
h
ich

corresp
on

d
s
to

th
e
follow

in
g

triv
ial

p
roto

col,
see

[3]:

P
ro

to
c
o
l
P
:
1)

A
lice

sen
d
s
x
to

B
ob

(at
m
ostdlog

ne
b
its

are
n
eed

ed
);
2)

B
ob

com
p
u
tes

f(x
,y

)
an

d
sen

d
s
th
is

resu
lt
(1

b
it)

to
A
lice.

T
h
eorem

6
sh
ow

s
th
at,

for
an

y
fi
x
ed

p
w
ith

0
<

p
<

1,
th
is
p
roto

col
is
alm

ost
op

tim
u
m

for
th
e
ran

d
om

fu
n
ction

in
th
e
sen

se
th
atD

P
(f)

−
D
(f)6

dlog
(n

)e
+
1
−
dlog

n
+
log (

p
ln
(
1p
)
+
(1

−
p
)
ln
(

1
1
−
p
) )

+
log

ee
<

2
−
log

e
−
log

(p
ln
(1
/
p
)
+
(1

−
p
)
ln
(1
/
(1

−
p
)))



T
h
is

d
iff
eren

ce
is

tab
u
la
ted

b
elow

fo
r
p
=

0.1,
0.2

,...,
0
.9

p
0.1

0
.2

0.3
0.4

0.5
0.6

0.7
0.8

0.9

D
P
(f)

−
D
(f)

2
.1
8

1
.56

1.2
7

1
.1
3

1.09
1.13

1.27
1.56

2.18

W
e
con

clu
d
e
th
a
t,

in
th
e
lim

it,
n
o
p
roto

col
fo
r
th
e
ran

d
om

fu
n
ction

is
sign

ifi
can

tly
b
etter

th
an

th
e
triv

ial

p
roto

col
P
.

R
e
fe
re
n
ce

s

1
.
C
a
rsten

D
a
m
m
,
K
i
H
a
n
g
K
im

a
n
d
F
red

R
o
u
sh
,
O
n

C
o
verin

g
a
n
d
R
a
n
k
P
ro
blem

s
fo
r
B
oo
lea

n
M
a
trices

a
n
d
T
h
eir

A
p
p
lica

tio
n
s,

in
L
N
C
S
n
u
m
b
er

1
6
2
7
,
p
a
g
e
1
2
3
,
1
9
9
9
.

2
.
M
.
G
a
rey

a
n
d
D
.
J
o
h
n
so
n
C
o
m
p
u
ters

a
n
d
In
tra

cta
bility:

A
G
u
id
e
to

th
e
T
h
eo
ry

o
f
N
P
-C

o
m
p
leten

ess,
S
eries

o
f
B
o
o
k
s

in
th
e
M
a
th
em

a
tica

l
S
cien

ces,
W

.H
.
F
reem

a
n
a
n
d
C
o
m
p
a
n
y,

S
a
n
F
ra
n
cisco

,
1
9
7
9
.

3
.
E
y
a
l
K
u
sh
ilev

itz
a
n
d
N
o
a
m

N
isa

n
,
C
o
m
m
u
n
ica

tio
n

C
o
m
p
lexity,

C
a
m
b
rid

g
e
U
n
iv
ersity

P
ress,

N
ew

Y
o
rk
,
S
p
rin

g
er-

V
erla

g
,
1
9
9
6
.

4
.
W

illia
m

L
eV

eq
u
e,

F
u
n
d
a
m
en

ta
ls

o
f
N
u
m
b
er

T
h
eo
ry,

D
ov
er

P
u
b
lica

tio
n
s,

1
9
9
6
.

5
.
R
en

P
eeters,

T
h
e
M
a
xim

u
m

ed
ge

bicliqu
e
p
ro
blem

is
N
P
-co

m
p
lete,

D
iscrete

A
p
p
lied

M
a
th
em

a
tics

1
3
1
(3
),
p
p
6
5
1
-6
5
4
,

2
0
0
3
.



O
n
a
re
la
tio

n
sh

ip
b
e
tw

e
e
n

n
o
n
-d
e
te
rm

in
istic

co
m
m
u
n
ica

tio
n
co

m
p
le
x
ity

a
n
d
in
sta

n
ce

co
m
p
le
x
ity

A
rm

a
n
d
o
B
.
M
ato

s
(a
c
m
@
n
c
c
.
u
p
.
p
t
),

A
n
d
reia

C
.
T
eix

eira
(a
n
d
r
e
i
a
s
o
f
i
a
t
@
h
o
t
m
a
i
l
.
c
o
m
),
an

d
A
n
d
ré

C
.
S
ou

to
(a
n
d
r
e
s
o
u
t
o
@
n
c
c
.
u
p
.
p
t
)
?

D
C
C
-F
C

&
L
IA

C
C
,
U
n
iv
ersid

a
d
e
d
o
P
o
rto

R
u
a
d
o
C
a
m
p
o
A
leg

re
1
0
2
1
/
1
0
5
5
,
4
1
6
9
-0
0
7
P
o
rto

,
P
o
rtu

g
a
l

A
b
stra

c
t.

W
e
stu

d
y
th
e
rela

tio
n
sh
ip

b
etw

een
n
o
n
-d
eterm

in
istic

co
m
m
u
n
ica

tio
n

co
m
p
lex

ity
o
f
u
n
ifo

rm
fu
n
ctio

n
s
[8
,9
,4
]
a
n
d

in
sta

n
ce

co
m
p
lex

ity
[7
]
(see

th
e
d
efi

n
itio

n
s
in

2
.1

a
n
d

2
.2

resp
ectiv

ely
).

F
o
r
th
a
t

p
u
rp

o
se,

th
e
w
itn

ess
o
f
th
e
n
o
n
-d
eterm

in
istic

co
m
m
u
n
ica

tio
n
p
ro
to
co
l
ex
ecu

ted
b
y
A
lice

a
n
d
B
o
b
is

in
ter-

p
reted

b
y
A
lice

a
s
a
p
ro
g
ra
m

p
th
a
t,
fo
r
t
su
ffi
cien

tly
la
rg
e,

“
co
rresp

o
n
d
s
ex
a
ctly

”
(see

D
efi

n
itio

n
4
)
to

th
e

in
sta

n
ce

co
m
p
lex

ity
ic

t( y
:
Y
1 (x

));
in

th
e
p
rev

io
u
s
ex
p
ressio

n
x
a
n
d
y
a
re

th
e
p
a
rts

o
f
th
e
in
p
u
t
k
n
ow

n
b
y

A
lice

a
n
d
B
o
b
resp

ectiv
ely

a
n
d
Y
1 ( x

)
is

th
e
set

o
f
a
ll
va
lu
es

o
f
y
su
ch

th
a
t
f
(x
,y
)
=

1
.

T
h
e
m
a
in

resu
lts

o
f
th
is

p
a
p
er

a
re

m
a
x
|x|=

|y|=
n {

ic
t(n

)
y
e
s
(y

:
Y
1 (x

))}
=

N
1(f

)
a
n
d

m
a
x
|x|=

|y|=
n {

ic
t(n

)(y
:

Y
1 (x

))}
=

N
(f

)
w
h
ere

ic
ty
e
s (a

:
S
)
is

a
va
ria

n
t
o
f
in
sta

n
ce

co
m
p
lex

ity
(see

D
efi

n
itio

n
5
)
a
n
d

th
e
n
o
n
-

d
eterm

in
istic

co
m
m
u
n
ica

tio
n
co
m
p
lex

ities
N

1(f
)
a
n
d
N
(f

)
a
re

d
efi

n
ed

in
[4
],
C
h
a
p
.
2
.
W
e
a
lso

p
resen

t
in

S
ec.

5
a
sim

p
le

in
eq
u
a
lity

rela
tin

g
in
d
iv
id
u
a
l
co
m
m
u
n
ica

tio
n
co
m
p
lex

ity
w
ith

in
sta

n
ce

co
m
p
lex

ity.

K
e
y
w
o
rd

s:
co
m
m
u
n
ica

tion
co
m
p
lex

ity,
in
sta

n
ce

co
m
p
lex

ity,
n
on

-d
eterm

in
ism

.

1
In

tro
d
u
ctio

n

C
om

m
u
n
icatio

n
co
m
p
lex

ity
an

d
in
stan

ce
com

p
lex

ity
seem

a
t
fi
rst

to
b
e
totally

u
n
related

con
cep

ts.
In

a
ty
p
ical

setu
p
fo
r
co
m
m
u
n
ica

tion
com

p
lex

ity
th
e
tw

o
p
arties,

A
lice

an
d
B
ob

,
h
av
e
u
n
b
ou

n
d
ed

com
p
u
tation

al
p
ow

er
an

d
on

e
w
an

ts
to

fi
n
d
h
ow

m
an

y
b
its

th
ey

n
eed

to
ex
ch
an

ge
in

ord
er

to
com

p
u
te

th
e
valu

e
of

a
given

fu
n
ction

of
th
eir

in
p
u
ts,

f
:
X

×
Y

→
{0,1}

;
o
n
th
e
o
th
er

h
a
n
d
,
th
e
in
stan

ce
com

p
lex

ity
ic

t(x
:
A
)
is

th
e
len

gth
of

th
e

sh
o
rtest

p
rog

ra
m

th
a
t
ru
n
s
in

tim
e
t,
an

sw
ers

correctly
th
e
q
u
estion

“
x
∈
A
?”

an
d
d
o
es

n
ot

“lie”
ab

ou
t
set

A
(th

e
p
ro
gram

m
ay

a
n
sw

er
“⊥

”
m
ean

in
g
“d

on
’t
k
n
ow

”
).
C
o
m
m
u
n
ication

com
p
lex

ity
is
ab

ou
t
th
e
com

m
u
n
ication

cost
w
h
ile

in
sta

n
ce

com
p
lex

ity
is

rela
ted

w
ith

com
p
u
tatio

n
a
l
com

p
lex

ity.

In
th
is
p
ap

er
w
e
estab

lish
a
relatio

n
sh
ip

b
etw

een
th
ese

tw
o
con

cep
ts.

L
et

x
an

d
y
b
e
th
e
in
p
u
ts

of
A
lice

an
d

B
o
b
resp

ectiv
ely,

n
=

| x|
=

|y|
a
n
d
let

Y
1 (x

)
b
e
th
e
set

of
all

y
su
ch

th
at

f
(x
,y
)
=

1.
T
h
eorem

2
states

th
at,

ap
art

fro
m

a
co
n
sta

n
t
a
n
d
for

t
su
ffi
cien

tly
large,

m
ax|x|=

|y|=
n {ic

ty
e
s (y

:
Y
1 (x

))}
,
w
h
ere

ic
y
e
s
is

a
“on

e-sid
ed
”
version

of
in
sta

n
ce

co
m
p
lex

ity
(D

efi
n
ition

5),
eq
u
als

th
e
n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
N

1(f
)
of

th
e

u
n
ifo

rm
fu
n
ctio

n
f
;
sim

ilarly
th
e
m
ax

im
u
m

va
lu
e
of

ic
t( y

:
Y
1 (x

))
eq
u
als

th
e
n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
N
(f
),

see
T
h
eo
rem

3.
T
h
e
m
a
in

in
g
red

ien
t
fo
r
th
e
p
ro
of

of
th
is

resu
lt

is
a
p
roto

col
in

w
h
ich

A
lice

u
ses

th
e
n
on

-d
eterm

in
istic

w
o
rd

p
as

a
p
rog

ra
m

th
a
t
even

tu
ally

corresp
on

d
s
to

ic
t(y

:
Y
1 (x

));
A
lice

ru
n
s
p
(y
)

fo
r
a
ll
y
∈

Y
fo
r
a
m
a
x
im

u
m

of
t(|y|)

step
s.

W
e
sh
o
u
ld

n
o
tice

tw
o
facts

th
at

m
ay

h
elp

th
e
u
n
d
erstan

d
in
g
th
e

rest
o
f
th
is
p
ap

er:
(i)

N
eith

er
A
lice

n
or

B
o
b
alon

e
(w

ith
o
u
t
com

m
u
n
ication

an
d
w
ith

ou
t
th
e
h
elp

of
th
e
oracle)

can
co
m
p
u
te

ic
t(y

:
Y
1 (x

));
th
e
reaso

n
is

th
at

A
lice

on
ly

k
n
ow

s
x
an

d
B
ob

on
ly

k
n
ow

s
y
.
(ii)

ic
t(n

)(y
:
Y
1 (x

)),
like

N
(f
),
ca
n
b
e
m
u
ch

sm
a
ller

th
an

n
.

W
e
m
en
tio

n
tw

o
p
rev

io
u
s
w
o
rk
s
w
h
ere

th
e
co
m
m
u
n
ica

tio
n
com

p
lex

ity
h
as

b
een

an
aly

zed
in

a
n
on

-stan
d
ard

w
ay
:
th
e
p
a
p
er

[2
]
o
n
in
d
iv
id
u
a
l
co
m
m
u
n
ica

tion
com

p
lex

ity
in

w
h
ich

K
olm

ogorov
com

p
lex

ity
is

u
sed

as
th
e

m
a
in

a
n
a
ly
sis

to
o
l
an

d
[5]

w
h
ere

“
d
istin

gu
ish

ers”
are

u
sed

to
ob

tain
b
ou

n
d
s
on

com
m
u
n
ication

com
p
lex

ity.

T
h
is

p
a
p
er

is
o
rg
an

ized
a
s
follow

s.
N
ex
t
section

co
n
tain

s
som

e
b
ack

grou
n
d
on

com
m
u
n
ication

com
p
lex

ity
an

d
in
stan

ce
com

p
lex

ity.
W
e
stu

d
y
on

e-sid
ed

p
ro
to
co
ls

in
S
ec.

3
an

d
tw

o-sid
ed

p
roto

cols
in

S
ec.

4.
T
h
ese

tw
o

sectio
n
s
co
n
tain

th
e
m
a
in

resu
lts

o
f
th
is

p
a
p
er,

n
a
m
ely

T
h
eorem

s
2
an

d
3.

S
ec.

5
con

tain
s
som

e
com

m
en
ts

on
th
e
rela

tion
sh
ip

b
etw

een
in
d
iv
id
u
al

co
m
m
u
n
ica

tion
com

p
lex

ity
an

d
in
stan

ce
com

p
lex

ity.
F
in
ally

in
S
ec.

6
som

e
fu
tu
re

lin
es

of
research

are
su
gg
ested

.

?
T
h
e
a
u
th
o
r
is

su
p
p
o
rted

b
y
th
e
g
ra
n
t
S
F
R
H
/
B
D
/
2
8
4
1
9
/
2
0
0
6
fro

m
F
C
T

2
P
re
lim

in
a
rie

s

T
h
e
set

of
n
atu

ral
n
u
m
b
ers

(in
clu

d
in
g
0)

is
d
en
oted

b
y
N
.
A
n
alp

h
ab

et
Σ

is
an

n
on

em
p
ty

fi
n
ite

set
w
h
ose

m
em

b
ers

are
called

letters.
T
h
e
alp

h
ab

et
u
sed

in
th
is
p
ap

er
is{0

,1}.
A

w
ord

is
a
seq

u
en
ce

of
0
or

m
ore

letters;
w
ord

s
are

d
en
oted

b
y
x
,
y
an

d
w
,
p
ossib

ly
overlin

ed
.
T
h
e
len

gth
an

d
th
e
i-th

letter
of

th
e
w
ord

x
are

d
en
oted

b
y
|x|

an
d
x
i
resp

ectively.

2
.1

C
o
m
m
u
n
ic
a
tio

n
c
o
m
p
le
x
ity

W
e
d
efi
n
e
several

fo
rm

s
of

n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity,
for

m
ore

d
etails

see
[4].

L
et

f
:{0

,1}
n×

{0
,1}

n
→

{0,1}
b
e
a
b
o
olean

fu
n
ction

.
T
w
o
p
layers,

A
lice

an
d
B
ob

w
an

t
to

com
p
u
te

f
( x
,y
);
A
lice

on
ly

k
n
ow

s
x

w
h
ile

B
ob

on
ly

k
n
ow

s
y
.
A

(“tw
o-sid

ed
”)

n
on

-d
eterm

in
istic

p
roto

col
P

for
f
h
as

ou
tp
u
t
P
(w

,x
,y
)∈

{
0
,1
,⊥

}
w
h
ere

⊥
m
ean

s
“d

on
’t

k
n
ow

”
an

d
w

is
th
e
gu

ess;
th
e
p
roto

col
P

satisfi
es

th
e
follow

in
g
con

d
ition

s

[f
( x
,y
)
=

1]⇒
[∃
w

:
P
(w

,x
,y
)
=

1]
(1)

[f
(x
,y
)
=

0]⇒
[∀
w

:
P
(w

,x
,y
)6=

1]
(2)

[f
(x
,y
)
=

0]⇒
[∃
w

:
P
(w

,x
,y
)
=

0]
(3)

[f
(x
,y
)
=

1]⇒
[∀
w

:
P
(w

,x
,y
)6=

0]
(4)

F
or

z
∈
{0
,1}

a
“on

e-sid
ed
”
p
roto

col
P

z
h
as

ou
tp
u
t
eith

er
z
or⊥

an
d
satisfi

es

[f
(x
,y
)
=

z
]⇒

[∃
w

:
P

z(w
,x

,y
)
=

z
]

(5)

[f
(x
,y
)6=

z
]⇒

[∀
w

:
P

z(w
,x

,y
)
=

⊥
]

(6)

It
is

easy
to

b
u
ild

a
n
on

-d
eterm

in
istic

p
roto

col
for

f
u
sin

g
th
e
on

e-sid
ed

p
roto

cols
P

0
an

d
P

1.
W
e
sh
ou

ld
em

p
h
asize

th
at

in
an

y
p
roto

col,
A
lice

an
d
B
ob

m
u
st

b
e
con

v
in
ced

of
th
e
ou

tp
u
t
of

th
e
p
roto

col,
in

th
e
sen

se
th
at

“false
gu

esses”
m
u
st

b
e
d
etected

an
d
rejected

(ou
tp
u
t⊥

);
th
is
req

u
irem

en
t
corresp

on
d
s
to

th
e

“∀···”
p
red

icates
ab

ove.
In

oth
er

w
ord

s,
A
lice

an
d
B
ob

d
o
n
ot

tru
st

th
e
oracle.

O
th
erw

ise
th
e
p
rob

lem
w
ou

ld
b
e
triv

ial.
S
om

e
of

th
e
varian

ts
of

n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
are

as
follow

s.

D
e
fi
n
itio

n
1

(n
o
n
-d

e
te
rm

in
istic

c
o
m
m
u
n
ic
a
tio

n
c
o
m
p
le
x
itie

s).
S
ta
n
d
a
rd

a
n
d
in
d
ivid

u
a
l
(n
o
n
-d
eterm

in
istic)

co
m
m
u
n
ica

tio
n
co
m
p
lexities

a
re

d
en

o
ted

by
N

a
n
d
N

respectively.

–
In
d
iv
id
u
al

com
m
u
n
ication

com
p
lex

ity
of

p
roto

col
P

w
ith

ou
tp
u
t
set{

1,⊥
}:

N
1P
(f
,x

,y
)
=

m
in

w {|c(w
)|

:
P
(w

,x
,y
)
=

1}
w
h
ere

w
is

th
e
gu
ess

a
n
d
c(w

)
(“
co
n
versa

tio
n”
)
is

th
e
se-

qu
en

ce
o
f
bits

exch
a
n
ged

betw
een

A
lice

a
n
d
B
o
b
w
h
en

th
e
gu
ess

is
w
.
N
o
tice

th
a
tN

1P
(f
,x

,y
)
is

o
n
ly

d
efi

n
ed

if
f
(x
,y
)
=

1.
N
o
tice

a
lso

th
a
t
th
e
beh

a
vio

r
o
f
th
e
p
ro
toco

l
P

fo
r
th
e
o
th
er

in
p
u
ts

(x
,y
)
is

irreleva
n
t.

–
In
d
iv
id
u
al

com
m
u
n
ication

com
p
lex

ity
w
ith

ou
tp
u
t
set{

1,⊥
}:

N
1(f

, x
,y
)
=

m
in

P {N
1P
(f
, x

,y
)}

w
h
ere

th
e
p
ro
toco

ls
P

co
n
sid

ered
fo
r
m
in
im

iza
tio

n
a
re

p
ro
toco

ls
w
ith

o
u
tp
u
t

set{1
,⊥

}
fo
r
th
e
fu
n
ctio

n
f
.

–
C
om

m
u
n
ication

com
p
lex

ity
of

p
roto

col
P

w
ith

ou
tp
u
t
set{

1,⊥
}
:

N
1P
(f
)
=

m
ax

x
,y {N

1P
(f
, x

,y
)}

:
–

C
om

m
u
n
ication

com
p
lex

ity
of

fu
n
ction

f
w
ith

ou
tp
u
t
set{1

,⊥
}:

N
1(f

)
=

m
in

P {N
1P
(f
)}.

T
h
e
co
m
p
lexitiesN

0P
(f
, x

,y
),

N
0P
(f
),

a
n
d
N

0(f
),

a
re

d
efi

n
ed

in
a
sim

ila
r
w
a
y.

D
efi

n
e
a
lso

N
P
(f
,x

,y
)
=

N
0P
(f
, x

,y
)
if

f
(x
,y
)
=

0
a
n
d
N

P
(f
,x

,y
)
=

N
1P
(f
, x

,y
)
if

f
(x
,y
)
=

1
;
N

P
(f
)
=

log
(2

N
0P
(f

)
+
2
N

1P
(f

));
N
(f
)
=

m
in

P {
N

P
(f
)}.

A
w
itn

ess
is

a
gu
ess

th
a
t
ca
u
ses

th
e
p
ro
toco

l
to

o
u
tp
u
t
a
va
lu
e
d
iff
eren

t
fro

m
⊥
.

�

In
th
e
literatu

re
it
is
p
ossib

le
to

fi
n
d
th
e
follow

in
g
d
efi
n
ition

of
th
e
in
d
iv
id
u
al

(n
on

-d
eterm

in
istic)

com
m
u
n
ication

com
p
lex

ity
asso

ciated
w
ith

p
roto

col
P
,
see

for
in
stan

ce
[1]:N

1P
(f
, x

,y
)
=

m
in

w {|w|
+

|c(w
)|
:
P
(w

,x
,y
)
=

1};
com

p
arin

g
w
ith

D
efi
n
ition

1,
w
e
see

th
at

th
e
corresp

on
d
in
g
valu

es
d
iff
er

b
y
at

m
ost

a
factor

of
2.

T
h
e
d
efi
n
ition

N
P
(f
)
=

log
(2

N
0P
(f

)
+
2
N

0P
(f

))
is

from
[4];

w
e
h
ave

m
ax{N

0P
(f
),N

1P
(f
)}

<
N

P
(f
)≤

m
ax{

N
0P
(f
),N

1P
(f
)}

+
1

th
erefore

N
P
(f
)≈

m
ax{

N
0P
(f
),N

1P
(f
)}.

T
h
e
follow

in
g
resu

lt
from

[4]
sh
ow

s
th
at

for
ev
ery

fu
n
ction

th
ere

is
a
sim

p
le

op
tim

al
n
on

-d
eterm

in
istic

p
roto

col.



T
h
e
o
re

m
1
.
F
o
r
every

boo
lea

n
fu
n
ctio

n
f

th
ere

is
a
n
o
p
tim

a
l
o
n
e-sid

ed
n
o
n
-d
eterm

in
istic

p
ro
toco

l
P

fo
r
f
,

th
a
t
is,

a
p
ro
toco

l
P

su
ch

th
a
t
N

1P
(f
)
=

N
1(f

),
w
ith

th
e
fo
llo

w
in
g
fo
rm

w
h
ere

th
e
w
itn

ess
w
,
1
≤

w
≤

m
,
is

th
e

in
d
ex

o
f
th
e
fi
rst

recta
n
gle

R
w
=

A
×
B

co
n
ta
in
in
g
( x
,y
)
in

th
e
fi
rst

m
in
im

u
m

1
-co

ver:
(1
)
A
lice

gu
esses

w
a
n
d

ch
ecks

if
x
∈
A
.
(2
)
A
lice

sen
d
s
w

to
B
o
b.

(3
)
B
o
b
ch
ecks

if
y
∈
B
.

D
efi
n
e
th
e
sets:

X
0 ( y

)
=

{
x

:
f
(x
,y
)
=

0},
X

1 (y
)
=

{x
:
f
(x
,y
)
=

1},
Y
0 (x

)
=

{
y

:
f
(x
,y
)
=

0}
an

d
Y
1 (x

)
=

{y
:
f
(x
,y
)
=

1}.
N
o
tice

th
at

A
lice

k
n
ow

s
Y
0 (x

)
a
n
d
Y
1 (x

)
w
h
ile

B
ob

k
n
ow

s
X

0 (y
)
an

d
X

1 (y
).

T
h
e

set
Y
1
is

o
ften

m
en
tion

ed
in

th
is

p
a
p
er.

T
h
eo
rem

s
2
a
n
d
3
ap

p
ly

on
ly

to
“u

n
iform

”
fu
n
ctio

n
s.

D
e
fi
n
itio

n
2
.
A

fu
n
ctio

n
is

u
n
iform

if
it

is
co
m
p
u
ted

by
a

fi
xed

(in
d
epen

d
en

t
o
f
th
e
len

gth
o
f
th
e
in
p
u
t)

a
lgo

rith
m
.

�
E
very

fu
n
ctio

n
th
at

can
b
e
d
escrib

ed
b
y
an

algo
rith

m
is

u
n
iform

;
for

in
stan

ce
eq
u
ality,

con
ju
n
ction

an
d
p
arity

a
re

u
n
ifo

rm
fu
n
ctio

n
s.

A
n
ex
am

p
le

o
f
a
fu
n
ctio

n
w
h
ich

w
ith

alm
ost

certain
ty

is
n
ot

u
n
iform

is
th
e
ran

d
om

fu
n
ction

d
efi
n
ed

as
f
(x
,y
)
=

0
or

f
(x
,y
)
=

1
w
ith

p
rob

a
b
ility

1/2.

2
.2

In
sta

n
c
e
c
o
m
p
le
x
ity

W
e
d
efi
n
e
severa

l
form

s
of

in
stan

ce
co
m
p
lex

ity
;
for

a
m
o
re

com
p
lete

p
resen

tation
see

[7].
It

is
assu

m
ed

th
at

p
ro
gram

s
a
lw
ay
s
term

in
ate,

a
n
d
o
u
tp
u
t
eith

er
0
,
1
or⊥

(“
d
on

’t
k
n
ow

”).

D
e
fi
n
itio

n
3
.
A

p
rogra

m
p
is

co
n
sisten

t
w
ith

a
set

A
if
x
∈
A

w
h
en

ever
p
(x
)
=

1
a
n
d
x
6∈
A

w
h
en

ever
p
(x
)
=

0.
�D
e
fi
n
itio

n
4

(in
sta

n
c
e
c
o
m
p
le
x
ity

).
L
et

t
:
N

→
N

be
a
fu
n
ctio

n
,
A

a
set

a
n
d
x
a
n
elem

en
t.

C
o
n
sid

er
th
e

fo
llo

w
in
g
co
n
d
itio

n
s:

(C
1
)
fo
r
a
ll
y
,
p
(y
)
ru
n
s
in

tim
e
n
o
t
exceed

in
g
t(|y|),

(C
2
)
fo
r
a
ll
y
,
p
(y
)
o
u
tp
u
ts

0
,
1

o
r
⊥
,
(C

3
)
p
is

co
n
sisten

t
w
ith

A
a
n
d
(C

4
)
p
(x
)6=

⊥
.
T
h
e
t-b

ou
n
d
ed

in
stan

ce
com

p
lex

ity
o
f
x
rela

tive
to

th
e

set
A

is
ic

t(x
:
A
)
=

m
in{|p|

:
p
sa
tisfi

es
C
1
,
C
2
,
C
3
,
a
n
d
C
4}

A
p
rogra

m
p
corresp

on
d
s
to

ic
t(x

:
A
)
if
it
sa
tisfi

es
co
n
d
itio

n
s
C
1
,
C
2
,
C
3
,
a
n
d
C
4
;
if
m
o
reo

ver|p|
=

ic
t(x

:
A
)

w
e
sa
y
th
a
t
p
co
rresp

o
n
d
s
ex
actly

to
ic

t(x
:
A
).

�

R
ela

x
in
g
th
e
con

d
itio

n
“p

(x
)6=

⊥
”
w
e
get

tw
o
w
ea
k
er

fo
rm

s
of

in
stan

ce
com

p
lex

ity
:

D
e
fi
n
itio

n
5

(in
sid

e
in
sta

n
c
e
c
o
m
p
le
x
ity

).
C
o
n
sid

er
th
e
fo
llo

w
in
g
co
n
d
itio

n
s:

(C
1
)
fo
r
a
ll
y
,
p
(y
)
ru
n
s
in

tim
e
n
o
t
exceed

in
g
t(|y|),

(C
2
)
fo
r
a
ll
y
,
p
(y
)
o
u
tp
u
ts

eith
er

1
o
r
⊥
,
(C

3
)
p
is

co
n
sisten

t
w
ith

A
a
n
d
(C

4
)
x
∈

A
⇒

p
(x
)
=

1.
T
h
e
t-b

o
u
n
d
ed

in
sid

e
in
stan

ce
com

p
lex

ity
o
f
x
rela

tive
to

th
e
set

A
is

ic
ty
e
s (x

:
A
)
=

m
in{|p|

:
p
sa
tisfi

es
C
1
,
C
2
,
C
3
,
a
n
d
C
4}

A
p
rogra

m
p
co
rresp

o
n
d
s
to

ic
ty
e
s (x

:
A
)
if
it
sa
tisfi

es
co
n
d
itio

n
s
C
1
,
C
2
,
C
3
,
a
n
d
C
4
;
if
m
o
reo

ver|p|
=

ic
ty
e
s (x

:

A
)
w
e
sa
y
th
a
t
p
corresp

o
n
d
s
ex
actly

to
ic

ty
e
s (x

:
A
).

�

D
e
fi
n
itio

n
6

(o
u
tsid

e
in
sta

n
c
e
c
o
m
p
le
x
ity

).
C
o
n
sid

er
th
e
fo
llo

w
in
g
co
n
d
itio

n
s:

(C
1
)
fo
r
a
ll
y
,
p
(y
)
ru
n
s

in
tim

e
n
o
t
exceed

in
g
t(|y|),

(C
2
)
fo
r
a
ll
y
,
p
(y
)
o
u
tp
u
ts

eith
er

0
o
r⊥

,
(C

3
)
p
is

co
n
sisten

t
w
ith

A
a
n
d
(C

4
)
x
6∈

A
⇒

p
(x
)
=

0.
T
h
e
t-b

o
u
n
d
ed

o
u
tsid

e
in
sta

n
ce

com
p
lex

ity
o
f
x
rela

tive
to

th
e
set

A
is

ic
tn
o (x

:
A
)
=

m
in{|p|

:
p
sa
tisfi

es
C
1
,
C
2
,
C
3
,
a
n
d
C
4}

A
p
rogra

m
p
co
rresp

o
n
d
s
to

ic
tn
o (x

:
A
)
if
it
sa
tisfi

es
co
n
d
itio

n
s
C
1
,
C
2
,
C
3
,
a
n
d
C
4
;
if
m
o
reo

ver|p|
=

ic
tn
o (x

:
A
)

w
e
sa
y
th
a
t
p
corresp

on
d
s
ex
a
ctly

to
ic

tn
o (x

:
A
).

�

N
otice

th
at

if
x
6∈
A

th
en

ic
ty
e
s (x

:
A
)
is

a
con

stan
t
(in

d
ep

en
d
en
t
of

x
),

b
ecau

se
th
e
p
rogram

p
(x
)≡

⊥
h
as

fi
x
ed

len
g
th

a
n
d
is

co
n
sisten

t
w
ith

every
set;

sim
ilarly

if
x
∈
A

th
en

ic
tn
o (x

:
A
)
is

a
con

stan
t.

N
otice

also
th
at

fo
r
every

elem
en
t
x
,
set

A
an

d
fu
n
ctio

n
t
w
e
h
ave

ic
ty
e
s (x

:
A
)≤

ic
t(x

:
A
)
an

d
ic

tn
o (x

:
A
)≤

ic
t(x

:
A
).

O
n
th
e

o
th
er

h
a
n
d
,
from

a
p
ro
gram

p
corresp

on
d
in
g
to

ic
t
1
y
e
s (x

:
A
)
an

d
a
p
rogram

p ′
corresp

on
d
in
g
to

ic
t
2
n
o (x

:
A
)
w
e

ca
n
d
efi
n
e
a
p
rog

ra
m

r
a
s
follow

s:
r(x

)
=

1
if
p
(x
)
=

1,
r(x

)
=

0
if
p ′(x

)
=

0
an

d
r(x

)
=

⊥
oth

erw
ise,

con
clu

d
in
g

th
at

ic
f
(t

1
,t

2
)(x

:
A
)≤

ic
t
1
y
e
s (x

:
A
)
+
ic

t
2
n
o (x

:
A
)
+

O
(log

(m
in{ic

t
1
y
e
s (x

:
A
),ic

t
2
n
o (x

:
A
)}))

w
h
ere

th
e
fu
n
ctio

n
f

rep
resen

ts
th
e
tim

e
overh

ead
n
eed

ed
for

th
e
sim

u
lation

of
p
(x
)
for

t
1
step

s
follow

ed
b
y

sim
u
latio

n
of

p ′(x
)
for

t
2
step

s;
th
e
lo
ga
rith

m
ic

term
com

es
from

th
e
n
eed

to
d
elim

it
p
from

p ′
in

th
e

con
ca
ten

ation
p
p ′.

N
o
ta

tio
n
.
T
o
em

p
h
asize

th
a
t
t
is
a
fu
n
ction

of
n
,
w
e
w
rite

ic
t(n

)(y
:
A
(x
)),

ic
t(n

)
y
e
s
(y

:
A
(x
))

an
d
ic

t(n
)

n
o

(y
:
A
(x
)).

3
O
n
e
-sid

e
d

p
ro

to
co

ls

A
s
an

illu
stration

w
e
fi
rst

con
sid

er
in

su
b
-section

3.1
a
som

ew
h
at

sim
p
lifi

ed
an

aly
sis

of
th
e
fu
n
ction

x
6=

y
(also

called
“N

E
Q
”),

an
d
sh
ow

h
ow

to
u
se

p
rogram

s
corresp

on
d
in
g
to

in
stan

ce
com

p
lex

ity
as

gu
esses

of
(op

tim
al)

n
on

-d
eterm

in
istic

p
roto

cols.
T
h
is

u
sage

is
later

gen
eralized

to
an

y
u
n
iform

fu
n
ction

in
su
b
-section

3.2.

3
.1

In
e
q
u
a
lity

:
a
n

o
p
tim

a
l
“
ic

y
e
s -p

ro
to

c
o
l”

C
on

sid
er

th
e
p
red

icate
N
E
Q

an
d
su
p
p
ose

th
at

x
6=

y
;
th
en

for
som

e
i,
1
≤

i≤
n
,
w
e
h
ave

x
i 6=

y
i .
A

p
ossib

le
p
rogram

p
i
corresp

on
d
in
g
to

ic
ty
e
s ( y

:
Y
1 (x

))
is

p
i (y

)
=

1
if

y
i 6=

x
i ,

p
i (y

)
=

⊥
if

y
i
=

x
i .

T
h
e
read

er
m
ay

com
p
u
te

th
e
set

Y
′1
=

{
y
:
p
i (y

)
=

1}
an

d
sh
ow

th
at

Y
′1
⊂

Y
1 (x

).
If
p
(y
)
=

1
an

d
if|p|

is
m
in
im

u
m
,
th
is
p
rogram

corresp
on

d
s
ex
actly

to
ic

ty
e
s (y

:
Y
1 (x

)).

C
on

sid
er

n
ow

th
e
follow

in
g
p
roto

col
P
t
for

N
E
Q

w
h
ere

t
is
a
tim

e
b
ou

n
d
su
ffi
cien

tly
large

(see
m
ore

d
etails

in
su
b
-section

3.2).
A
lice

receives
a
w
ord

p
as

a
gu

ess;
p
m
ay

even
tu
ally

b
e
th
e
p
rogram

p
i
ab

ove.
T
h
en

sh
e
ru
n
s
p
(y
)

for
every

y
∈

Y
u
n
til

th
e
p
rogram

h
alts

or
u
n
til

t(|y|)
step

s
h
ave

elap
sed

.
If

p
(y
)
d
o
es

n
ot

h
alt

in
tim

e
t(|y|),

th
e
w
ord

p
is

n
ot

a
valid

w
itn

ess
an

d
th
e
p
roto

col
h
alts.

O
th
erw

ise
A
lice

d
efi
n
es

th
e
set

Y
′1
=

{y
:
p
(y
)
=

1}.
If

Y
′1
⊆

Y
1 ( x

),
i.e.,

if
p
is

con
sisten

t
w
ith

Y
1 (x

),
sh
e
sen

d
s
p
to

B
ob

,
oth

erw
ise

ou
tp
u
ts⊥

an
d
h
alts.

B
ob

tests
if
p
(y
)
=

1;
if
yes,

ou
tp
u
ts

1,
oth

erw
ise

ou
tp
u
ts⊥

.

C
orrectn

ess
con

d
ition

s:
(1)

I
f

x
6=

y
,

t
h
e
r
e

i
s

a
w
i
t
n
e
s
s

p
t
h
a
t

c
o
r
r
e
s
p
o
n
d
s
t
o

ic
ty
e
s (y

,Y
1 (x

)).
W
e
h
ave

x
i 6=

y
i
for

som
e
i,

0
≤

i
≤

n
.
T
h
en
,
if

p
h
ap

p
en
s
to

b
e
th
e
p
rogram

p
i
ab

ove,
th
e
p
roto

col
P

ou
tp
u
ts

1
so

p
corresp

on
d
s

to
ic

ty
e
s (y

,Y
1 (x

)),
th
at

is,
w
e
m
u
st

h
ave

Y
′1
con

sisten
t
w
ith

Y
1 (x

)
(verifi

ed
b
y
A
lice)

an
d
p
(y
)
=

1
(verifi

ed
b
y

B
ob

).
(2)

I
f

a
g
u
e
s
s

i
s

w
r
o
n
g
,

t
h
e

o
u
t
p
u
t

i
s

⊥
.
If

th
e
gu

ess
is

w
ron

g,
th
en

eith
er

som
e
p
(y
)
ru
n
s
for

m
ore

th
an

t(|y|)
step

s
or

p
is
n
ot

con
sisten

t
w
ith

Y
1 ( x

)
or

p
(y
)
=

⊥
;
if
t(n

)
is
su
ffi
cien

tly
large,

th
e
ou

tp
u
t
is⊥

in
all

th
ese

cases.
(3)

I
f

x
=

y
,

n
o

g
u
e
s
s

p
c
a
n

c
a
u
s
e
o
u
t
p
u
t

1
.
T
h
is

follow
s
d
irectly

from
th
e
d
efi
n
ition

of
th
e
p
roto

col.

C
om

p
lex

ity
:
T
h
e
len

gth
of

p
i
n
eed

n
ot

to
ex
ceed

log
n
+

O
(1)

an
d
m
ax

0≤
i≤

n {|p
i |}

is
log

n
+

O
(1).

T
h
u
s
th
e

com
p
lex

ity
of

th
e
p
roto

col
P

is
log

(n
)
+
O
(1).

B
u
t
th
e
n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity
of

N
E
Q

is
also

log
n
+
O
(1)

(see
[4]),

th
u
s
th
e
p
roto

col
is

op
tim

al.

3
.2

“
ic

y
e
s -p

ro
to

c
o
ls”

a
re

o
p
tim

a
l

C
on

sid
er

n
ow

th
e
on

e-sid
ed

p
roto

col
of

F
igu

re
1.

In
th
e
gen

eral
case,

th
e
fu
n
ction

f
,
w
h
ich

is
k
n
ow

n
b
y
A
lice

an
d
B
ob

,
is
arb

itrarily
com

p
lex

;
th
erefore

th
e
d
escrip

tion
of

f
can

n
ot

b
e
in
clu

d
ed

in
to

an
“in

stan
ce

com
p
lex

ity
p
rogram

”
p
u
n
less

lim
n→

∞
|p|

=
∞

(see
also

th
e
com

m
en
ts

after
th
e
p
ro
of

of
T
h
eorem

2).
H
ow

ev
er,

a
m
u
ch

sim
p
ler

situ
ation

arises
if
w
e
con

sid
er

on
ly

u
n
iform

fu
n
ction

s.

T
h
e
o
re

m
2

(ic
y
e
s -p

ro
to

c
o
ls

a
re

o
p
tim

a
l).

L
et

f
be

a
n
u
n
ifo

rm
fu
n
ctio

n
.
T
h
ere

is
a
co
m
p
u
ta
ble

fu
n
ctio

n
t(n

)
su
ch

th
a
t

N
1(f

)
=

m
ax

|x|=
|y|=

n {ic
t(n

)
y
e
s
(y

:
Y
1 (x

))}
+
O
(1)

(7)

P
roo

f.
L
et

p
b
e
th
e
n
on

-d
eterm

in
istic

w
ord

given
to

A
lice

b
y
th
e
oracle;

th
e
p
roto

col
P
t(n

)
is

d
escrib

ed
in

F
igu

re
1
w
h
ere

t(n
)
is

an
ap

p
rop

riate
tim

e
b
ou

n
d
(see

b
elow

).
N
otice

th
at

th
e
p
roto

col
sp
ecifi

es
th
at

A
lice

sh
ou

ld
in
terp

ret
p
as

a
p
rogram

an
d
ex
ecu

te
p
for

a
m
ax

im
u
m

tim
e
t(n

).
T
h
e
p
rogram

p
,
b
ein

g
an

arb
itrary

w
ord

,
m
ay

b
eh
ave

in
m
an

y
d
iff
eren

t
w
ay
s;

in
p
articu

lar,
if
f
( x
,y
)
=

1,
th
e

b
eh
av
ior

d
escrib

ed
in

F
igu

re
2
w
ill

cau
se

P
t(n

)
to

ou
tp
u
t
1.

If
i
is
ch
osen

so
th
at

( x
,y
)∈

R
i
(if

f
(x
,y
)
=

1
th
ere

is
at

least
on

e
su
ch

i,
oth

erw
ise

th
ere

is
n
on

e)
th
en

p
is

con
sisten

t
w
ith

Y
1 (x

)
an

d
p
(y
)
=

1.
T
h
en

|p|≥
ic

t(n
)

y
e
s
( y

:
Y
1 (x

))
for

t(n
)
su
ffi
cien

tly
large.

M
oreover,

if
p
is

n
ot

“correct”,
th
at

fact
can

b
e
d
etected

b
y
A
lice

or
b
y
B
ob

;
th
u
s,

con
d
ition

s
(5)

an
d
(6)

(see
p
age

2)
are

verifi
ed
.

A
s
f

is
assu

m
ed

to
b
e
u
n
iform

,
th
e
len

gth
of

a
p
rogram

w
h
ich

is
accep

ted
as

a
w
itn

ess,
n
eed

s
n
ot

to
ex
ceed

log
m

+
O
(1).

H
ow

m
u
ch

tim
e
t(n

)
m
u
st

A
lice

ru
n
p
(y
)
(for

each
y
)
so

th
at,

th
ere

is
at

least
a
w
itn

ess
for

ev
ery

p
air

( x
,y
)

w
ith

f
(x
,y
)
=

1?
A
s
f

is
u
n
iform

,
it

is
p
ossib

le
to

ob
tain

an
u
p
p
er

b
ou

n
d

t(n
)
in

a
con

stru
ctive

w
ay

b
y

d
etailin

g
an

d
an

aly
zin

g
th
e
algorith

m
th
at

th
e
w
itn

ess
p
sh
ou

ld
im

p
lem

en
t,

see
F
igu

re
2.

T
h
erefore

w
e
m
ay

su
p
p
ose

th
at

t(n
)
is

a
w
ell

d
efi
n
ed

fu
n
ction

.



A
lic

e
:
R
e
c
e
i
v
e
p
r
o
g
r
a
m

p
(y
)
(
a
s
a
p
o
s
s
i
b
l
e
w
i
t
n
e
s
s
)

T
e
s
t
i
f
,
f
o
r
e
v
e
r
y

y
∈
Y
,

p
(y
)
h
a
l
t
s
i
n
t
i
m
e
n
o
t
e
x
c
e
e
d
i
n
g

t(n
)
w
i
t
h
o
u
t
p
u
t
1
o
r

⊥
I
f
n
o
t
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

C
o
m
p
u
t
e
t
h
e
s
e
t

B
=

{
y
:
p
(y
)
=

1}
F
i
n
d
t
h
e
s
e
t
o
f
s
m
a
l
l
e
s
t
1
-
c
o
v
e
r
s

S
e
l
e
c
t
t
h
e
f
i
r
s
t
(
i
n
l
e
x
i
c
o
g
r
a
p
h
i
c
o
r
d
e
r
)
s
u
c
h

c
o
v
e
r

〈R
1 ,R

2 ,...R
m
〉

S
e
l
e
c
t
a
r
e
c
t
a
n
g
l
e

R
i
=

A
×

B
f
r
o
m
t
h
a
t
c
o
v
e
r

w
h
e
r
e

B
⊆

Y
i
s
t
h
e
s
e
t
c
o
m
p
u
t
e
d
a
b
o
v
e

A
s
t
h
e
c
o
v
e
r
i
s
m
i
n
i
m
u
m
,
t
h
e
r
e
c
a
n
b
e
a
t
m
o
s
t
o
n
e
s
u
c
h

r
e
c
t
a
n
g
l
e
.
I
f
t
h
e
r
e
i
s
n
o
n
e
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

C
o
m
m
e
n
t
.
A
t
t
h
i
s
p
o
i
n
t
w
e
k
n
o
w
t
h
a
t

p
i
s
c
o
n
s
i
s
t
e
n
t
w
i
t
h

Y
1 (x

)
T
e
s
t
i
f

x
∈
A

I
f
n
o
t
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

S
e
n
d

p
t
o
B
o
b

B
o
b
:

V
e
r
i
f
y
i
f

p
(y
)
=

1
I
f
y
e
s
,
o
u
t
p
u
t
1
a
n
d
h
a
l
t

O
u
t
p
u
t

⊥
a
n
d
h
a
l
t

F
ig
.
1
.
A

fa
m
ily

o
f
o
n
e
-sid

e
d

n
o
n
-d

e
te

rm
in
istic

p
ro

to
c
o
ls

P
t(n

) .
T
h
e
g
u
e
ss

is
b
a
se

d
o
n

a
p
ro

g
ra

m
p
th

a
t

c
o
rre

sp
o
n
d
s
to

ic
ty
e
s ( y

:
Y
1 (x

)).

P
ro

g
ra

m
p
,
in
p
u
t
y
:

F
r
o
m

d
(f

)
a
n
d

i:
F
i
n
d
t
h
e
s
e
t

S
1
o
f
s
m
a
l
l
e
s
t
1
-
c
o
v
e
r
s

S
e
l
e
c
t
t
h
e
f
i
r
s
t
(
i
n
l
e
x
i
c
o
g
r
a
p
h
i
c
o
r
d
e
r
)
c
o
v
e
r

〈R
1 ,R

2 ,...R
m
〉∈

S
1

S
e
l
e
c
t
r
e
c
t
a
n
g
l
e

R
i
=

A
×

B
i
n
t
h
a
t
c
o
v
e
r

W
i
t
h
i
n
p
u
t

y
,
o
u
t
p
u
t

p
(y
)
=

1
i
f

y
∈
B

p
(y
)
=

⊥
o
t
h
e
r
w
i
s
e

F
ig
.
2
.
A

p
o
ssib

le
b
e
h
a
v
io
r
o
f
th

e
p
ro

g
ra

m
p
w
h
ich

m
a
y
c
a
u
se

th
e
p
ro

to
c
o
l
P
t(n

)
(se

e
F
ig
u
re

1
)
to

o
u
tp

u
t
1
.

A
strin

g
p
w
ith

th
is

b
e
h
a
v
io
r
c
a
n
b
e
sp

e
c
ifi
e
d
in

le
n
g
th

|d
(f

)|+
lo
g
m
.
T
h
e
e
x
iste

n
c
e
o
f
th

is
p
ro

g
ra

m
,
w
h
ich

h
a
s
le
n
g
th

lo
g
m

+
O
(1
)
w
h
e
re

m
is

th
e
siz

e
o
f
th

e
m
in
im

u
m

c
o
v
e
rs,

ju
stifi

e
s
th

e
ste

p
b
e
tw

e
e
n

e
q
u
a
tio

n
(9

)
a
n
d

in
e
q
u
a
lity

(1
0
).

S
u
p
p
o
se

n
ow

th
a
t
f

is
u
n
ifo

rm
,
an

d
th
a
t
f
(x
,y
)
=

1.
If

th
e
p
roto

col
accep

ts
(x
,y
)
w
ith

gu
ess

p
,
w
e

h
ave

|p|≤
log

m
+
O
(1
)
a
n
d
m
ax| x|=

|y|=
n {|p|}

≤
lo
g
m

+
O
(1).

T
h
u
s

N
1(f

)
=

lo
g
C

1(f
)
+

O
(1)

(8)

=
log

m
+
O
(1
)

(9)

≥
m
ax

| x|=
|y|=

n {|p|}
+
O
(1)

(10)

≥
m
a
x

|x|=
|y|=

n {ic
t(n

)
y
e
s
( y

:
Y
1 (x

))}
+
O
(1)

(11)

O
n
th
e
o
th
er

h
a
n
d
,
th
ere

exists
a
n
on

-d
eterm

in
istic

p
roto

col
w
ith

com
p
lex

ity
m
ax|x|=

|y|=
n {ic

t(n
)

y
e
s
( y

:
Y
1 (x

))}
+

O
(1);

th
is
is
th
e
p
roto

co
l
of

F
igu

re
3
w
h
en

t(n
)
is
su
ffi
cien

tly
large.

N
otice

th
at

p
rogram

p
can

b
e
a
n
y
p
rogram

ru
n
n
in
g
in

tim
e
t(n

)
w
h
ich

is
co
n
sisten

t
w
ith

Y
1 (x

)
a
n
d
su
ch

th
at

p
(y
)
=

1
(an

d
,
if
f
(x
,y
)
=

1,
th
ere

is
at

least
on

e
su
ch

p
ro
gram

,
as

w
e
h
ave

seen
a
b
ove);

th
u
s
it
can

b
e
th
e
sh
ortest

su
ch

p
rogram

,|p|
=

ic
t(n

)
y
e
s
(y
,Y

1 (x
)).

T
ak

in
g

th
e
m
ax

im
u
m

over
all

x
an

d
y
w
ith

|x|
=

|y|
=

n
(see

D
efi
n
ition

1)
w
e
get

N
1(f

)
≤

m
ax|x|=

|y|=
n {ic

t(n
)

y
e
s
( y

:
Y
1 (x

))}
+

O
(1)

b
eca

u
se

N
1(f

)
is

th
e
sm

a
llest

com
p
lex

ity
am

o
n
g
all

th
e
p
roto

cols
for

f
.
C
om

b
in
in
g
th
is

resu
lt

w
ith

in
eq
u
a
tion

(11
)
w
e
get

N
1(f

)
=

m
ax|x|=

|y|=
n {

ic
t(n

)
y
e
s
( y

:
Y
1 (x

))}
+
O
(1).

�

A
n
o
te

o
n

th
e
u
n
ifo

rm
ity

c
o
n
d
itio

n

A
t
fi
rst

it
m
ay

b
e
n
ot

ob
v
io
u
s
w
h
y
th
e
valid

ity
of

eq
u
ality

(7)
of

T
h
eorem

2
d
ep

en
d
s
on

th
e
u
n
iform

ity
of

f
.
L
et

u
s
a
rgu

e
th
a
t
(7)

m
ay

b
e
fa
lse

fo
r
n
on

u
n
ifo

rm
fu
n
ctio

n
s,

u
sin

g
th
e
K
olm

ogorov
com

p
lex

ity
as

a
to
ol.

D
en
ote

b
y
C
(x
)
th
e
(p
la
in
)
K
olm

og
orov

co
m
p
lex

ity
of

x
w
h
ich

is
d
efi
n
ed

as
C
(x
)
=

m
in{|p|

:
U
(p
)
=

x}
w
h
ere

U
is

som
e
fi
x
ed

u
n
iversa

l
T
u
rin

g
m
a
ch
in
e,

see
[6
].

C
on

sid
er

a
m
on

o
ch
rom

atic
cov

er
of

a
n
on

u
n
iform

fu
n
ction

su
ch

th
at

(i)
th
e
n
u
m
b
er

m
of

rectan
gles

in
th
e

cover
is

very
sm

all
an

d
(ii)

th
e
h
orizon

tal
sid

e
B

of
th
e
fi
rst

rectan
gle

in
th
e
cover

h
as

a
K
olm

ogorov
ran

d
om

len
gth

,
C
(|B

|)≈
n
.
T
h
e
len

gth
B

can
b
e
ob

tain
ed

from
p
,
th
u
s
C
(|B

|)≤
C
(p
)
+

O
(1)

w
h
ich

im
p
lies

C
(p
)≥

n
+
O
(1)

>>
log

m
;
th
u
s
th
e
step

(9)→
(10)

in
th
e
p
ro
of

is
n
ot

valid
.

A
lic

e
:
R
e
c
e
i
v
e
p
r
o
g
r
a
m

p
(y
)
(
a
s
a
p
o
s
s
i
b
l
e
w
i
t
n
e
s
s
)

T
e
s
t
i
f
,
f
o
r
e
v
e
r
y

y
,

p
(y
)
h
a
l
t
s
i
n
a
t
m
o
s
t

t(n
)
s
t
e
p
s

I
f
n
o
t
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

T
e
s
t
i
f

{
y
:
p
(y
)
=

1}
⊆

Y
1 (x

)
(
p
i
s
c
o
n
s
i
s
t
e
n
t
w
i
t
h

Y
1 (x

))
I
f
n
o
t
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

S
e
n
d

p
t
o
B
o
b

B
o
b
:

C
o
m
p
u
t
e

r
=

p
(y
)
a
n
d
t
e
s
t
i
f

r
=

1
I
f
n
o
t
,
o
u
t
p
u
t

⊥
a
n
d
h
a
l
t

O
u
t
p
u
t
1

A
lic

e
:
O
u
t
p
u
t
t
h
e
m
e
s
s
a
g
e
r
e
c
e
i
v
e
d

F
ig
.
3
.
A

fa
m
ily

o
f
o
n
e
-sid

e
d

n
o
n
-d

e
te

rm
in
istic

p
ro

to
c
o
ls

P
′t(n

) .
T
h
e

g
u
e
ss

m
a
y

b
e

a
n
y

p
ro

g
ra

m
p

th
a
t

c
o
rre

sp
o
n
d
s
to

ic
ty
e
s (y

:
Y
1 (x

)),
th

a
t
is

p
m
u
st

sa
tisfy

o
n
ly

{
y
:
p
(y
)
=

1}
⊆

Y
1 (x

)
a
n
d

p
(y
)
=

1
.

4
T
w
o
-sid

e
d

p
ro

to
co

ls

N
ow

w
e
con

sid
er

th
e
tw

o-sid
ed

p
roto

cols
for

n
on

-d
eterm

in
istic

com
m
u
n
ication

com
p
lex

ity.
If
t(n

)
is
su
ffi
cien

tly
large,

th
ere

are
op

tim
u
m

p
roto

cols
w
h
ose

gu
esses

corresp
on

d
ex
actly

to
ic

t(y
:
Y
1 (x

)).

T
h
e
o
re

m
3
.
L
et

f
be

a
n
u
n
ifo

rm
fu
n
ctio

n
.
T
h
ere

is
a
co
m
p
u
ta
ble

fu
n
ctio

n
t(n

)
su
ch

th
a
t

N
(f
)
=

m
ax

|x|=
|y|=

n {ic
t(n

)(y
:
Y
1 (x

))}
+
O
(1)

S
ee

th
e
A
p
p
en
d
ix

for
com

m
en
ts

on
th
e
p
ro
of

of
th
is

resu
lt.

5
A
b
o
u
t
in
d
iv
id
u
a
l
co

m
m
u
n
ica

tio
n

co
m
p
le
x
ity

T
h
e
on

e
sid

ed
in
d
iv
id
u
al

com
m
u
n
ication

com
p
lex

ity
satisfi

es

N
1(f

, x
,y
)≥

ic
ty
e
s (y

:
Y
1 (x

))
+
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p
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p
air

(x
,y
)
an

d
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p
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b
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p
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∀
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+
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+
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=
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=
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p
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l
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e
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b
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e
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+
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d
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con
d
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a
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A
bstract—

A
lgorithm

ic
entropy

and
Shannon

entropy
are

tw
o

conceptually
different

inform
ation

m
easures,

as
the

form
er

is
based

on
size

of
program

s
and

the
later

in
probability

distribu-
tions.

H
ow

ever,
it

is
know

n
that,

for
any

recursive
probability

distribution,
the

expected
value

of
algorithm

ic
entropy

equals
its

Shannon
entropy,up

to
a

constant
that

depends
only

on
the

distribution.
W

e
study

if
a

sim
ilar

relationship
holds

for
R

ényi
and

T
sallis

entropies
of

order
α

,
show

ing
that

it
only

holds
for

R
ényi

and
T

sallis
entropies

of
order

1
(i.e.,

for
Shannon

entropy).
R

egarding
a

tim
e

bounded
analogue

relationship,
w

e
show

that,for
distributions

such
that

the
cum

ulative
probability

distribution
is

com
putable

in
tim

e
t(n

),
the

expected
value

of
tim

e-bounded
algorithm

ic
entropy

(w
here

the
alloted

tim
e

is
n
t(n

)
lo
g
(n

t(n
)))is

in
the

sam
e

range
as

the
unbounded

version.
So,for

these
distributions,Shannon

entropy
captures

the
notion

of
com

putationally
accessible

inform
ation.

W
e

prove
that,

for
universal

tim
e-bounded

distribution
m

t(x
),

T
sallis

and
R

ényi
entropies

converge
if

and
only

if
α

is
greater

than
1.

I.
IN

T
R

O
D

U
C

T
IO

N

A
lgorithm

ic
entropy

or
K

olm
ogorov

com
plexity,

K
(x
),

m
ea-

sures
rigorously

the
am

ount
of

inform
ation

contained
in

an
individual

object
(usually

a
string)

x,
by

the
size

of
the

sm
allest

program
that

generates
it.

It
naturally

defines
a

probability
distribution

over
Σ

∗
(the

set
of

all
finite

binary
strings),

assigning
a

probability
of

2 −
K

(x
)

for
any

string
x.

T
his

probability
distribution

is
called

universal
probability

distribution
and

it
is

denoted
by

m
.

Shannon
entropy

ofa
random

variable
X

,
H
(X

),is
a

m
easure

of
its

average
uncertainty.

It
is

the
sm

allest
num

ber
of

bits
required,on

average,to
describe

x,the
output

of
the

random
variable

X
.

A
lgorithm

ic
entropy

and
Shannon

entropy
are

conceptually
different,

as
the

form
er

is
based

on
the

length
of

program
s

and
the

later
in

probability
distributions.H

ow
ever,itis

know
n

that,forany
recursive

probability
distribution

(i.e.distributions
thatare

com
putable

by
a

Turing
m

achine),the
expected

value
of

the
algorithm

ic
entropy

equals
the

Shannon
entropy,

up
to

a
constant

term
depending

only
on

the
distribution

(see
[7]).

Several
inform

ation
m

easures
or

entropies
have

been
intro-

duced
since

Shannon
sem

inal
paper

[9].
W

e
are

interested
in

tw
o

different
generalizations

of
Shannon

entropy:

•
R

ényi
entropy,

an
additive

m
easure

based
on

a
specific

form
of

the
K

olm
ogorov-N

aguno
m

ean
of

the
elem

entary
inform

ation
gain:

instead
of

using
the

arithm
etic

m
ean,

R
ényi

used
the

K
olm

ogorov-N
aguno

m
ean

associated
w

ith
the

function
f
(x
)
=

c
1 b

(1−
α
)x

+
c
2

w
here

c
1

and

c
2

are
constants,

b
is

a
real

greater
than

1
and

α
is

a
non-negative

param
eter;

•
T

sallis
entropy,

a
non

additive
m

easure,
often

called
a

non-extensive
m

easure,
in

w
hich

the
probabilities

are
scaled

by
a

positive
pow

er
α

,
that

m
ay

either
reinforce

the
large

(if
α
>

1)
or

the
sm

all
(if

α
<

1)
probabilities.

L
et

R
α
(P

)
and

T
α
(P

)
denote,

respectively,
the

R
ényi

and
T

sallis
entropies

associated
w

ith
the

probability
distribution

P
.B

oth
are

continuous
functions

of
the

param
eter

α
and

both
are

(quite
different)

generalizations
of

the
Shannon

entropy,
in

the
sense

that
R

1 (P
)
=

T
1 (P

)
=

H
(P

)
(see

[1]).
It

is
w

ell
know

n
that

for
any

recursive
probability

distribution
P

over
Σ

?,the
average

value
of

K
(x
)

and
the

Shannon
entropy

H
(P

)
are

close,in
the

sense
that

0
≤

∑

x

P
(x
)K

(x
)−

H
(P

)≤
K
(P

)
(I.1)

w
here

K
(P

)
is

the
length

of
the

shortest
program

that
describes

the
distribution

P
.

W
e

study
if

this
property

also
holds

for
R

ényi
and

T
sallis

entropies.
T

he
answ

er
is

no.
If

w
e

replace
H

by
R

or
T

,
the

inequalities
I.1

are
no

longer
true

(unless
α
=

1).W
e

also
study

the
convergence

of
T

sallis
and

R
ényientropies

of
the

universaltim
e-bounded

distribution
m

t(x
)
=

2 −
k
t(x

),
proving

that
both

entropies
converge

if
and

only
if

α
>

1.
Finally,

w
e

analyze
the

validity
of

the
relationship

I.1,
replacing

algorithm
ic

entropy
by

its
tim

e-
bounded

version,
proving

that
it

holds
for

distributions
such

that
the

cum
ulative

probability
distribution

is
com

putable
in

an
alloted

tim
e.

So,
for

these
distributions,

Shannon
entropy

equals
the

expected
value

of
the

tim
e-bounded

algorithm
ic

entropy.
T

he
rest

of
this

paper
is

organized
as

follow
s:

in
the

next
Section,

w
e

present
the

notions
and

results
that

w
ill

be
used.

In
Section

3,w
e

study
ifthe

inequalities
I.1

can
be

generalized
for

R
ényi

and
T

sallis
entropies

and
w

e
also

establish
a

sim
ilar

relationship
for

the
tim

e-bounded
algorithm

ic
entropy.

In
Section

4,
w

e
analyze

the
entropies

of
the

universal
tim

e-
bounded

distribution.II.
P

R
E

L
IM

IN
A

R
IE

S

Σ
∗
=

{0
,1} ∗

is
the

set
of

all
finite

binary
strings.T

he
em

pty
string

is
denoted

by
ε.
Σ

n
is

the
setof

strings
of

length
n

and
|.|denotes

the
length

of
a

string.Strings
are

lexicographically
ordered.

T
he

logarithm
of

x
in

base
2

is
denoted

by
log

(x
).

T
he

real
interval

betw
een

a
and

b,including
a

and
excluding

b
is

represented
by

[a
,b).

A
sequence

of
real

num
bers

r
n

is
denoted

by
(r

n
)
n∈

N .

A
.

A
lgorithm

ic
entropy

A
lgorithm

ic
entropy

also
know

n
as

K
olm

ogorov
com

plexity
w

as
introduced

independently,in
the

60’s
by

Solom
onoff

[10],
K

olm
ogorov

[5],
and

C
haitin

[2].
O

nly
essential

definitions
and

basic
results

are
given

here,for
further

details
see

[7].T
he

m
odel

of
com

putation
used

is
the

prefix-free
Turing

m
achine,

i.e.,Turing
m

achines
w

ith
a

prefix
free

dom
ain.A

setofstrings
A

is
prefix-free

if
no

string
in

A
is

prefix
of

another
string

of
A

.K
raft’s

inequality
guarantees

thatfor
any

prefix-free
set

A
,

∑
x∈

A
2 −

|x|≤
1.

D
efinition

1
(A

lgorithm
ic

entropy).
Let

U
be

a
fixed

prefix-
free

universalTuring
m

achine.For
any

tw
o

strings
x
,y

∈
Σ

∗,
the

algorithm
ic

entropy
or

K
olm

ogorov
com

plexity
of

x
given

y
is

K
(x|y

)
=

m
in

p {|p|
:
U
(p
,y
)
=

x},
w

here
U
(p
,y
)

is
the

output
of

the
program

p
w

ith
auxiliary

input
y

w
hen

it
is

run
in

the
m

achine
U

.
For

any
tim

e
constructible

t,
the

t-tim
e-bounded

algorithm
ic

entropy
of

x
given

y
is,

K
t(x|y

)
=

m
in

p {|p|
:
U
(p
,y
)
=

x
in

at
m

ost
t(|x|)

steps}.
T

he
defaultvalue

for
y,the

auxiliary
inputis

the
em

pty
string

ε;forsim
plicity

K
(x
)

and
K

t(x
)

denote
K
(x|ε)

and
K

t(x|ε),
respectively.

T
he

choice
of

the
universal

Turing
m

achine
affects

the
running

tim
e

ofa
program

by,atm
ost,a

logarithm
ic

factor
and

the
program

length
by,at

m
ost,a

constant
num

ber
of

extra
bits.

D
efinition

2.
Let

c
be

a
non-negative

integer.
W

e
say

that
x
∈
Σ

n
is

c-algorithm
ic

random
if
K
(x
)≥

n
−
c.

Proposition
3.

For
all

strings
x
,y

∈
Σ

∗,
w

e
have:

1)
K
(x
)≤

K
t(x

)
+

O
(1)≤

|x|+
2
log

(|x|)
+

O
(1);

2)
K
(x|y

)≤
K
(x
)
+
O
(1)

and
K

t(x|y
)≤

K
t(x

)
+
O
(1);

3)
There

are
at

least
2
n
(1

−
2 −

c)
c-algorithm

ic
random

strings
of

length
n

.

A
s

Solovay
observed

in
[11],for

infinitely
m

any
x,the

tim
e-

bounded
version

of
algorithm

ic
entropy

equals
the

unbounded
version.Form

ally,w
e

have:

T
heorem

4.
For

all
tim

e-bounds
t(n

)≥
n
+

O
(1)

w
e

have
K

t(x
)
=

K
(x
)
+

O
(1)

for
infinitely

m
any

x.

A
s

a
consequence

ofthis
result,there

is
a

string
x

ofarbitrarily
large

algorithm
ic

entropy
such

that
K

t(x
)
=

K
(x
)
+

O
(1).

D
efinition

5.
A

sem
i-m

easure
over

a
discrete

set
X

is
a

function
f
:
X

→
[0,1]

such
that, ∑x∈

X

f
(x
)≤

1.W
e

say
that

a
sem

i-m
easure

is
a

m
easure

if
the

equality
holds.

A
sem

i-
m

easure
is

constructive
if

it
is

sem
i-com

putable
from

below,
i.e.,

for
each

x,
there

is
a

Turing
m

achine
that

produces
a

m
onotone

increasing
sequence

ofrationals
converging

to
f
(x
).

A
n

im
portantconstructive

sem
i-m

easure
based

on
algorithm

ic
entropy

is
defined

by
m
(x
)
=

2 −
K

(x
).

T
his

sem
i-m

easure
dom

inates
any

other
constructive

sem
i-m

easure
µ

(see
[6],

[3]),
in

the
sense

that
there

is
a

constant
c
µ
=

2 −
K

(µ
)

such

that,
for

all
x,

m
(x
)
≥

c
µ
µ
(x
).

For
this

reason,
this

sem
i-

m
easure

is
called

universal.
Since

it
is

natural
to

consider
tim

e-bounds
on

algorithm
ic

entropy,
w

e
can

define
m

t(x
),

a
tim

e-bounded
version

of
m
(x
).

D
efinition

6.
W

e
say

that
a

function
f

is
com

putable
in

tim
e

t
if

there
is

a
Turing

m
achine

that
on

the
input

x
com

putes
the

output
f
(x
),

in
exactly

t(|x|)
steps.

D
efinition

7.
The

t-tim
e-bounded

universal
distribution

is
m

t(x
)

=
c2 −

K
t(x

),
w

here
c

is
a

real
num

ber
such

that
∑

x∈
Σ

∗
m

t(x
)
=

1.

In
[7],

the
authors

proved
that

m
t ′

dom
inates

distributions
com

putable
in

tim
e
t,

w
here

t ′
is

a
tim

e-bound
that

only
depends

on
t.Form

ally:

T
heorem

8
(C

laim
7.6.1

[7]).
If

µ
∗,

the
cum

ulative
prob-

ability
distribution

of
µ

,
is

com
putable

in
tim

e
t(n

)
then

for
all

x
∈

Σ
∗,

m
t ′(x

)
≥

2 −
K

t ′(µ
∗
)µ
(x
),

w
here

t ′(n
)
=

n
t(n

)
log

(n
t(n

)).

B
.

E
ntropies

Inform
ation

theory
w

as
introduced

in
1948

by
C

.E
.

Shannon
[9].

Shannon
entropy

quantifies
the

uncertainty
of

the
results

of
an

experim
ent;

it
quantifies

the
average

num
ber

of
bits

necessary
to

describe
an

outcom
e

from
an

event.

D
efinition

9
(Shannon

E
ntropy

[9]).
Let

X
be

a
finite

or
infinitely

countable
setand

let
X

be
a

random
variable

taking
values

in
X

w
ith

distribution
P

.
The

Shannon
entropy

of
random

variable
X

is:
H
(X

)
=

−
∑

x∈X
P
(x
)
log

P
(x
).

T
he

R
ényi

entropy
is

a
generalization

of
Shannon

entropy
based

on
a

different
concept

of
average.

D
efinition

10
(R

ényi
E

ntropy
[8]).

Let
X

be
a

finite
or

infinitely
countable

set
and

let
X

be
a

random
variable

taking
values

in
X

w
ith

distribution
P

and
let

α
6=

1
be

a
non-negative

real
num

ber.
The

R
ényi

entropy
of

order
α

of
the

random
variable

X
is

defined
as:

R
α
(X

)
=

1
1−

α
log (∑

x∈X
P
(x
)
α ).

A
nother

generalization
of

Shannon
entropy

is
the

T
sallis

entropy.

D
efinition

11
(T

sallis
E

ntropy
[13]).

LetX
be

a
finite

or
infinitely

countable
set

and
let

X
be

a
random

variable
taking

values
in

X
w

ith
distribution

P
and

let
α

6=
1

be
a

non-negative
real

num
ber.

The
Tsallis

entropy
of

or-
der

α
of

the
random

variable
X

is
defined

as:
T
α
(X

)
=

1
α−

1 (1−
∑

x∈X
P
(x
)
α ).

It
is

easy
to

prove
that

lim
α→

1
R

α
(X

)
=

lim
α→

1
T
α
(X

)
=

H
(X

).
N

otice
thatw

e
also

use
the

notation
H
(P

),
R

α
(P

)
and

T
α
(P

)
to

denote
Shannon,R

ényiand
T

sallis
entropies

of
distribution

P
,respectively.

G
iven

the
conceptualdifferences

in
the

definitions
of

algorith-
m

ic
entropy

and
Shannon

entropy,
it

is
interesting

that
under

som
e

w
eak

restrictions
on

the
distribution

of
the

strings,they



are
related.

In
fact,

the
value

of
Shannon

entropy
equals

the
expected

value
of

algorithm
ic

entropy,
up

to
a

constant
term

that
only

depends
on

the
distribution.

T
heorem

12.
Let

P
(x
)

be
a

recursive
probability

distribution.
Then,

0
≤

∑

x

P
(x
)K

(x
)−

H
(P

)≤
K
(P

)

P
roof:

(Sketch,
see

[7]
for

details).
T

he
first

inequality
follow

s
directly

from
the

know
n

N
oiseless

C
oding

T
heorem

,
that,

for
these

distributions,
states

H
(P

)
≤

∑
x
P
(x
)K

(x
).

Since
m

is
universal,

m
(x
)≥

2 −
K

(P
)P

(x
),

for
all

x,
w

hich
is

equivalent
to

log
P
(x
)≤

K
(P

)−
K
(x
).T

hus,w
e

have:
∑

x
P
(x
)K

(x
)−

H
(P

)
=

∑
x (P

(x
)(K

(x
)
+
log

P
(x
)) )

≤
∑

x (P
(x
)(K

(x
)
+

K
(P

)−
K
(x
)) )

=
K
(P

)

III.
A

L
G

O
R

IT
H

M
IC

E
N

T
R

O
P

Y
A

N
D

E
N

T
R

O
P

Y:
H

O
W

C
L

O
S

E?

Since
R

ényiand
T

sallis
entropies

are
generalizations

of
Shan-

non
entropy,w

e
now

study
if

T
heorem

12
can

be
generalized

for
these

entropies.T
hen,w

e
prove

thatfor
distributions

such
that

the
cum

ulative
probability

distribution
is

com
putable

in
tim

e
t(n

),
Shannon

entropy
equals

the
expected

value
of

the
t-tim

e-bounded
algorithm

ic
entropy.

First,w
e

observe
thatthe

interval
[0,K

(P
)]of

the
inequalities

of
T

heorem
12

is
tightup

to
a

constantterm
thatonly

depends
on

the
universal

Turing
m

achine
chosen

as
reference.

T
he

follow
ing

exam
ples

illustrate
the

tightness
of

this
interval.W

e
present

a
probability

distribution
that

satisfies:
∑

x
P
(x
)K

(x
)−

H
(P

)
=

K
(P

)−
O
(1),w

ith
K
(P

)≈
n

and
a

probability
distribution

that
satisfies:

∑
x
P
(x
)K

(x
)−

H
(P

)
=

O
(1
)

and
K
(P

)≈
n.

E
xam

ple
13.

Fix
x
0 ∈

Σ
n.C

onsider
the

distribution
concen-

trated
in

x
0 ,

i.e,P
n
(x
)
=

{
1

if
x
=

x
0

0
otherw

ise

N
otice

that
describing

this
distribution

is
equivalent

to
de-

scribe
x
0 .

So,
K
(P

n
)

=
K
(x

0 )
+

O
(1
).

O
n

the
other

hand, ∑
x
P
n
(x
)K

(x
)−

H
(P

n
)
=

K
(x

0 ).
Thus,

if
x
0

is
c-

algorithm
ic

random
,

i.e.
K
(x

0 )
≥

n
−

c,
then

K
(P

n
)
≈

n
and

∑
x
P
n
(x
)K

(x
)−

H
(P

n
)≈

n
.

E
xam

ple
14.

Let
y

be
a

string
oflength

n
thatis

c-algorithm
ic

random
,

i.e.,
K
(y
)

≥
n
−

c
and

consider
the

follow
ing

probability
distribution

over
Σ

∗:

P
n
(x
)
=


0.y

if
x
=

x
0

1−
0
.y

if
x
=

x
1

0
otherw

ise

w
here

0
.y

represents
the

real
num

ber
betw

een
0

and
1

w
hich

binary
representation

is
y.N

otice
that

w
e

can
choose

x
0

and
x
1

such
that

K
(x

0 )
=

K
(x

1 )
≤

c ′
w

here
c ′

is
a

constant
greater

than
1

and
hence

does
not

depend
on

n
.

Thus,

1)
K
(P

n
)

≥
n
−

c,
since

describing
P
n

is
essentially

equivalent
to

describe
x
0 ,

x
1

and
y;

2)
∑

x
P
n
(x
)K

(x
)
=

(0.y
)K

(x
0 )

+
(1

−
0.y

)K
(x

1 )
≤

0.y×
c ′+

(1−
0
.y
)×

c ′
=

c ′;
3)

H
(P

n
)
=

−
0
.y
log

0
.y−

(1−
0.y

)
log

(1−
0.y

)≤
1.

Thus,
0
≤

∑
x
P
n
(x
)K

(x
)−

H
(P

n
)
≤

c ′
<
<

K
(P

n
)

and
K
(P

n
)≥

n
−
c.

N
ow

w
e

address
the

question
if

an
analogue

of
T

heorem
12

holds
for

R
ényiand

T
sallis

entropies.W
e

show
thatthe

Shan-
non

entropy
is

the
only

entropy
that

verifies
sim

ultaneously
both

inequalities
of

T
heorem

12
and

thus
is

the
only

one
suitable

to
deal

w
ith

inform
ation.

For
every

ε
>

0,
0
<

ε ′
<

1,
and

any
probability

distribution
P

,w
ith

finite
support,(see

[1]),w
e

have:

R
1
+
ε (P

)≤
H
(P

)≤
R

1−
ε ′(P

)

T
hus:
1)

For
α
≥

1,
0
≤

∑
x
P
(x
)K

(x
)−

R
α
(P

);
2)

For
α
≤

1, ∑
x
P
(x
)K

(x
)−

R
α
(P

)≤
K
(P

).
It

is
know

n
that

for
a

given
probability

distribution
w

ith
finite

support,
the

R
ényi

and
T

sallis
entropies

are
m

onotonic
increasing

functions
one

of
each

other
w

ith
respect

to
α

(see
[4]).

T
hus,

for
every

ε
>

0
and

0
<

ε ′
<

1,
w

e
also

have
a

sim
ilar

relation
for

the
T

sallis
entropy,i.e.,

T
1
+
ε (P

)≤
H
(P

)≤
T
1−

ε ′(P
)

H
ence,it

follow
s

that:
1)

For
α
≥

1,
0
≤

∑
x
P
(x
)K

(x
)−

T
α
(P

);
2)

For
α
≤

1, ∑
x
P
(x
)K

(x
)−

T
α
(P

)≤
K
(P

).
In

the
next

result
w

e
show

that
the

inequalities
above

are,
in

general,false
for

different
values

of
α

.

Proposition
15.

There
are

recursive
probability

distributions
P

such
that:

1)
∑

x
P
(x
)K

(x
)−

R
α
(P

)
>

K
(P

),
w

here
α
>

1;
2)

∑
x
P
(x
)K

(x
)−

R
α
(P

)
<

0,
w

here
α
<

1.
3)

∑
x
P
(x
)K

(x
)−

T
α
(P

)
>

K
(P

),
w

here
α
>

1;
4)

∑
x
P
(x
)K

(x
)−

T
α
(P

)
<

0,
w

here
α
<

1.

P
roof:

For
x

∈
Σ

n,
consider

the
follow

ing
probability

distribution:

P
n
(x
)
=


1/
2

if
x
=

0
n

2 −
n

if
x
=

1x
′,x

′∈
{0
,1}

n−
1

0
otherw

ise

It
is

clear
that

this
distribution

is
recursive.

W
e

use
this

distribution
for

som
e

specific
n

to
prove

all
item

s.
1)

First
observe

that:

H
(P

n
)

=
−
∑

x
P
n
(x
)
log

P
n
(x
)

=
−
(
12
log

12
+

12
n
2
n−

1
log

12
n )

=
−
(−

12 −
12
n
2
n−

1n )
=

n
+
1

2

N
otice

also
thatto

describe
P
n

itis
sufficientto

give
n,

so
K
(P

n
)≤

c
log

n,w
here

c
is

a
real

num
ber.

B
y

T
heorem

12,w
e

have,
∑

x

P
n
(x
)K

(x
)−

H
(P

n
)≥

0

w
hich

im
plies

that:
∑

x

P
n
(x
)K

(x
)≥

n
+
1

2
(III.2)

O
n

the
other

hand,by
definition:

R
α
(P

n
)

=
1

1−
α
log ∑

x
P
n
(x
)
α

=
1

1−
α
log (

12
α
+
2
n−

1×
1

2
n
α )

=
1

1−
α

(log
(2

(n−
1
)α

+
2
n−

1)−
n
α )

To
prove

that ∑

x

P
n
(x
)K

(x
)−

R
α
(P

n
)
>

K
(P

n
),itis

sufficiently
to

prove
that:

lim
n ∑

x
P
n
(x
)K

(x
)−

R
α
(P

n
)−

K
(P

n
)
>

0

i.e.,the
lim

it
of

the
follow

ing
expression

is
bigger

than
0:

n
+
1

2
−

1
1−

α

(log
(2

(n−
1
)α

+
2
n−

1)−
n
α )−

c
log

n

B
ut,lim

n (
n
+
1

2
−

lo
g
(2

(
n
−

1
)
α
+
2
n
−

1
)

1−
α

+
n
α

1−
α
−
c
log

n )

≥
lim

n (
n
+
1

2
+

lo
g
(2

(
n
−

1
)
α
)

α−
1

−
n
α

α−
1 −

c
log

n )

=
lim

n (
n
+
1

2
−

α
α−

1 −
c
log

n )
=

+
∞

2)
To

prove
this

item
w

e
use

the
other

inequality
of

T
heorem

12: ∑
x
P
n
(x
)K

(x
)−

H
(P

n
)≤

K
(P

n
),w

hich
im

plies
that:
∑

x

P
n
(x
)K

(x
)≤

n
+
1

2
+
c
log

n
(III.3)

So,
∑

x
P
n
(x
)K

(x
)−

R
α
(P

n
)≤

n
+
1

2
+
c
log

n
−

1
1−

α

(log
(2

(n−
1
)α

+
2
n−

1)−
n
α )

≤
n
+
1

2
+

c
log

n
−

lo
g
(2

n
−

1
)

1−
α

+
n
α

1−
α

=
−

n2
+

12
+
c
log

n
+

1
1−

α

T
hus,taking

n
sufficiently

large,the
conclusion

follow
s.

3)
T

he
T

sallis
entropy

of
order

α
of

distribution
P
n

is:

T
α
(P

n
)

=
1

α−
1 −

1
α−

1 ∑
x
P
n
(x
)
α

=
1

α−
1 −

1
α−

1 (
12
α
+

1
2
n
α
×
2
n−

1 )

=
2
α−

1
2
α
(α−

1
) −

2
n
(
1−

α
)

2
(α−

1
)

U
sing

the
inequality

III.2,w
e

get:
∑

x
P
n
(x
)K

(x
)−

T
α
(P

n
)
=

∑
x
P
n
(x
)K

(x
)−

2
α−

1
2
α
(α−

1
)
+

2
n
(
1−

α
)

2
(α−

1
)

≥
n
+
1

2
−

2
α−

1
2
α
(α−

1
)
+

2
n
(
1−

α
)

2
(α−

1
)

Since
α
>

1,for
n

sufficiently
large,

n
+
1

2
−

2
α−

1
2
α
(α−

1
)
+

2
n
(
1−

α
)

2
(α−

1
)
≥

≥
n
+
1

2
−

2
α−

1
2
α
(α−

1
)
>

c
log

n
=

K
(P

n
)

4)
U

sing
the

inequality
III.3,w

e
get:

∑
x
P
n
(x
)K

(x
)−

T
α
(P

n
)≤

≤
n
+
1

2
+
c
log

n
−

2
α−

1
2
α
(α−

1
)
+

2
n
(
1−

α
)

2
(α−

1
)

Since
α
<

1,for
n

sufficiently
large,w

e
conclude

that:
n
+
1

2
+
c
log

n
+

2
α−

1
2
α
(1−

α
) −

2
n
(
1−

α
)

2
(1−

α
)
<

0

T
he

proof
of

the
follow

ing
theorem

is
sim

ilar
to

the
previous

proposition.

T
heorem

16.
For

every
∆

>
0

and
α
>

1
there

are
recursive

probability
distributions

P
such

that,
1)

∑

x

P
(x
)K

(x
)−

R
α
(P

)≥
(K

(P
))

α;

2)
∑

x

P
(x
)K

(x
)−

R
α
(P

)≥
K
(P

)
+
∆

;

3)
∑

x

P
(x
)K

(x
)−

T
α
(P

)≥
(K

(P
))

α;

4)
∑

x

P
(x
)K

(x
)−

T
α
(P

)≥
K
(P

)
+
∆

.

T
he

previous
results

show
that

only
Shannon

entropy
is

suitable
forthe

inequalities
ofT

heorem
12.N

ow
,w

e
analyze

if
a

sim
ilar

relation
holds

in
a

tim
e-bounded

algorithm
ic

entropy
scenario.
Ifinstead

ofconsidering
K
(P

)
and

K
(x
)

in
the

inequalities
of

T
heorem

12,w
e

use
their

tim
e-bounded

version
and

im
posing

som
e

com
putationalrestrictions

on
the

distributions,w
e

obtain
a

sim
ilar

result.
N

otice
that,

for
the

class
of

distributions
on

the
follow

ing
theorem

,
the

entropy
equals

(up
to

a
constant)

the
expected

value
of

tim
e-bounded

algorithm
ic

entropy.

T
heorem

17.
Let

P
be

a
probability

distribution
over

Σ
n

such
that

P
∗,the

cum
ulative

probability
distribution

of
P

,is
com

-
putable

in
tim

e
t(n

).Setting
t ′(n

)
=

O
(n

t(n
)
log

(n
t(n

)) ),w
e

have,
0
≤

∑

x

P
(x
)K

t ′(x
)−

H
(P

)≤
K

t ′(P
∗).

P
roof:

T
he

first
inequality

follow
s

directly
from

the
sim

ilar
inequality

of
T

heorem
12

and
from

the
fact

that
K

t(x
)≥

K
(x
).

From
T

heorem
8,

if
P

is
a

probability
distribution

such
that

P
∗

is
com

putable
in

tim
e
t(n

),
then

for
all

x
∈

Σ
n

and
t ′(n

)
=

n
t(n

)
log

(n
t(n

)),
K

t ′(x
)
+

log
P
(x
)
≤

K
t ′(P

∗).
T

hen,sum
m

ing
over

all
x,w

e
get:

∑

x

P
(x
)(K

t ′(x
)
+
log

P
(x
))≤

∑

x

P
(x
)K

t ′(P
∗)

w
hich

is
equivalent

to
∑

x
P
(x
)K

t ′(x
)−

H
(P

)≤
K

t ′(P
∗).

IV
.

O
N

T
H

E
E

N
T

R
O

P
IE

S
O

F
T

H
E

T
IM

E-B
O

U
N

D
E

D
U

N
IV

E
R

S
A

L
D

IS
T

R
IB

U
T

IO
N

If
the

tim
e

that
a

program
can

use
to

produce
a

string
is

bounded,
w

e
get

the
so

called
tim

e-bounded
universal

distribution,
m

t(x
)
=

c2 −
K

t(x
).

In
this

section,
w

e
study

the
convergence

of
the

three
entropies

w
ith

respect
to

this
distribution.



T
heorem

18.
The

Shannon
entropy

of
the

distribution
m

t

diverges.

P
roof:

If
x
≥

2
then

f
(x
)
=

x
2 −

x
is

a
decreasing

func-
tion.

L
et

A
be

the
set

of
strings

such
that−

log
m

t(x
)≥

2.
A

is
recursively

enum
erable.

H
(m

t)
=

∑
x∈

Σ
∗ −

m
t(x

)
lo
g
m

t(x
)

≥
∑

x∈
A
−
m

t(x
)
lo
g
m

t(x
)

=
∑

x∈
A
c2 −

K
t(x

)(K
t(x

)−
log

c)

=
−
c
log

c ∑
x∈

A
2 −

K
t(x

)
+
c ∑

x∈
A
K

t(x
)2 −

K
t(x

)

So,ifw
e

prove
that ∑x∈

A

K
t(x

)2 −
K

t(x
)

diverges,the
resultfol-

low
s.

A
ssum

e,
by

contradiction,
that ∑x∈

A

K
t(x

)2 −
K

t(x
)
<

d

for
som

e
d
∈
R

.T
hen,considering

r(x
)
=

{
1d
K

t(x
)2 −

K
t(x

)
if
s∈

A
0

otherw
ise

w
e

conclude
that

r
is

a
sem

i-m
easure.T

hus,there
is

a
constant

c ′
such

that,
for

all
x,

r(x
)≤

c ′m
(x
).

H
ence,

for
x
∈
A

,
w

e
have

1d
K

t(x
)2 −

K
t(x

)≤
c ′2 −

K
(x

).
So,

K
t(x

)≤
c ′d

2
K

t(x
)−

K
(x

),
w

hich
is

a
contradiction

since
by

T
heorem

4,
A

contains
infinitely

m
any

strings
x

of
tim

e-
bounded

algorithm
ic

entropy
larger

than
a

constant
such

that
K

t(x
)
=

K
(x
)
+

O
(1
).

T
he

contradiction
follow

ed
from

the
assum

ption
thatthe

sum
∑

x∈
A
K

t(x
)2 −

K
t(x

)
converges.So,

H
(m

t)
diverges.

N
ow

w
e

show
that,

sim
ilarly

to
the

behavior
of

R
ényi

and
T

sallis
entropies

of
universal

distribution
m

(see
[12]),

R
α
(m

t)
<

∞
iff

α
>

1
and

T
α
(m

t)
<

∞
iff

α
>

1.
Firstobverse

thatw
e

have
the

follow
ing

ordering
relationship

betw
een

these
tw

o
entropies

for
allprobability

distribution
P

:

1)
If

α
>

1,
T
α
(P

)≤
1

α−
1
+
R

α
(P

);
2)

If
α
<

1,
T
α
(P

)≥
1

α−
1
+
R

α
(P

).

T
heorem

19.
The

Tsallis
entropy

oforder
α

oftim
e-bounded

universal
distribution

m
t

converges
iff

α
>

1.

P
roof:

From
T

heorem
8

of
[12],

it
is

know
n

that
∑

x∈
Σ

∗ (m
(x
))

α
converges

if
α

>
1.

Since
m

t
is

a
proba-

bility
distribution,

there
is

a
constant

λ
such

that,
for

all
x,

m
t(x

)≤
λ
m
(x
).

So,
(m

t(x
))

α
≤

(λ
m
(x
))

α,
w

hich
im

plies
that ∑

x∈
Σ

∗ (m
t(x

))
α
≤

λ
α ∑

x∈
Σ

∗ (m
(x
))

α
from

w
hich

w
e

conclude
that

for
α
>

1,
T
α
(m

t)
converges.

For
α

<
1,

the
proof

is
analogous

to
the

proof
of

T
heorem

18.
Suppose

that
∑

x∈
Σ

∗ (m
t(x

))
α

<
d

for
som

e
d

∈
R

.
H

ence,
r(x

)
=

1d
(m

t(x
))

α
is

a
constructible

sem
i-m

easure.
T

hen,
there

is
a

constant
τ

such
that

for
all

x
∈

Σ
∗,

r(x
)

=
1d (

c2 −
K

t(x
) )

α

≤
τ
2 −

K
(x

),
w

hich
is

equivalent

to
c
α

d
τ

≤
2
α
K

t(x
)−

K
(x

).
B

y
T

heorem
4,

there
are

infinitely
m

any
strings

x
such

that
K

t(x
)
=

K
(x
)
+

O
(1
).

T
hen

it
w

ould
follow

that
for

these
strings

c
α

d
τ
≤

2
(α−

1
)K

(x
),

w
hich

is
false

since
these

particular
strings

can
have

arbitrarily
large

algorithm
ic

entropy.

T
heorem

20.
The

R
ényi

entropy
of

order
α

of
tim

e-bounded
universal

distribution
m

t
converges

iff
α
>

1.

P
roof:

For
α

>
1,

since
∑

x
2 −

K
t(x

)
<

+
∞

,
w

e
have

∑
x
(2 −

K
t(x

))
α
<

∞
.T

hus,
R

α
(m

t)
converges.

For
α

<
1,

suppose
w

ithout
loss

of
generality

that
α

is
rational

(otherw
ise

take
another

rational
slightly

larger
than

α
).

A
ssum

e
that ∑

x
(2 −

K
t(x

))
α
<

∞
.

T
hen

by
universality

of
m

and
since

(2 −
K

t(x
))

α
is

com
putable,

w
e

w
ould

have
m
(x
)≥

(2 −
K

t(x
))

α
w

hich,by
taking

logarithm
s,is

equivalent
to

K
t(x

)
≥

1α
K
(x
)
+

O
(1).

Since
(1/α

)
>

1,
this

w
ould

contradict
Solovay’s

T
heorem

of
page

2.

V
.

C
O

N
C

L
U

S
IO

N
S

W
e

show
ed

that
Shannon

entropy
is

the
only

entropy
that

satisfies
the

relation
w

ith
the

expected
value

of
algorithm

ic
entropy

stated
in

[7],
exhibiting

a
probability

distribution
for

w
hich

the
relation

fails
for

som
e

orders
of

T
sallis

and
R

ényi
entropies.

Furtherm
ore,

w
e

proved
that

under
the

assum
ption

that
cum

ulative
probability

distribution
is

com
putable

in
an

alloted
tim

e,a
tim

e-bounded
version

of
the

sam
e

relationship
is

verified
w

ith
respectto

Shannon
entropy.Since

itis
natural

to
define

a
probability

distribution
based

on
tim

e-bounded
algorithm

ic
entropy,

w
e

studied
the

convergence
of

this
dis-

tribution
under

Shannon
entropy

and
its

tw
o

generalizations:
T

sallis
and

R
ényi

entropies.
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